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m
o

re
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an
an

en
sem

b
le

m
eth

o
d
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r

p
red

ictio
n

P
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B
ü

h
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E
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H
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ü
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1.
H

isto
rically:

B
o

o
stin

g
is

ab
o

u
t

m
u

ltip
le

p
red

ictio
n

s

D
ata:

(X
1 ,Y

1 ),...,(X
n
,Y

n
)

(i.i.d.
or

stationary),

predictor
variables

X
i
∈

R
p

response
variables

Y
i
∈

R
orY

i
∈
{0,1,...,J

−
1}

A
im

:
estim

ation
offunction

f
(·)

:
R

p
→

R
,e.g.

f
(x

)
=

IE
[Y

|X
=

x
]

orf
(x

)
=

IP
[Y

=
1|X

=
x
]

w
ith

Y
∈
{0,1}

or
distribution

ofsurvivaltim
e

Y
given

X
depends

on
som

e
function

f
(X

)
only

“historical”
view

(for
classification):

B
oosting

is
a

m
ultiple

predictions
(estim

ation)
&

com
bination

m
ethod

2
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B
ase

procedure:

data
algorithm

A
−
→

θ̂(·)
(a

function
estim

ate)

e.g.:
sim

ple
linear

regression,tree,M
A

R
S

,“classical”
sm

oothing,neuralnets,...

G
enerating

m
ultiple

predictions:

w
eighted

data
1

algorithm
A

−
→

θ̂
1 (·)

w
eighted

data
2

algorithm
A

−
→

θ̂
2 (·)

···
···

w
eighted

data
M

algorithm
A

−
→

θ̂
M

(·)

A
ggregation:f̂

A
(·)

=
∑

Mm
=

1
a

m
θ̂

m
(·)

data
w

eights?
averaging

w
eights

a
m

?

3
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classification
of2

lym
ph

nodalstatus
in

breastcancer
using

gene
expressions

from

m
icroarray

data:

n
=

33
,p

=
7129

(for
C

A
R

T
:gene-preselection,reducing

to
p

=
50

)

m
ethod

testseterror
gain

over
C

A
R

T

C
A

R
T

22.5%
–

LogitB
oostw

ith
trees

16.3%
28%

LogitB
oostw

ith
bagged

trees
12.2%

46%

this
kind

ofboosting:
m

ainly
prediction,notm

uch
interpretation

4
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2.
B

o
o

stin
g

alg
o

rith
m

s

A
daB

oostproposed
for

classification
by

Freund
&

S
chapire

(1996)

data
w

eights
(rough

originalidea):
large

w
eights

to
previously

heavily
m

isclassified

instances
(sequentialalgorithm

)

averaging
w

eights
a

m
:

large
ifin-sam

ple
perform

ance
in

m
th

round
w

as
good

W
hy

should
this

be
good?

5
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W
hy

should
this

be
good?

som
e

com
m

on
answ

ers
5

years
ago

...

because

•
itw

orks
so

w
ellfor

prediction
(w

hich
is

quite
true)

•
itconcentrates

on
the

“hard
cases”

(so
w

hat?)

•
A

daB
oostalm

ostnever
overfits

the
data

no
m

atter
how

m
any

iterations
itis

run

( nottrue)

6
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A
b

etter
exp

lan
atio

n

B
reim

an
(1998/99):

A
daB

oostis
functionalgradientdescent(F

G
D

)
procedure

aim
:

find
f
∗(·)

=
argm

in
f
(·) IE

[ρ
(Y

,f
(X

))]

e.g.
forρ

(y
,f

)
=

|y
−

f
| 2
 

f
∗(x

)
=

IE
[Y

|X
=

x
]

F
G

D
solution:

consider
em

piricalrisk
n
−

1
∑

ni=
1
ρ
(Y

i ,f
(X

i ))
and

do
iterative

steepestdescentin
function

space

7
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2.1.
G

en
eric

F
G

D
alg

o
rith

m

S
tep

1.
f̂
0
≡

0
;setm

=
0

.

