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1 Minimax lower bounds

1.1

Abstract

For a functional T" and a density function g, we want to find a way of describing
the difficulty in estimating T'g. This we do through comparing the expected
value of the loss we would have, when we only know the estimation of T'g at n
fixed points. By finding a lower bound of the minimax risk, we can measure in
some sense how hard this problem is.

1.2
.
.
.

Definitions and Notations
G density class on (X, B) measure space
A o-finite measure on (X, B)
T functional defined on G

tn, (n = 1) sequence of measurable function where ¢ : X" — R is an
estimation procedure

T, := t,(X;...X,,) random variable with X; iid ~ g € G is an estimator
for TV (n>1)

Ri(n,tn, g;T) := Egen [I(|tn(X) — Tg|)] where

- 1 is an increasing loss function on [0, 00)

- ¢g®™ is the n-fold product of density associated with g € G
We say TT(Ll) is better than Tf) at a point g <=
Ri(n,t,g;T) < Ry(n, i, g;T)

We define by

MRi(n,tn,g;T) = sup Ri(n,tn, g;T)
g€eg

the maximal risk of t,, over G



o We say T,(ll) is better than Tr(f) in general ;<=
MRi(n, t,g;T) < MRy(n, 1Y), g; T)

e We define by

MMR(n,ty,g;T) = itnf MR;(n,tn,g;T) = itnfsup Ri(n,tn,g;T)
n n geg

the global minimaz risk for estimation T'g based on n samples.

- Note that if MM R;(n, t,, g; T) is finite for some ng > 1 then (MM R;(n,t,,9;T))

is a decreasing sequence of positive numbers usually | 0 for n — oo
If for n — co MMRy(n,t,,q;T) = O(d,) we say that Tg is d,-
estimable with loss function [. ¢, is called the rate of convergence,
and is a measure for the ill-posedness of the estimation problem (EP).

- Note that for G, C G, MMR;(n;T,G,) < MMR;(n;T,G). Where
MMR;(n;T,G) is called the global minimax risk

e For f, h probability densities on (,.4) and o-finite measure p. The
Hellinger distance H(f,h) between f and h is defined as the square root
of

L) = 5 [ (V@) - V@) dute) =1 - [ V@R dua)
X X

1.3 A minimax lower bound Theorem

Lemma 1.1. Let f, h probability densities on (£, A) with respect to a dominat-
ing measure p. Then

(1—H2(f,h>>2<1—<1—</fAhdu>2<2/fAhdu. (1)

Theorem 1.2. Let G, X, T and g € G be defined as above. Let (gy,) be a sequence
of densities on G such that

lim sup vnH(gn,g) < 7. (2)
Then .
liminf [Tg,, — Tg| "M MR;y(n; T,{g,gn}) > 16727—2. (3)
Where the loss function l(z) = |z| is denoted in the corresponding risk as
MMR;.

Considering the modulus of continuity of T over G locally at g, with respect
to the Hellinger metric:

m(e) =sup{|Th—Tg|: h € G and H(h,g) < €} (4)

we get the following two corollaries:

oo
n=no



Corollary 1.3. Let G be a class of densities on X and T a functional on G.
Fiz g € G, and let the function m be defined as in (4). Then for each subset G,
of G containing some Hellinger ball around g’

lim inf m(r/v/n) " MMRy (n; T, Gg) > ~e 27 (5)

n—oo

R

for each positive T.

Corollary 1.4. Let G be a class of densities on X and T a functional on G.
Fiz g € G, and let the function m be defined as in (4), allowing an asymptotic
expansion of m

m(e) = (ce)" (1 —o(1)) ase | 0

for some positive parameters c and r. Then for each subset G, in G containing
some Hellinger ball around g,

r 1
liminf n? MM Ry (n; T, Gg) > Z(

n—oo

eVr)e . (6)

N | =

2 The Van Trees Inequality
2.1 Abstract

Another way to measure the minimax risk of estimating a quantity is to consider
the information content of a random variable, that is how much information
about the unknown € is contained in an X distributed according to gg. This
leads to the concept of Fisher information. With the intuition that no estimator
can get more about § out of a sample than it contains, the Van Trees inequality
gives a lower bound.

2.2 Problem

Let G be a conver set of densities on a sample space Q and g € G, g, € G with
the conditions
(4) lim sup vnH(gn,g) < 7 < 00
n—oo

(i)){z : gn(x) > 0} C {x: g(x) > 0} for large n

gn(z) — 9()

—0asn—
9(z)

(#i1) sup
g(x)>0

Define
g0 =9+0(gn—9),Go :={g0:0 €[0,1]}

I will only consider the case where T is a linear functional on G and the loss
function is the L? loss [(x) = x2. Further assume @ is distributed according to 7
which has density function A(6) absolutely continuous to the Lebesgue measure
on [0,1] and A(0) = A(1) = 0. ¢, is an estimator for T



2.3 Fisher Information

We define the Fisher information I(6) as

2 g . 2
1(0) := Eq <%1oggo(x)) ] :/}R%dag
and
[ &)
I :=F (%logA(H)) :/0 20

2.4 Theorem

(Van Trees) [2] For any estimator ¢ absolutely continuous w.r.t. § we have

(E[5t0)])

~ 2
B 0] = g T

Note that this holds under more general conditions than I will cover here, in
particular ¢ need not be linear.

2.5 Van Trees Minimax bound
Inserting the definition of M M Ry and the Fisher information we get

(Jo %ngA(H)dQ)Q
n [y T(O)NB)do + I(N)

MMR?(”;Tna gn) 2

Some calculation gives us the following inequality, where (without proof) I(\)
takes a minimum of 472 (this is 7 = 3.14..., not the probability associated with
A):

liminf (T(g, — g))° (872 + 4r*) MMR, > 1

n—oo

Compare this with the constant 16e*™” of Theorem 1.2.

2.6 Example: Exponential distribution

Let G :={go : go(z) = ‘)‘_9% } be a parametrized family of exponential distribu-
tions on [0, 00) and 6 > 0. Our aim is to estimate 6§ = [z - gg(z)dx.

We can calculate the Hellinger distance

-7
H(g0,90) = W

The modulus of continuity evaluates to

m(e) = sup{|8| : H(0,0 + 6) < €} ~ 2v/20¢



Using the Corollary 1.4 , we get (e is Euler’s constant)

liminf /nMMR; > g\/g
e

n—oo

For the standard estimator 9An = % E?:l X, the constant becomes 9\/g . So
this estimator is not “optimal” for L; loss.
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