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1.High-dimensionaldatafromgeneexpressions

centraldogmafrommolecularbiology

subregionsofDNA(genes)
transcription ��mRNA��protein

����

buildingstonesofcell

��phenotype

canmeasurenowadays“whetherandhowstrongly”genesaretranscribed,

simultaneouslyforthousandsofgenes

technicalterminology:geneisexpressed(stronglyexpressed;ornotexpr.)

geneexpressioncanbethoughtasa“continuousswitchbetweenonandoff”

Affymetrixgenechip
tremendousbreakthroughinmolecularbiology!

(BrownandBotsteinlabsatStanford,mid1990’s)
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structureofthedata:

“unsupervised”:

�����������usuallyassumedtobei.i.d.�����	�
 ����

�geneexpressionsfromindividual


“supervised”:additionalinformationabouttheindividuals

e.g.cancerousornon-cancerous(orsurvivaltime,etc.)

encodedasunivariateresponsevariables����������

�������� ������������usuallyassumedtobei.i.d.

inbothcases:

typically:��������,� ��������������
the����problem!
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somegoalsforsupervisedproblems:

�classification

e.g.predictinginearlystageofdiseasewhetherpatientdevelopsatumor-subtype

(prognosisinanearlystageofadisease)

�estimating�����������
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lymph node classification: p =7130, n = 49

samples

probabilities

�featureselection

selectionofgeneswhichare“relevant”fore.g.certaintumorsup-type
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an“unsupervised”problem:twoisoprenoidpathwaysinArabidopsisThaliana

goal:associationsnotcausality...

understandmoreaboutcross-talkontranscriptional(geneexpression)level

data:�����Affymetrixgeneexpressionmeasurements;����genes

plusadditionalbiologicalinformation

fairlyhigh-dimensional

veryhigh-dimensionalwhenincorporating�� ����potentialtranscriptionfactors
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2.Greedyisgoodfor��:Boosting

superviseddata:��������������������(i.i.d.orstationary),

predictorvariables����	
(typically�verylarge)

uni-ormultivariateresponsevariables���	�or	���or�����������������

aim:estimationoffunction��	���
	
�	�or	���

includingfeatureselectione.g.

������
�������or����������������

�� ���survivaltimefunction

historically:Boostingisanensemblescheme(multiplepredictionsandaveraging)
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baseprocedure:

data
algorithmA ��

�
�����(afunctionestimate)

e.g.:simplelinearregression,tree,MARS,“classical”smoothing,neuralnets,...

generatingmultiplepredictions:

weighteddata1
algorithmA ��

�
��� ��

weighteddata2
algorithmA ��

�
��� ��

������

weighteddataM
algorithmA ��

�
�	� ��

Aggregation:

�
�
� ���	
����
�

�
��� ��

dataweights?averagingweights
�?
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classificationof2lymphnodalstatusinbreastcancerusinggeneexpressionsfrom

microarraydata:

����,����� �(forCART:gene-preselection,reducingto����)

methodtestseterrorgainoverCART

CART22.5%–

LogitBoostwithtrees16.3%28%

LogitBoostwithbaggedtrees12.2%46%
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2.1.Boostingalgorithms

AdaBoostproposedforbinaryclassificationbyFreund&Schapire(1996)

dataweights(roughoriginalidea):largeweightstopreviouslyheavilymisclassified

instances(sequentialalgorithm)

averagingweights
�:largeifin-sampleperformancein�throundwasgood

Whyshouldthisbegood?

(actually:otherweightingschemesareequallygoodorbetter...)
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assumeunivariateresponse�inthesequel

Breiman(1998/99):

AdaBoostisfunctionalgradientdescent(FGD)procedure

Aim:find����	���argmin������
�����������

e.g.for���������������������
�������

FGDsolution:considerempiricalrisk�
	��� �������������and

doiterativesteepestdescentinfunctionspace
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GenericFGDalgorithm

Step1.

�
����;set���.

Step2.Increase�by1.Computenegativegradient��
��������

andevaluateat���
��	���������
����������

Step3.Fitnegativegradientvector��� ������bybaseprocedure

��������� ��
algorithmA ��

�
���	��

e.g.

�
��� ��fittedby(weighted)leastsquares

i.e.

�
���	��isanapproximationofthenegativegradientvector

Step4.Up-date

�
����
��	�� �������
��� ��������astep-length)

i.e:proceedalonganestimateofthenegativegradientvector

Step5.IterateStep2until���	
�
forsomestoppingiteration�	
 �
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Why“functionalgradient”?