S
tep

2.
Increase

m
by

1.
C

om
pute

negative
gradient−

∂∂
f
ρ
(Y

,f
)

and
evaluate

atf
=

f̂
m

−
1 (X

i )
=

U
i
(i

=
1,...,n

)

S
tep

3.
F

itnegative
gradientvectorU

1 ,...,U
n

by
base

procedure

(X
i ,U

i )
ni=

1

algorithm
A

−
→

θ̂
m

(·)

e.g.
θ̂

m
fitted

by
(w

eighted)
leastsquares

i.e.
θ̂

m
(·)

is
an

approxim
ation

ofthe
negative

gradientvector

S
tep

4.
U

p-date
f̂

m
=

f̂
m

−
1 (·)

+
ν
s

m
·θ̂

m
(·)

s
m

=
argm

in
s n

−
1
∑

ni=
1
ρ
(Y

i ,f̂
m

−
1 (X

i )
+

s
·
θ̂

m
(X

i ))
and

0
<

ν
≤

1

i.e.
proceed

along
an

estim
ate

ofthe
negative

gradientvector

S
tep

5.
Iterate

S
teps

2-4
untilm

=
m

s
to

p
for

som
e

stopping
iteration

m
s
to

p

8
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W
hy

“functionalgradient”?

A
lternative

form
ulation

in
function

space:

em
piricalrisk

functional:C
(f

)
=

n
−

1
∑

ni=
1
ρ
(Y

i ,f
(X

i ))

inner
product:

〈f
,g
〉

=
n
−

1
∑

ni=
1
f
(X

i )g
(X

i )

negative
G

ateaux
derivative:

−
d
C

(f
)(x

)
=

∂∂
α

C
(f

+
α
1

x
)|α

=
0 ,
 

−
d
C

(f̂
m

−
1 )(X

i )
=

U
i

ifU
1 ,...,U

n
are

fitted
by

leastsquares:

equivalentto
m

axim
ize

〈−
d
C

(f
m

),θ〉
w

.r.t.
θ(·)

(if‖θ‖
=

1)

(over
allpossible

θ(·)’s
from

the
base

procedure)

i.e:
θ̂

m
(·)

is
the

bestapproxim
ation

(m
ostparallel)

to
the

negative
gradient −

d
C

(f
m

)

9
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B
y

definition:
F

G
D

yields
additive

com
bination

ofbase
procedure

fits

ν
∑

m
s

t
o

p

m
=

1
s

m
θ̂

m
(·)B

reim
an

(1998):

F
G

D
w

ith
ρ
(y

,f
)

=
ex

p
((2y

−
1)

·f
)

for
binary

classification
yields

the

A
daB

oostalgorithm

( greatresult!)

R
em

ark:
F

G
D

can
notbe

represented
as

som
e

explicitestim
ation

function(al):

f̂
m

(·)6=
argm

in
f
∈
F

n
−

1
n

∑i=
1

ρ
(Y

i ,f
(X

i ))
for

som
e

function
class

F

 
F

G
D

is
m

athem
atically

m
ore

difficultto
analyze

but

generically
applicable

(as
an

algorithm
!)

in
very

com
plex

m
odels

10
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2.2.
L

2 B
o

o
stin

g

(see
also

Friedm
an,2001)

loss
function

ρ
(y

,f
)

=
|y

−
f
| 2

population
m

inim
izer:f

∗(x
)

=
IE
[Y

|X
=

x
]

F
G

D
w

ith
base

procedure
θ̂(·):

repeated
fitting

ofresiduals

m
=

1
:

(X
i ,Y

i )
ni=

1
 

θ̂
1 (·),

f̂
1

=
ν
θ̂
1

 
resid.U

i
=

Y
i
−

f̂
1 (X

i )

m
=

2
:

(X
i ,U

i )
ni=

1
 

θ̂
2 (·),

f̂
2

=
f̂
1

+
ν
θ̂
2
 

resid.U
i
=

Y
i
−

f̂
2 (X

i )

...
...

f̂
m

s
t
o

p (·)
=

ν
∑

m
s

t
o

p

m
=

1
θ̂

m
(·)

(stagew
ise

greedy
fitting

ofresiduals)

Tukey
(1977):

tw
icing

form
s
to

p
=

2
and

ν
=

1

11
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A
ny

gain
over

classicalm
ethods?

