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h
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en

sio
n

ald
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co
nvex

an
d

q
u

asi-co
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o
p

tim
izatio

n
fo

r
co

n
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t
m

o
d

elselectio
n

P
eter

B
ü

h
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n

E
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ü
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1.
H

ig
h

-d
im

en
sio

n
ald

ata
� �
����
�� �����
�� ��� �
��

i.i.d.
or

stationary

�	�

��


predictor
variable

�
	

univariate
response

variable,e.g. �
	�

�

or �
	 

���
���
�

high-dim
ensional:���

�
areas

ofapplication:
astronom

y,biology,im
aging,m

arketing
research,text

classification,...

2



H
ig

h
-d

im
en

sio
n

allin
ear

m
o

d
els

�
	��


���
� �

� �
� ��

	
�
		��
 �
�

�����
� �

���

�

includes
basis

expansion
w

ith
highly

overcom
plete

dictionary

goal:
variable

selection;buthow
?

approaches
include:

variable
selection

via
A

IC
,B

IC
,gM

D
L

(in
a

forw
ard

m
anner);

B
ayesian

m
ethods

for
regularization

and
variable

selection;boosting;...

Lasso;new
relaxed

Lasso,...

3



our
requirem

ents:

�

com
putationally

feasible

�

statistically
accurate

for
selecting

the
correctvariables

and
for

prediction

com
putationalfeasibility

for
high-dim

ensionalproblem
s

�
greedy

m
ethods,heuristic

search

or

convex
optim

ization

4



3.
L

asso
-relaxatio

n
is

“q
u

ite”
g

o
o

d
fo

r�

�

Lasso
or� �-penalized

regression
(T

ibshirani,1996):

�
�
����
� �

argm
in� �
	

�
�	 �

� � �
	��


� �
� �

� �
� ��

	
��

�

�
���
�

���
� penalty

par. 
���
� � �

� �

�

does
variable

selection:
som

e
(m

any)�
� ’s

exactly
equalto

0

�

does
shrinkage

�

involves
a

convex
optim

ization
only

5



this
is

convex
relaxation:

replace
the

com
putationally

hard/infeasible
subsetselection

(� �

-penalty)

argm
in� �
	

�
�	 �

� � �
	 �


���
� �

� �
� ��

	
��

�

� 
���
� ��

� �� � ��
�

�

��

�

� �
� �

e.g.
A

IC
,B

IC
,...

by
the

convex

� �-penalized
problem

6



3.1.
P

red
ictio

n
w

ith
co

nvex
L

asso
-relaxatio

n

consistency
for

prediction
in

high-dim
ensions

(G
reenshtein

&
R

itov,2004)

�� �
� � �
�

� ���
�

for
any�

�
�
�
�

(high-dim
ensional)

�


�� �

� � �
� � �� �
�� � �	�

�
�� �� 	
�	�


�
(sparse)

�

��
�
� � ��� �
� �
�� �
�� 

� �

��� �� �
� �

��
linear

D
onoho,C

andes,Tao,Tanner,... �

2003-2005:
m

any
results

on
the �


-norm

(prediction)
for

basis
pursuitand

Lasso
if� �

� � �
�� ��

7



3.2.
V

ariab
le

selectio
n

an
d

g
rap

h
icalm

o
d

elin
g

w
ith

th
e

L
asso

goal:
use

the
Lasso

for
determ

ining
presence/absence

ofassociations
betw

een

random
variables

( �
includes

regression)

G
au

ssian
co

n
d

itio
n

alin
d

ep
en

d
en

ce
g

rap
h

assum
e

that � �
�
� �������

� �
� 

���


� �
���
�

graph:

setofnodes� �
� �
���
�����
��� ,corresponding

to
the�

random
variables

setofedges �
�
� 	
�

defined
as:

there
is

an
undirected

edge
betw

een
node


and


def

�

�
� 	�

conditionally
dependentof �

� ��
given

allother� �
�
�
����

� �


�
�

�

� 	
�	�

� �
�

8



note:� 	
�	�

corresponds
to�

� 	��
�
� 	

�	��� � 	
�		

,w
here

�
� 	��

�
� 	��

�
� ����� �

	�� �
� 	�

�
�
�
�
��

error � 	�

�

w
e

can
infer

the
graph

from
variable

selection
in

regression

�
� 	��
�
�
� � 	

�	� �
�

� �
�

� ��
	
�
�

�

huge
com

putationalproblem
w

hen
using

e.g.
subsetselection

à
la

B
IC

:

w
orstcase� � 
 	

�

leastsquares
problem

s!

and
stillinfeasible

w
ith

up-
dow

n-dating
strategies

9



Ju
st

relax!