Alternativeformulationinfunctionspace:

empiricalriskfunctional:������	��� �������������

innerproduct:������� 	��� ������������

negativeGateauxderivative:

�����������
��

������������������
�

��	���������

if��� ������arefittedbyleastsquaresandbaseprocedureisnormed(	
�

�	��)

equivalenttomaximize�����������w.r.t.��	��(overallpossible�’sfromthe

baseprocedure)

i.e:

�
��� ��isthebestapproximation(mostparallel)

tothenegativegradient�������
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Bydefinition:FGDyieldsadditivecombinationofbaseprocedurefits

������ ���
�

��� ��

Breiman(1998):

FGDwith��������������������forbinaryclassificationyieldsthe

AdaBoostalgorithm

(greatresult!)

Remark:FGDcannotberepresentedassomeexplicitestimationfunction(al):

�
���	����argmin��	� 	��

� ��
�����������forsomefunctionclass


�FGDismathematicallymoredifficulttoanalyzebut

genericallyapplicable(asanalgorithm!)inverycomplexmodels
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2.2.��Boosting

(seealsoFriedman,2001)

lossfunction�������������

populationminimizer:�������
�������

FGDwithbaseprocedure

�
�� ��:repeatedfittingofresiduals

���
��������� ����
���	�������
���resid.������������

���
��������� ����
��� ���������
�

���resid.������������

������

������� ��������� ���
�

���	��(stagewisegreedyfittingofresiduals)

Tukey(1977):twicingfor�	
 �

��and���
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anygainoverclassicalmethods?(foradditivemodeling)

Ozone data: n=300, p=8

boosting iterations

M
S
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22���������

-magenta:��Boostingwithstumps

(horiz.line=cross-validatedstopping)

-black:��Boostingwithcomponentwise

smoothingspline

(horiz.line=cross-validatedstopping)

i.e:smoothingsplinefittingagainstthe

selectedpredictorwhichreducesRSSmost

-green:MARSrestrictedtoadditivemodeling

-red:additivemodelusingbackfitting

��Boostingwithstumpsorcomp.smoothingsplinesalsoyieldsadditivemodel:

����� ���
�

������
�
������

���������������
� 
��� 
��
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simulateddata:non-additiveregressionfunction,�����,�����

Regression: n=200, p=100

boosting iterations

M
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-magenta:��Boostingwithstumps

-black:��Boostingwithcomponentwise

-green:MARSrestrictedtoadditivemodeling

-red:additivemodelusingbackfittingand

fwd.var.selection
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similarforclassification

veryoften:boostingperformscomparativelywellinhigh-dimensions

(thereisalotofempiricalevidenceforthis)
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2.3.Choiceofthebaseprocedure

mostpopularinmachinelearning:treealgorithms(CART,C4.5)

theydovariable/featureselection

haveseen:forcomponentwisesmoothingsplinesorstumps

��boostingyieldsanadditivemodelfit

�wecanuseboostingforfittingin“quitemany”structuralmodels
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Example:degree2nonparametricinteractionmodelling

Friedman#1model:

��������	�
�
��
���
����� ��
��
�
�
�
����� ��
��
�� ����
����Unif.���������

0100200300400500

4
5

6
7

p=20, p−eff=10, n=50

boosting iterations

M
S

E

MARS

L2Boost

AIC_c stopped
��Boostingwithpairwisesplines

samplesize����

����,effective����
��

bothmethodshavethesame(high)degreeofinterpretability
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3.��Boostingforhigh-dimensionallinearmodels

linearmodel

����������

�����



� ��
�����������

or:ahighlyover-completedictionary����	������� ���������

ourapproach:��BoostingwithcomponentwiselinearLSregression

thisbaseprocedurefitsaunivariatelinearregressionmodelagainsttheone

predictorvariablewhichreducesRSSmost
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firstroundofestimation:selectedpredictorvariable��
�
���(e.g.����
�

�)
corresponding

�
��
��

useshrunkenfit

�
����

�
��
����
�
�����(e.g.�����)

secondroundofestimation:selectedpredictorvariable��
�
��(e.g.�������

corresponding

�
��
��

useshrunkenfit

�
����
����

�
��
����
�
���

etc.

thismethoddoesvariableselectionand

assignsvariableamountofdegreesoffreedomforselectedvariables

for���,this��BoostingisknownasMatchingPursuit(MallatandZhang,1993)
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Gauss-Southwellalgorithm

C.F.Gaussin1803

“PrincepsMathematicorum”R.V.Southwellin1933

Professorinengineering

OxfordUniversity
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Theoremforhighdimensions(PB,2004)