(for
additive

m
odeling)

O
zone data: n=

300, p=
8

boosting iterations

MSE

0
20

40
60

80
100

18 19 20 21 22

n
=

300,
p

=
8

-
m

agenta:
L

2 B
oosting

w
ith

stum
ps

(horiz.
line

=
cross-validated

stopping)

-
black:

L
2 B

oosting
w

ith
com

ponentw
ise

sm
oothing

spline

(horiz.
line

=
cross-validated

stopping)

i.e:
sm

oothing
spline

fi
tting

againstthe

selected
predictor

w
hich

reduces
R

S
S

m
ost

-
green:

M
A

R
S

restricted
to

additive
m

odeling

-
red:

additive
m

odelusing
backfi

tting

L
2 B

oosting
w

ith
stum

ps
or

com
p.

sm
oothing

splines
also

yields
additive

m
odel:

∑
m

s
to

p
m

=
0

θ̂
m

(x
( Ŝ

m
))

=
ĝ
1 (x

(1
))

+
...+

ĝ
p (x

(p
))

12
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S
im

ulated
data:

non-additive
regression

function,n
=

200
,p

=
100

R
egression: n=

200, p=
100

boosting iterations

MSE

0
50

100
150

200
250

300

11 12 13 14 15 16

-
m

agenta:
L

2 B
oosting

w
ith

stum
ps

-
black:

L
2 B

oosting
w

ith
com

ponentw
ise

-
green:

M
A

R
S

restricted
to

additive
m

odeling

-
red:

additive
m

odelusing
backfi

tting
and

fw
d.

var.
selection

13
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sim
ilar

for
classifi

cation

14
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3.
S

tru
ctu

red
m

o
d

els
an

d
ch

o
o

sin
g

th
e

b
ase

p
ro

ced
u

re

have
justseen

the

C
o

m
p

o
n

en
tw

ise
sm

o
o

th
in

g
sp

lin
e

b
ase

p
ro

ced
u

re

sm
oothes

the
reponse

againstthe
one

predictor
variable

w
hich

reduces
R

S
S

m
ost

w
e

keep
the

degrees
offreedom

fixed
for

allcandidate
predictors,e.g.

d.f.
=

2.5

 
L

2 B
oosting

yields
an

additive
m

odelfit,including
variable

selection

15
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C
o

m
p

o
n

en
tw

ise
lin

ear
least

sq
u

ares

sim
ple

linear
O

LS
againstthe

one
predictor

variable
w

hich
reduces

R
S

S
m

ost

θ̂
(
x
)

=
β̂
Ŝ

x
(
Ŝ
)
,

β̂
j

=

n
Xi
=

1

Y
i
X

(
j
)

i
/

n
Xi
=

1

(
X

(
j
)

i
)
2

,
Ŝ

=
a
r
g
m

in
j

n
Xi
=

1

(
Y

i
−

β̂
j

X
(
j
)

i
)
2

firstround
ofestim

ation:
selected

predictor
variable

X
(Ŝ

1
)

(e.g.
=

X
(3

))

corresponding
β̂
Ŝ

1
 

fitted
function

f̂
1 (x

)

second
round

ofestim
ation:

selected
predictor

variable
X

(Ŝ
2
)

(e.g.=
X

(2
1
))

corresponding
β̂
Ŝ

2
 

fitted
function

f̂
2 (x

)

etc.