replace
the

com
putationally

hard
problem

by
a

convex
problem

:

com
pute

the
Lasso

estim
ates

�
�

� ��
	

(for
allregressions)

E
stim

ation
ofgraph:

estim
ate

an
edge

betw
een

node

and


if

�
�

� 	��
� �
�

and

�
�

� ��
	
� �
�

(for
finite

sam
ples:

itcould
happen

thatonly
one

ofthe

�
�

� 	��
� �
�

� ��
	

is� �
�

)

this
involves

only
convex

optim
izations!

instead
ofchecking

exhaustively� � 
 	
�

leastsquares
problem

s
(e.g.

using
B

IC
)

10



C
o

m
p

ariso
n

o
f

L
asso

an
d

classicalstep
w

ise
selectio

n

� �
��

� �
��
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dotted

�
�
�
�

stepw
ise

selection

dashed

�

�

�

Lasso

R
O

C
-curves

for
estim

ated
graphs

w
ith� �

��
�

��

nodes
and� �

��

obs.

true
graphs

are
sparse,having

atm
ost4

edges
outofevery

node

11



S
o

m
e

th
eo

ry
fo

r
h

ig
h

d
im

en
sio

n
s

T
heorem

(M
einshausen

&
P

B
,2004)

F
or�� �

� � 	
�	 
� �
	 


,

��
� estim

ated
graph� ��� �

true
graph� �

�
�
�����
�� �
� � �

��
� ��
�

�

	 �
 �

 �



if�

G
aussian

data

�� �
� � �
�

� ���
�

for
any�

� �

(high-dim
ensional)

�

m
axim

alnum
ber

ofedges
outofa

node �

�� ���
�� �
� �
� �

�

(sparseness)

�

plus
som

e
other

technicalconditions
(one

ofthem
being

“a
bit”

restrictive)

justification
for

relaxation
w

ith
com

putationally
sim

ple
convex

problem
s!

12



C
h

o
ice

o
f�

T
heorem

doesn’tsay
m

uch
aboutchoosing

�

...

first(notso
good)

idea:
choose

�

to
optim

ize
prediction

e.g.
via

som
e

cross-validation
schem

e

but:
for

prediction
oracle

solution

���
�

� �
� ��
�

�
��
� � �

� 	��
�� �
	

�
�

� 	��
� �� �

� ����

�

�	
 estim
ated

neighborh.�
���
� ���

true
neighborh.� �

�
�
� � �
�
�
���
�
�
�

��
� estim
ated

graph� � �
� �

true
graph� ��

� � � �
�
� ��
�

�

asym
ptotically:

the
prediction

optim
algraph

is
too

large

( M
einshausen

&
P

B
,2004;related

exam
ple

by
Leng

etal.,2004
)

13



T
h

e
g

o
o

d
m

essag
e

Lasso
produces

a
setofsub-m

odels

� �
����
���



��� 	
�

�

�

��

�

optim
alfor

prediction
w

ith
Lasso �

����

�

w
ith � �

�
� ��
�� �����

and

����

is
w

ith
probability� �
�����
�� �
� � �

��
am

ong
these

m
odels

but

����
� �

��� 	
�

�

14



4.
B

eyo
n

d
L

asso

consider
linear

m
odel�

�

��
�
	

for
orthonorm

aldesign: ���
� �
�

:
Lasso

yields
the

soft-threshold
estim

ator

Is
so

ft-th
resh

o
ld

in
g

o
r

L
asso

a
g

o
o

d
th

in
g

?

��
�������


i.i.d. �

D
ouble-E

xponential,

soft-thresholding
and

the
Lasso

yield
the

M
A

P
(w

hich
often

perform
s

w
ell)

�

m
inim

ax
results

for
soft-thresholding

(D
onoho

&
Johnstone,...)

15



but:
a

differentstory
in

the
very

high-dim
ensionalsparse

case

assum
e:

�� �
� � �
�� � �
�� �
 � � 	

��� �
�

�

� �
�

�

effective
num

ber
ofvariables

is
finite

(finite

� �

-norm
)

non-effective
variables

are
independent

T
heorem

(M
einshausen,2005)

��
� ��

�
�

�� ��
���
�

risk
ofLasso �

��
	
�� �

�
� ��
�

�

for

��
�

w
hile

optim
alrate

is� 	
�

(achieved
e.g.

by
O

LS
w

ith
the

true
variables)