��Boostingwithcomp.linearLSregressionisconsistent(forsuitablenumberof

boostingiterations)if:

������� ������ 	����������

essentiallyexponentiallymanyvariablesrelativeto�

�����
�
� ������������-sparsenessoftruefunction

i.e.forsuitable,slowlygrowing����:

�
	�
�

�����������������
���������

“no”assumptionsaboutthepredictorvariables/designmatrix

inotherwords:

consistencyforde-noisingsparsesignalwithhighlyover-completedictionaries

similarresulthasbeengivenfortheLassobyGreenshteinandRitov(2004)
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binarylymphnodeclassificationinbreastcancerusinggeneexpressions:

ahighnoiseproblem

050100150200

0.28
0.30

0.32
0.34

0.36
0.38

0.40

L2Boosting for breast cancer classification, p = 7130

boosting iterations

m
isclassification

AIC−stopped

SVM

PELORA

42outof������genesareselected

����,������geneexpressions

-black:��Boostingwithcomponentwise

linearLSregression

-red:SVMwithradialbasiskernel

-blue:Pelora:a“biologicallyinspired”

genegroupingmethod

(Dettling&PB,2004)

�competitivebutclinically

notveryaccurateprediction

�interestinggeneselection
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aretheseselectedgenesbiologicallymeaningful?

note:if��������	 ������� ��forsome�����	

can“replace”�	 ��by���asevereidentifiabilityproblem

abiologicallyuseful“repair”viaGO(GeneOntology)

supposewehaveselected��
�� ������
�

�buildgroupsofgenes��

�

������ �� �����
������large�

�assignsignificanceofsuchgenegroupsintermsoffunctionalGOcategories

thisyieldsclassificationintermsoffunctionalgenecategories

(insteadofsinglegenes)
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Boosting/Gauss-Southwellideaisverygeneric

itcanbeusedforpossiblyhigh-multivariateresponses(LutzandPB,2005):

-highmulti-categoryclassification(e.g.geneannotation)

-high-dimensionallineartimeseries

similarconsistencytheory:

forsparsemultivariatelinearregressionand

forsparselineartimeseriesmodels

withlargedimensions��� ������ 	���inthepredictorandtheresponse

(LutzandPB,2005)
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4.Lasso-relaxationisgoodfor��

consideragainlinearmodel(orhighlyovercompletedictionary)

������ ��������



� ��
����������

Lassoor��-penalizedregression(Tibshirani,1996):

�
���		 ��argmin�

�
� ��

����



� ��
������ ����� ����

���penaltypar.



� ��

����

�doesvariableselection:some(many)��’sexactlyequalto0

�doesshrinkage

�involvesaconvexoptimizationonly
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thisisconvexrelaxation:

replacethecomputationallyhard/infeasiblesubsetselection(� �-penalty)

bytheconvex��-penalizedproblem
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“similar”propertiesofconvexrealaxation(Lasso)andgreedyalgorithm(Boosting)

�variableselection

�shrinkage

andindeed:therearerelations

Efron,Hastie,Johnstone,Tibshirani(2004):forspecialdesignmatrices,

iterationsof��Boostingwith“infinitesimally”small�

yieldallLassosolutionswhenvarying�

�computationallyinterestingtoproduceallLassosolutionsin

onesweepofboosting

LeastAngleRegressionLARS(Efronetal.,2004)iscomputationallyevenmore

cleverandefficientthan��Boosting
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ZhaoandYu(2005):ingeneral,whenaddingsomebackwardstep

thesolutionsfromLassoandBoostingcoincide

greedy(plusbackwardsteps)andconvexrelaxationaresurprisinglysimilar

for� ��

both:Lasso/LARSand��Boostingareveryuseful

botharecomputationallyattractive:����operationcountsfor���

andLARSisreallyfast
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Resultsforhighnoise,binarylymphnodeclassification

cross-validatedmisclassificationrate:

Lasso(tunedby5-foldCV):27.3%

��Boosting(tunedby���):30.2%

selectedgenes(onwholedataset):

Lasso:23genes��Boosting:42genes

7genesareselectedbybothmethods

notetheidentifiabilityproblemagain
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5.VariableselectionandgraphicalmodelingwiththeLasso

goal:usetheLassoforvariableselectioninregression

determinepresence/absenceofassociationsbetweenrandomvariables

look-out:associationsamongexpressionsof39genesfromthetwobiosynthesis

pathwaysinArabidopsis
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5.1.Gaussianconditionalindependencegraph

assumethat����� �����
��
������

graph:

setofnodes��������������,correspondingtothe�randomvariables

setofedges�����definedas:

thereisanundirectededgebetweennode
and�

def

	��conditionallydependentof��givenallother�������
���

	�	� �����
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note:�	� ��correspondsto����
�

��	� �����	� ��,where

�������
����

�� �� ��
���� ����error���

�wecaninferthegraphfromvariableselectioninregression

����
�

��	�	� ��
��

hugecomputationalproblemwhenusinge.g.BIC:�� 
	�leastsquaresproblems!
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5.2.Justrelax!

replacethecomputationallyhardproblembyaconvexproblem:

computetheLassoestimates

�
���� �

Estimationofgraph

estimateanedgebetweennode
and�if

�
����

����and
�

���� ����
(forfinitesamples:itcouldhappenthatonlyoneofthe

�
����

��
�

���� �is���)

note:dependsonthetuningparameter�inLasso

thisinvolvesonlyoneconvexoptimizationproblem!

insteadofcheckingexhaustively� 
	��leastsquaresproblems(e.g.usingBIC)
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ComparisonofLassoandclassicalstepwiseselection
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dashed���Lasso

ROC-curvesforestimatedgraphswith�������nodesand����obs.

truegraphsaresparse,havingatmost4edgesoutofeverynode
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5.3Sometheoryforhighdimensions

Theorem(Meinshausen&PB,2004)

For����� 	�������,

���estimatedgraph�����truegraph������� ��������������

������ �

if

�Gaussiandata

������������forany���(high-dimensional)

�maximalnumberofedgesoutofanode�����
��������(sparseness)

�plussomeothertechnicalconditions

justificationforrelaxationwithacomputationallysimpleconvexproblem!
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Choiceof�

Theoremdoesn’tsaymuchaboutchoosing�...

first(notsogood)idea:choose�tooptimizeprediction

e.g.viasomecross-validationscheme

but:forpredictionoraclesolution

� ��� �����
�

�
�����
�� ��

�
����

���������

���estimatedgraph�� ���truegraph�������������

asymptotically:thepredictionoptimalgraphistoolarge

(Meinshausen&PB,2004;relatedexamplebyMengetal.,2004)
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Astructuralpenaltyparameter

goal:avoidconnectingdistinctconnectivitycom-

ponentsofthegraph

Theorem(Meinshausen&PB,2004)

Finitesamplecontrol:whenchoosingthepenalty

�����

� ��
��

��	��
�

�����

� �� ��� 	��
���

�� ���

theprobabilityoffalselyconnectingdistinctcon-

nectivitycomponentsiscontrolledatlevel�
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forthetwobiosynthesispathwaysinArabidopsis

firstobservation:toomanyedgesforbiologicalinterpretation

butitmayserveasafirststepinafurther,biologicallydrivenanalysis...!
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withfurtherbiological“constraints”

AACT2

 GPPS

PPDS1 PPDS2GGPPS1,5,9

UPPS1

HMGR2

GGPPS 3,4   DPPS 1,3 2,6,8,10,11,12
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   MK
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edgesfromMEP“module”toMVA
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HMGR1

Chloroplast (MEP pathway)Cytoplasm (MVA pathway)

 DXPS3  DXPS1 DXPS2

  IPPI1 

   HDR

  CMK

MECPS

  HDS

  IPPI2

 HMGS

MPDC1MPDC2

   MK

TocopherolsAbscisic acids
ChlorophyllsCarotenoids

Brassinosteroids
PhytosterolsSesquiterpenes

  FPPS2

Mitochondrion

  MCT

edgesfromMVA“module”toMEP
biologicallymostinterestingnovelconnection:fromIPPI1toMVA“module”
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identifiabilityproblems:e.g.ifvariablesarehighly(partially)correlated

thinkintermsof“modules”

wearecurrentlyinvestigatingwhetherpotentialcommontranscriptionfactor

“causes”theedgebetweenIPPI1andtheMVA“module”

(GruissemLab,ETHZürich)
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6.BeyondBoostingandLasso

considerregression������
fororthonormaldesign:������:Lasso/LARSand��Boostingyieldthe

soft-thresholdestimator:

�
����� 	
�
��

���
���

�
� ����if� ����

��if�� ������

� ����if� �����
where� ���! "#$ �
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6.1.Issoft-thresholdingorLassoagoodthing?