L
2 B

oosting:
f̂

m
(x

)
=

f̂
m

−
1 (x

)
+

ν
·
θ̂(x

)

 
L

2 B
oosting

yields
linear

m
odelfit,including

variable
selection,

i.e.
structured

m
odelfit

16
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forν
=

1
,this

is
know

n
as

M
atching

P
ursuit(M

allatand
Z

hang,1993)

W
eak

greedy
algorithm

(deV
ore

&
Tem

lyakov,1997)

a
version

ofB
oosting

(S
chapire,1992;Freund

&
S

chapire,1996)

G
auss-S

outhw
ellalgorithm

C
.F.G

auss
in

1803

“P
rinceps

M
athem

aticorum
”

R
.V.S

outhw
ellin

1933

P
rofessor

in
engineering,O

xford

17
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binary
lym

ph
node

classification
in

breastcancer
using

gene
expressions:

a
high

noise
problem

n
=

49
sam

ples,p
=

7129
gene

expressions

L
2 B

oosting
F

P
LR

P
elora

1-N
N

D
LD

A
S

V
M

C
V

-m
isclassif.err.

17.7%
35.25%

27.8%
43.25%

36.12%
36.88%

m
ultivariate

gene
selection

best200
genes

from
W

ilcox.

L
2 B

oosting
selected

42
outofp

=
7129

genes

for
this

data-set:
notgood

prediction,w
ith

any
ofthe

m
ethods

butL
2 B

oosting
m

ay
be

a
reasonable(?)

m
ultivariate

gene
selection

m
ethod

18
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P
airw

ise
sm

o
o

th
in

g
sp

lin
es

sm
oothes

response
againstthe

pair
ofpredictor

variables
w

hich
reduces

R
S

S
m

ost

w
e

keep
the

degrees
offreedom

fixed
for

allcandidate
pairs,e.g.

d.f.
=

2.5

 
L

2 B
oosting

yields
a

nonparam
etric

interaction
m

odel,including
variable

selection

19
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E
xam

ple:
degree

2
nonparam

etric
interaction

m
odelling

Friedm
an

#1
m

odel:

Y
=

1
0
s
in

(
π

X
1

X
2
)
+

2
0
(
X

3
−

0
.5

)
2

+
1
0

X
4

+
5

X
5

+
N

(
0

,
1
)
,

X
=

(
X

1
,

.
.

.
,

X
2
0
)

∼
U

nif.(
[0

,
1
] 2

0
)

0
100

200
300

400
500

4 5 6 7

p=20, p−eff=10, n=50

boosting iterations

MSE

M
A

R
S

L2B
oost

A
IC

_c stopped

L
2 B

oosting
w

ith
pairw

ise
splines

sam
ple

size
n

=
50

p
=

20
,effective

p
e
f

f
=

5

20
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R
eg

ressio
n

trees

stum
ps

(2
term

inalnodes):L
2 B

oosting
fits

an
additive

m
odel

trees
w

ith
d

term
inalnodes:L

2 B
oosting

fits
an

interaction
m

odelofdegree
d
−

2

21
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T
h

e
low

varian
ce

h
ig

h
b

ias
“p

rin
cip

le”

once
w

e
have

decided
aboutsom

e
structuralproperties

choose
base

procedure
w

ith
low

variance
butpotentially

large
estim

ation
bias

bias
can

be
reduced

by
further

boosting
iterations

(w
hich

w
illincrease

variance)

exam
ple:

low
degrees

offreedom
in

com
ponentw

ise
sm

oothing
splines

for
additive

m
odeling

a
justification

w
illbe

given
later

22
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4.
M

o
re

o
n

L
2 B

o
o

stin
g

L
2 B

o
o

stin
g

fo
r

lin
ear

m
o

d
els

use
com

ponentw
ise

linear
leastsquares

base
procedure

L
2 B

oosting
converges

to
a

leastsquares
solution

as
boosting

iterations
m

→
∞

(the
unique

LS
solution

ifdesign
has

fullrank
p
≤

n
)

w
hen

stopping
early:

•
itdoes

variable
selection

•
coefficientestim

ates
are

typically
shrunken

version
ofLS

 
“sim

ilar
to”

the
Lasso

23
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C
onnections

to
Lasso

(for
linear

m
odels):