�

Lasso
can

have
very

poor
convergence

rate

16



reason:
need

large

�

for
variable

selection

�

strong
bias

ofsoft-thresholding

−
3

−
2

−
1

0
1

2
3

−2 −1 0 1 2

th
resh

o
ld

 fu
n

ctio
n

s

z

hard−
thresholding

nn−
garrote

soft−
thresholding

B
etter:

-
S

C
A

D
( Fan

and
Li,2001)

-
N

onnegative
G

arrote
( B

reim
an,1995)

-
B

ridge
estim

ation

(Frank
and

Friedm
an,1993)

they
allw

ork
for

general �

for
non-orthogonal�

:

�

non-convex
optim

ization
for

S
C

A
D

or
B

ridge
estim

ation

�

N
N

-G
arrote

only
for�

�

�

17



4.1.
T

h
e

relaxed
L

asso
(M

ein
sh

au
sen

,2005)

for�
� �
� �

�

�
� �

�
�
��

� �

� �
� ��
�

�

�
	
�

�	 �
� � �

	 �
� �

�
���
�

m
odelfrom

Lasso(�

) �
� �

� ��
	
��

�

� �
� �
� �

for

� �
�

:
O

LS
on

selected
variables

from
Lasso(�

)

for

� �
�

:
Lasso(�

)

am
ountofcom

putation
for

finding
allsolutions

over�

and

�

:

often,the
sam

e
com

putationalcom
plexity

as
for

Lasso/LA
R

S
(surprising):

�� �� ��
�� ����� �

�� ��

if���

�
w

orstcase:�
� �� ��
�� ���� 
� �

�� ��

if� �

�

stilllinear
in�

this
is

“quasi-convex”
optim

ization:
tw

o
levels

ofa
convex

problem

18



for
orthonorm

alcase:

� �
� �
�

−
3

−
2

−
1

0
1

2
3

−3 −2 −1 0 1 2 3

relaxed
 L

asso

z

hard−
theshold

soft−
threshold

relaxed Lasso

T
heorem

(M
einshausen,2005)

in
general,w

ith
essentially

the
sam

e
assum

ptions
as

for
the

Lasso

�
�
�

��
� �� ���� �

�
�� � 	

��� ��
�

�

19



relaxed
Lasso

for
variable

selection
and

graphs/dependency
netw

orks

prediction
optim

al(or
cross-validated)

tuning
param

eters
yield

(for
suitably

regular

cases)
consistentvariable

selection
and

graph
estim

ates

20



tw
o

biosynthesis
pathw

ays
in

A
rabidopsis

� �
��

�
A

ffym
etrix

gene
expression

m
easurem

ents,� �
��

genes

plus
additionalbiologicalinform

ation

�

the
relaxed

Lasso
has

been
used

as
a

“starting
point”

(W
ille

etal.,2004)

A
A

C
T

2

 G
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PPD
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 PPD
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H
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C
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E
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C
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 (M

V
A

 pathw
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 D
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 D
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D
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C
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C
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T
ocopherols

A
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C
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C
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B
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M
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  M
C
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edges
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M
E

P
“m
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M
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A
A

C
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 G
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 PPD
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G
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U
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H
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  D
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C
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H
M

G
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C
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E
P pathw

ay)
C
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 (M

V
A

 pathw
ay)

 D
X

PS3
 D

X
PS1

 D
X

PS2

  IPPI1 

   H
D

R

  C
M
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M
E

C
PS

  H
D

S

  IPPI2

 H
M

G
S

M
PD

C
1

M
PD

C
2

   M
K

T
ocopherols

A
bscisic acids

C
hlorophylls

C
arotenoids

B
rassinosteroids

PhytosterolsSesquiterpenes

  FPPS2

M
itochondrion

  M
C

T

edges
from

M
V

A
“m

odule”
to

M
E

P

biologically
m

ostinteresting
novelconnection:

from
IP

P
I1

to
M

V
A

“m
odule”
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R
egression:� �

���

,� �
��

� ���
���

,� �
�
� �
��

the
price

ofcollecting
too

m
any

covariates

1 1

1

1

1

1

0
100

300
500

0.02 0.04 0.07

L2−loss

p

2 2
2

2
2

2
1 1

1

1

1

1

0
100

300
500

0 20 40 60 80 100

n
u

m
b

er o
f selected

 variab
les

p

2 2
2

2
2

2

� :
Lasso

� :
relaxed

Lasso

pure
noise

variables
are

m
uch

less
dam

aging
w

ith
the

relaxed
Lasso

than
for

Lasso

and
they

are
very

disturbing
for

R
idge-type

regularization
(e.g.

