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1 Introduction

Simple Linear Regression

In simple linear regression we examine the relation between a response variable
and a single predictor. The model is

Yi = β0 + β1xi + εi

where

• i is the observation number, i = 1, . . . , n;

• Y is the response;

• x is the predictor;

• β0, β1 are regression coefficients, called intercept and slope respectively;

• ε is an error term.

Estimates of β0 and β1 (denoted by β̂0 and β̂1 respectively) are determined

by a least squares approach. Note that β̂1 is the increase in Y corresponding to
a 1-unit increase in x.

Multiple Linear Regression

In multiple linear regression there are p predictors. The model in this case is

Yi = β0 + β1xi1 + . . .+ βpxip + εi.

Parameters are again estimated using least squares, but the interpretation is
now slightly different: Y increases by β̂j if xj increases by 1 unit and all other
predictors remain constant. Note that if predictors are correlated and their
regression coefficients are non-zero, multiple regression cannot be substi-
tuted by many simple regressions.
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Confounding and Interaction

Confounding occurs when an extraneous variable is correlated with both the
dependent and the independent variable(s).

Interaction occurs when independent variables combine to affect a dependent
variable.

Confounding and interaction may lead to wrong conclusions about causal rela-
tionships.

2 The Cox Proportional Hazard Model

The hazard function for the Cox Proportional Hazard (Cox PH) model is

h(t,X) = h0(t) exp

(
p∑
i=1

βiXi

)

where X = (X1, X2, . . . , Xp) are the predictor variables and h0(t) is called the
baseline hazard. Important characteristics of the Cox PH model are that

• it is a product of a function in t and a function in X;

• X is time independent;

• the baseline hazard is an unspecified function, making it a semi-parametric
model.

3 The Popularity of the Cox PH Model

Reasons for the popularity of the Cox model:

1. The Cox model is robust.

2. The estimated hazards are always non-negative.

3. The βi’s can be estimated and the hazard ratio calculated.

4. h(t,X) and S(t,X) can be estimated.

5. The Cox model is preferred over the logistic model which ignores survival
time and censoring information.

4 Computing the Hazard Ratio

The Hazard Ratio is defined as

ĤR =
ĥ(t,X∗)

ĥ(t,X)

2



where X∗ is typically the group with the larger hazard (e.g. placebo group)
while X is the group with the smaller hazard (e.g. treatment group). In the
case of the Cox PH model this simplifies to

ĤR = exp

(
p∑
i=1

β̂i(X
∗
i −Xi)

)

which can be easily computed once the β̂i have been determined.

5 The Meaning of the PH Assumption

The PH assumption requires that the hazard ratio is constant over time, or
equivalently, that the hazard for one individual is proportional to the hazard
for any other individual and the proportionality constant is independent of time.
Graphically this means that hazards for different individuals do not cross. The
general rule is that if the hazards cross, then the PH assumption cannot be
met, so that a Cox PH model is inappropriate. More on the evaluation of PH
assumption is to follow in the next presentations.

6 ML Estimation of the Cox PH Model

The full likelihood can be used to derive a formula for the baseline hazard. The
Cox model likelihood function L is called a “partial” likelihood function because
it only considers probabilities for failed subjects explicitly.

It can be shown that the Cox partial likelihood can be written as

L(β) =

k∏
j=1

exp
(∑p

i=1 βiX[j]i

)∑
l∈R(t(j))

exp (
∑p
i=1 βiXli)

where

• we assume k different failure times t(1) < t(2) < · · · < t(k) with exactly
one failure at each time;

• [i] denotes the subject with event at time t(i);

• R(t) is the risk set at time t.

Properties of Cox likelihood:

• The Cox likelihood is determined by the order of events and censoring and
not by the distribution of the outcome variable.

• The baseline hazard cancels out in each term of the likelihood and does
not play any role in estimation.

• It is still possible to derive a complete likelihood function.

Once the likelihood is formulated, the goal is to choose values of parameters
that maximize the likelihood. The process of maximizing the likelihood is typ-
ically carried out by setting the partial derivative of the natural logarithm of
the likelihood to zero and then solving the system of equations (called the score
equations).
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7 Adjusted Survival Curves Using the Cox Pro-
portional Hazard Model

Converting the hazard function for the Cox PH model leads to the following
survival function:

Ŝ(t,X) =
[
Ŝ0(t)

]exp (
∑p

i=1
β̂iXi)

Once the estimated quantities Ŝ0(t) and β̂i have been obtained this can be
plotted as a step function.
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