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baseprocedure:

data
algorithmA
−→θ̂(·)(afunctionestimate)

e.g.:simplelinearregression,tree,MARS,“classical”smoothing,neuralnets,...

generatingmultiplepredictions:

weighteddata1
algorithmA
−→θ̂1(·)

weighteddata2
algorithmA
−→θ̂2(·)

······

weighteddataM
algorithmA
−→θ̂M(·)

Aggregation:f̂A(·)=∑M
m=1amθ̂m(·)

dataweights?averagingweightsam?
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2.Greedyisgoodforp�n:Boosting

data:(X1,Y1),...,(Xn,Yn)(i.i.d.orstationary),

predictorvariablesXi∈R
p

responsevariablesYi∈RorYi∈{0,1,...,J−1}
aim:estimationoffunctionf(·):R

p
→R(includingfeatureselection)e.g.

f(x)=IE[Y|X=x]orf(x)=IP[Y=1|X=x]withY∈{0,1}
ordistributionofsurvivaltimeYgivenXdependsonsomefunctionf(X)only

oursetting:typicallypisverylarge

historically:Boostingisanensemblescheme(multiplepredictionsandaveraging)
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2.1.Boostingalgorithms

AdaBoostproposedforclassificationbyFreund&Schapire(1996)

dataweights(roughoriginalidea):largeweightstopreviouslyheavilymisclassified

instances(sequentialalgorithm)

averagingweightsam:largeifin-sampleperformanceinmthroundwasgood

Whyshouldthisbegood?

(actually:otherweightingschemesareequallygoodorbetter...)
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classificationof2lymphnodalstatusinbreastcancerusinggeneexpressionsfrom

microarraydata:

n=33,p=7129(forCART:gene-preselection,reducingtop=50)

methodtestseterrorgainoverCART

CART22.5%–

LogitBoostwithtrees16.3%28%

LogitBoostwithbaggedtrees12.2%46%

8
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2.2L2Boosting

(seealsoFriedman,2001)

L2Boostingwithbaseprocedureθ̂(·)isa“constrainedminimization”of

empiricalriskn−1∑n
i=1(Yi−f(Xi))

2
w.r.t.f(·)

 usefulforregression

m=1:(Xi,Yi)
n
i=1 θ̂1(·),f̂1=νθ̂1 resid.Ui=Yi−f̂1(Xi)

m=2:(Xi,Ui)
n
i=1 θ̂2(·),f̂2=f̂1+νθ̂2 resid.Ui=Yi−f̂2(Xi)

......

fmstop(·)=ν∑mstop
m=1θ̂m(·),mstopatuningparameter

repeatedgreedyfitting(withshrinkageν)ofresiduals

Tukey(1977):twicingformstop=2andν=1
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Breiman(1998/99):

AdaBoostisfunctionalgradientdescent(FGD)procedure

amixofstatisticalestimationandnumericaloptimization...
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Simulateddata:non-additiveregressionfunction,n=200,p=100

Regression: n=200, p=100

boosting iterations

M
S

E

050100150200250300

11
12

13
14

15
16

-magenta:L2Boostingwithstumps

-black:L2Boostingwithcomponentwise

-green:MARSrestrictedtoadditivemodeling

-red:additivemodelusingbackfittingand

fwd.var.selection
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Anygainoverclassicalmethods?(foradditivemodeling)

Ozone data: n=300, p=8

boosting iterations

M
S

E

020406080100

18
19

20
21

22

n=300,p=8

-magenta:L2Boostingwithstumps

(horiz.line=cross-validatedstopping)

-black:L2Boostingwithcomponentwise

smoothingspline

(horiz.line=cross-validatedstopping)

i.e:smoothingsplinefittingagainstthe

selectedpredictorwhichreducesRSSmost

-green:MARSrestrictedtoadditivemodeling

-red:additivemodelusingbackfitting

L2Boostingwithstumpsorcomp.smoothingsplinesalsoyieldsadditivemodel:
∑M
m=0θ̂m(x

(Ŝm)
))=ĝ1(x

(1)
)+...+ĝp(x

(p)
)

12
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2.3.Choiceofthebaseprocedure

mostpopularinmachinelearning:treealgorithms(CART,C4.5)

theydovariable/featureselection

haveseen:forcomponentwisesmoothingsplinesorstumps

−→boostingyieldsanadditivemodelfit

 wecanuseboostingforfittingin“quitemany”structuralmodels

15
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similarforclassification

veryoften:boostingperformscomparativelywellinhigh-dimensions

(thereisalotofempiricalevidenceforthis)

alsoSVMisoftensurprisinglyaccurate...