��������� 
i.i.d.�Double-Exponential,

soft-thresholdingandtheLassoyieldtheMAP(whichoftenperformswell)

�minimaxresultsforsoft-thresholding(Donoho&Johnstone,...)

but:adifferentstoryintheveryhigh-dimensionalsparsecase

assume:

���������������� 	���������

�effectivenumberofvariablesisfinite(finite� �-norm)

Theorem(Meinshausen,2005)

��� ����

���� ����

riskofLasso

��� 	�
��������for���

whileoptimalrateis� 	�(achievede.g.byOLSwiththetruevariables)

�Lassocanhaveverypoorconvergencerate
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reason:needlarge�forvariableselection�strongbiasofsoft-thresholding

−3−2−10123

−
2

−
1

0
1

2

threshold functions

z

hard−thresholding
nn−garrote
soft−thresholding

Better:

-SCAD(FanandLi,2001)

-NonnegativeGarrote(Breiman,1995)

-Bridgeestimation(FrankandFriedman,

1993)

theyallworkforgeneral�

fornon-orthogonal�:

�non-convexoptimizationforSCADorBridgeestimation

�NN-Garroteonlyfor���
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6.2.TherelaxedLasso(Meinshausen,2005)

for���������

�
����

�� �����
�

� 	��
� ��

����
� ��� ����

modelfromLasso(�)

���� �������	�	�

for���:OLSonselectedvariablesfromLasso(�)

for���:Lasso(�)

amountofcomputationforfindingallsolutionsover�and�:

often,thesamecomputationalcomplexityasforLasso/LARS(surprising):

��������������������if����
worstcase:������������������

�

��if���stilllinearin�
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fororthonormalcase:

� �����

−3−2−10123

−
3

−
2

−
1

0
1

2
3

relaxed Lasso

z

hard−theshold
soft−threshold
relaxed Lasso

Theorem(Meinshausen,2005)

withessentiallythesameassumptionsasbefore

�� � ���
����������� 	�������

also:usetherelaxedLassoforgraphs/dependencynetworks

�predictionoptimal(orcross-validated)tuningparametersyield

consistentgraphestimates
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Resultsforhighnoise,binarylymphnodeclassification

cross-validatedmisclassificationrate:

relaxedLasso(tunedby5-foldCV):24.4%???

Lasso(tunedby5-foldCV):27.4%

��Boosting(tunedby���):30.3%

selectedgenes(onwholedataset):

relaxedLasso:2genes(!)Lasso:23genes��Boosting:42genes

the2genesfromrelaxedLassoarealsoselectedbyLassoand��Boosting

notetheidentifiabilityproblemagain
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6.3.��BoostingwithFPEpenalty

recapabout��Boosting:

fitiniteration�thebaseproceduresothatresidualsumofsquaresisminimized

anotheridea:

fitineveryiterationthebaseproceduresothattheMSE(orout-samplesquared

error)isminimized

sincetheMSEisunknown:estimationbyanFPEmodelselectioncriterion

��BoostingwithFPEpenalty:fitiniteration�thebaseprocedure

�
���	��suchthat

�
� ��

�����
����������������

�
��� ����

tr(FPE-boosting“hat”-matrix)

isminimal
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forlinearregressionwithorthonormaldesign�����:

��BoostingwithFPEpenaltyyieldsallsolutionsforBreiman’snonnegativegarrote

(PB&Yu,2005)

i.e.solutionswhichare

closertohard-thresholding

−3−2−10123
−

2
−

1
0

1
2

threshold functions

z

hard−thresholding
nn−garrote
soft−thresholding

less“exhaustive”thanrelaxedLassobut

��BoostingwithFPEpenaltyeasilytransfertogeneralbaseprocedures

(nonparametrics)
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Modellingwithsecond-orderinteractions

0100200300400500

2
3
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7

degree 2 interaction modelling: p = 20, effective p = 5

boosting iterations

M
S

E

L2Boosting AICc
MS−L2Boosting AICc
MARSFriedman#1model:

��������	�
�
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���
����� ��


��
�
�
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����� �


��
�� ����
����Unif.���������

Samplesize����

Dimension����,����
��
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7.Conclusions

Boosting:computationallygreedyandverygeneric

Lasso/��-penaltymethods:convexoptimization

�“surprisingly”similarandoftenveryusefulfor���

�bothexplorealargespaceofsolutions

relaxedLasso(quasi-convex)andalsoBoostingwithFPEpenalty(quasi-greedy)

�provably/substantiallybetterifsignalissparsew.r.t.��-norm

�computationallyveryefficientforexploringanevenmuchlargerspaceofsolutions

(between� �-and��-penalisation)

forbiology/applications:improvebyusing

�biologicalconstraints

(e.g.conditioningonsinglepotentialtransciptionfactorsonly)

�additionalknowledge(e.g.GOcategories)
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