S
V

M
)

22



� �
� �
��

� ���
���

,� �
�
� �
��

11
1

1

1

1

0
100

300
500

0.005 0.020 0.100 0.500

L2−loss

p

22
2

2

2

2

1 1

1

1

1

1

0
100

300
500

0 20 40 60 80 100

n
u

m
b

er o
f selected

 variab
les

p

2 2
2

2
2

2

�

:
Lasso

�

:
relaxed

Lasso

relaxed
Lasso

never
substantially

w
orse

than
the

Lasso
:

the
price

for
the

flexibility
of

the
relaxed

Lasso
is

the
larger

search
space�

�

�
� �

(Lasso:

� �
�

)

23



relaxed
Lasso

is
also

better

���
�

for
prediction

and
variable

selection

than
Lasso-O

LS
hybrid

in
particular

if,e.g.

�
�� ���
��


�
�

�
i.i.d. �

D
ouble-E

xponential

�

�

�

� � � �
��� �
�

�
�

and�

large,� �
�
�

notso
large

24



binary
lym

ph
node

classification
in

breastcancer
using

gene
expressions:

a
high

noise
problem

� �
��

sam
ples,� �

� ���

gene
expressions

cross-validated
m

isclassification
rate:

relaxed
Lasso

(tuned
by

5-fold
C

V
):16.3%

Lasso
(tuned

by
5-fold

C
V

):
21.0%

S
V

M
:

36.9%

D
LD

A
:

36.1%

selected
genes

(on
w

hole
data

set):

relaxed
Lasso:

2
genes

(!)
Lasso:

23
genes

average
from

C
V

:7.3
genes

the
2

genes
from

relaxed
Lasso

are
also

selected
by

Lasso

note
the

identifiability
problem

am
ong

highly
correlated

predictor
variables

25



shortD
N

A
m

otifm
odeling

and
prediction

of5’splice
sites

(M
eier

&
P

B
,2005)

�



���
���
� :

5’is
a

splice
site

or
not

�

���
� ����
���
���

:
9

D
N

A
sequence

positions

log-linear
m

odelw
ith

m
ain

effects
and

second-order
interactions

but:� �-penalized
M

LE
depends

on
param

eterization

G
roup

Lasso
(Yuan

&
Lin,2004)

helps

�

w
hole

term
s

(e.g.
an

interaction
term

)
are

selected

training
data� �

��
����

(only
a

fraction
from

B
urge

etal.
(1999))

testdata����
� �

���
�

slightly
better

(w
.r.t.

R
O

C
)

than
m

axim
um

entropy
m

odeling
(Yeo

and
B

urge,2004)

pred.0
pred.1

true
0

87’212
2505

true
1

804
3404

could
also

tune
for

low
false

positives

26



but:com
putations

(ofthe
w

hole
path

ofrelaxed
group

Lasso
solutions)

are
subtle

due
to

non-quadratic
loss

function
and

non-strictconvexity
of� �-penalization

�

problem
-specific

im
plem

entations
are

required

27



5.
R

elatio
n

s
to

B
o

o
stin

g

B
oosting

is
“related

to”
Lasso

cf.
E

fron,H
astie,Johnstone,T

ibshirani(2004)

and
B

oosting
is

m
uch

m
ore

generic
than

Lasso

e.g.
other

loss
functions,nonparam

etric
m

odels,factors
(i.e.

group
ofvariables),...

28



5.1. �


B
o

o
stin

g

(Friedm
an,2001)

specify
a

base
procedure

(“w
eak

learner”):

data
algorithm

A

�
�

���
��

(a
function

estim
ate)

e.g.:
sim

ple
linear

regression,tree
(C

A
R

T
),...

�


B
oosting

w
ith

base
procedure

���
�� :

repeated
fitting

ofresiduals

� �
�
�� �	���
	� �	 �
�

�

����
�� �
�� � �

����
�

e.g. ��
��

���
�

resid.�	 �
�
	 �

�� �� �	�

� �
�
�� �	� �	� �	 �

�
�

��

�

�� �
�� 
 �

�� �
�

�
��


�

resid.�	 �
�
	��

�� 

� �	�

���

���

�� �
��	


 �
�� �

�
�

��	



�
�
�

���
�

��

(greedy
fitting

ofresiduals)