14



'

&

$

%

2.4.L2Boostingforhigh-dimensionallinearmodels

linearmodel

Y=f(X)+ε,

f(x)=

p∑

j=1

βjx
(j)
,p�n

or:ahighlyover-completedictionary{gj(·);j=1,...,p�n}
ourapproach:L2BoostingwithcomponentwiselinearLSregression

Thisbaseprocedurefitsaunivariatelinearregressionmodelagainsttheone

predictorvariablewhichreducesresidualsumofsquaresmost
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Example:degree2nonparametricinteractionmodeling

Friedman#1model:

Y=10sin(πX1X2)+20(X3−0.5)2+10X4+5X5+N(0,1),X=(X1,...,X20)∼Unif.([0,1]20)

0100200300400500

4
5

6
7

p=20, p−eff=10, n=50

boosting iterations

M
S

E

MARS

L2Boost

AIC_c stopped

L2Boostingwithpairwisesplines

samplesizen=50

p=20,effectivepeff=5
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Gauss-Southwellalgorithm

C.F.Gaussin1803

“PrincepsMathematicorum”R.V.Southwellin1933

Professorinengineering

OxfordUniversity
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firstroundofestimation:selectedpredictorvariableX
(Ŝ1)

(e.g.=X
(3)

)

correspondingordinaryleastsquaresβ̂Ŝ1

useshrunkenfitf̂1=νβ̂Ŝ1X
(Ŝ1)

(e.g.ν=0.1)

secondroundofestimation:selectedpredictorvariableX
(Ŝ2)

(e.g.=X
(21)

)

correspondingOLSβ̂Ŝ2

useshrunkenfitf̂2=f̂1+νβ̂Ŝ2X
(Ŝ2)

etc.

verydifferentfromforwardvariableselection

thismethoddoesvariableselectionand

assignsvariableamountofdegreesoffreedomforselectedvariables(shrinkage)

notfullOLSonselectedvariables(evenwithν=1)

Forν=1,thisL2BoostingisknownasMatchingPursuit(MallatandZhang,1993)

18
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Theoremforhighdimensions(PB,2004)

L2Boostingwithcomp.linearLSregressionisconsistent(forsuitablenumberof

boostingiterations)if:

•pn=O(exp(Cn
1−ξ))(0<ξ<1)

essentiallyexponentiallymanyvariablesrelativeton

•supn∑pn
j=1|βj,n|<∞`1-sparsenessoftruefunction

i.e.forsuitable,slowlygrowingm=mn:

IEX|f̂mn,n(X)−fn(X)|
2

=oP(1)(n→∞)

“no”assumptionsaboutthepredictorvariables/designmatrix

inotherwords:

consistencyforde-noisingsparsesignalwithhighlyover-completedictionaries

similarresulthasbeengivenfortheLassobyGreenshteinandRitov(2004)
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becauseof

variableselectionand

assigningvariableamountofdegreesoffreedom(shrinkage)forselectedvariables

remindstoLasso(`
1
-penalizedregression)(Tibshirani,1996)

β̂Lasso=argminβ

n∑

i=1

(Yi−
p∑

j=1

βjX
(j)
i)

2
+λ︸︷︷︸
≥0

p∑

j=1

|βj|

andindeed:thereisarelation(Efron,Hastie,Johnstone,Tibshirani,2004)

but:thealgorithmsandestimatesarenotthesame

20
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3.L2Boosting,LassoandLARS

Efronetal.(2004):intriguingrelationbetweenL2Boostingand

Lasso:β̂Lasso=argminβ∑n
i=1(Yi−∑p

j=1βjX
(j)
i)

2
+λ∑p

j=1|βj|
forsomespecialcases,roughly:

iterationsof“L2Boostingwith“infinitesimally”smallν

yieldallLassosolutionswhenvaryingλ”

 computationallyinterestingtoproduceallLassosolutionsin

onesweepofboosting

LeastAngleRegressionLARS(Efronetal.,2004)iscomputationallyevenmore

cleverandefficientthanL2Boosting
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binarylymphnodeclassificationinbreastcancerusinggeneexpressions

050100150200

0.28
0.30

0.32
0.34

0.36
0.38

0.40

L2Boosting for breast cancer classification, p = 7130

boosting iterations

m
isclassification

AIC−stopped

SVM

PELORA

42outofp=7130genesareselected

(someofthembiologicallymeaningful)

n=49,p=7130geneexpressions

-black:L2Boostingwithcomponentwise

linearLSregression

-red:SVMwithradialbasiskernel

-blue:Pelora:a“biologicallyinspired”

genegroupingmethod

(Dettling&PB,2004)

goodpredictionand

interestinggeneselection
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forp�n

both:Lasso/LARSandL2Boostingareveryuseful

andLARSisreallyfast
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