Tukey
(1977):

tw
icing

for��
��
 �
�

and
� �
�
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C
om

ponentw
ise

linear
leastsquares

base
procedure

for
linear

m
odelfitting

linear
O

LS
regression

againstthe
one

predictor
variable

w
hich

reduces
residual

sum
ofsquares

m
ost

������ �
��

�� �
� ����

��	 �
��



� ���


� 	�
�
� ��



� � 


� 	�
�
����

�� �
� �
���
��

	
��



� � ��

�
��	 

� 	�

�
���

�


B
oosting

w
ith

com
ponentw

ise
linear

LS
yields

linear
m

odelfit:

firstround
ofestim

ation:
selected

predictor
variable �

�����
�

(e.g. �

�
���
�)

corresponding
�

�
���
use

shrunken
fit

�� ��! 
� �

�
�

�
���
 
� ���
�

(e.g. � �
� ��

)

second
round

ofestim
ation:

selected
predictor

variable �
�"��#�

(e.g. �

�
� 
���

corresponding

�
�
��#

use
shrunken

fit

�� 

�! 
� �

�� ��  
� �

�
�

�
��#  
� ��#�

etc.
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for � �
�

,this
is

know
n

as

M
atching

P
ursuit(M

allatand
Z

hang,1993)

W
eak

greedy
algorithm

(deV
ore

&
Tem

lyakov,1997)

a
version

ofB
oosting

(S
chapire,1992;Freund

&
S

chapire,1996)

G
auss-S

outhw
ellalgorithm

C
.F.G

auss
in

1803

“P
rinceps

M
athem

aticorum
”

R
.V.S

outhw
ellin

1933

P
rofessor

in
engineering,O

xford
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�


B
oosting

w
ith

com
p.w

ise
linear

LS
is

consistentfor
very

high-dim
ensional,

sparse
linear

m
odels

( P
B

,2004)

properties
for

variable
selection

are
notrigorously

know
n

using
the

analogy
to

the
Lasso/relaxed

Lasso:
instead

ofboosting,

�

boosting
algorithm

w
hich

is
sparser

than
boosting

5.2.
S

p
arse

�
� B

o
o

stin
g

(P
B

and
Yu,2005)

instead
ofm

inim
izing

R
S

S
in

every
iteration

,

m
inim

ize
a

finalprediction
error

(F
P

E
)

criterion
:

w
e

propose
gM

D
L,

���
�

� �
� ��
�

�����

�	 �
� � �

	 �
�� � 	

�� �	�� 

�

gM
D

L-penalty

�

��

�

requires
d.f.

for
boosting

d.f.
for

boosting
via

trace
ofhat-m

atrices
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for
orthonorm

allinear
m

odel:

S
parse �


B
oosting

w
ith

com
ponentw

ise
linear

leastsquares
yields

B
reim

an’s
nonnegative

garrote
estim

ator
(P

B
&

Yu,2005)

−
3

−
2

−
1

0
1

2
3

−2 −1 0 1 2

th
resh

o
ld

 fu
n

ctio
n

s

z

hard−
thresholding

nn−
garrote

soft−
thresholding

�

S
parse�


B
oostyields

sparser
solutions

than�

B

oosting

�

S
parse �


B
ooststillvery

generic
(although

less
generic

than �


B
oosting)

e.g.
nonparam

etric
problem

s,non-quadratic
loss

functions

�

no
theory

butlots
ofem

piricalevidence
that

S
parse�


B
oosting

is
a

reasonable
variable

selection
m

ethod
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B
oosting

w
ith

first-order
interactions

base
procedure:

pairw
ise

thin
plate

splines
(� 


�
�

)
w

hich
selects

the
pair

of

predictors
such

thatcorresponding
spline

sm
ooth

reduces
R

S
S

m
ost(fixed

d.f.)

�

nonparam
etric

m
odelfitw

ith
first-order

interactions

0
100

200
300

400
500

2 3 4 5 6 7

in
teractio

n
 m

o
d

ellin
g

: p
 = 20, effective p

 = 5

boosting iterations

MSE

L2B
oosting

S
parseL2B

oosting
M

A
R

S

Friedm
an

#1
m

odel:

�
��

�
� ��	��
��
�# 
 �
#�	 �	

��

�
 #�

�
�
�� �
� �� �

	 �
� �


�
�	 ��
� 


� �#� 
��

U
nif.	� �

� �
� #�


S
am

ple
size� �

��

D
im

ension� �
��

,� �
�
� �

�
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6.
C

o
n

clu
sio

n
s

�

for
variable

selection
and

graphicalm
odelling

w
antto

be
sparser

than
prediction-optim

al� �-penalized
solutions

(or
sparser

than
ordinary

boosting)

�

relaxed
Lasso

has
the

property
thatprediction

optim
alsolutions

yield
good

(i.e.
consistent)

variable
selection

�

can
use

cross-validation
to

determ
ine

a
good

m
odel

better
to

do
“quasi-convex”

instead
ofconvex

optim
ization

(em
pirically

sim
ilar

for
boosting:

prediction
optim

alS
parse�


B
oosting

often
yields

good
variable

selection
schem

e
)
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