E
fron,H

astie,Johnstone,T
ibshirani(2004):

for
specialdesign

m
atrices,

iterations
ofL

2 B
oosting

w
ith

“infinitesim
ally”

sm
allν

yield
allLasso

solutions
w

hen
varying

λ

 
com

putationally
interesting

to
produce

allLasso
solutions

in

one
sw

eep
ofboosting

LeastA
ngle

R
egression

LA
R

S
(E

fron
etal.,2004)

is
com

putationally
even

m
ore

clever
and

efficient than
L

2 B
oosting

Z
hao

and
Yu

(2005):
in

“general”,w
hen

adding
som

e
backw

ard
step

the
solutions

from
Lasso

and
B

oosting
“coincide”

greedy
(plus

backw
ard

steps)
and

convex
optim

ization
are

surprisingly
sim

ilar

24
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p
=

10
,p

e
f

f
=

3
,n

=
20

0
100

200
300

400
500

2 3 4 5 6

u
n

co
rrelated

 d
esig

n

boosting iterations

MSE

A
IC

−
stopped

L2B
oost

Lasso
fw

d.var.sel.
O

LS

0
100

200
300

400
500

2 3 4 5 6

co
rrelated

 d
esig

n

boosting iterations

MSE

A
IC

−
stopped

L2B
oost

Lasso
fw

d.var.sel.
O

LS

25
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binary
lym

ph
node

classification
using

gene
expressions

n
=

49
sam

ples,p
=

7129
gene

expressions

L
2 B

oosting
F

P
LR

P
elora

1-N
N

D
LD

A
S

V
M

C
V

-m
isclassif.err.

17.7%
35.25%

27.8%
43.25%

36.12%
36.88%

Lasso

C
V

-m
isclassif.err.

21.2%

m
ultivariate

gene
selection

best200
genes

from
W

ilcox.

L
2 B

oosting
selected

42
outofp

=
7129

genes

Lasso
selected

15
genes

26
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how
w

ellcan
w

e
do?

statistically
consistentfor

very
high-dim

ensional,sparse
linear

m
odels

Y
i
=

β
0

+

p
∑j
=

1

β
j X

(j
)

i
+

ε
i
(i

=
1,...,n

),
p
�

n

T
heorem

(P
B

,2004)

L
2 B

oosting
w

ith
com

p.
linear

LS
is

consistent(for
suitable

num
ber

ofboosting

iterations)
if:

•
p

n
=

O
(ex

p
(C

n
1
−

ξ))
(0

<
ξ

<
1)

(high-dim
ensional)

essentially
exponentially

m
any

variables
relative

to
n

•
su

p
n

∑
p

n

j
=

1
|β

j,n
|
<

∞
`
1-sparseness

oftrue
function

i.e.
for

suitable,slow
ly

grow
ing

m
=

m
n

:

IE
X
| f̂

m
n

,n
(X

)
−

f
n
(X

)| 2
=

o
P

(1)
(n

→
∞

)

“no”
assum

ptions
aboutthe

predictor
variables/design

m
atrix

27
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analogous
results

also
for

•
m

ultivariate
regression

•
vector

autoregressive
tim

e
series

(Lutz
&

P
B

,2005)

28
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4.1.
D

eg
rees

o
f

freed
o

m
fo

r
b

o
o

stin
g

(P
B

,2004)

the
only

tuning
param

eter:
num

ber
ofboosting

iterations

could
use

cross-validation
 

w
orks

reasonably
w

ell

alternatively:
use

A
IC

,B
IC

or
gM

D
L

as
m

odelselection
criteria

w
hich

involve

degrees
offreedom

ofboosting

29
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hat-m
atrix

ofcom
p.w

ise
linear

LS
base

procedure:

H
(j

)
:
(Y

1 ,...,Y
n
)
7→

(Ŷ
1 ,...,Ŷ

n
)

w
hen

using
the

jth
predictor

variable
only:

H
(j

)
=

X
(j

)(
X

(j
))

T
/‖

X
(j

)‖
2

L
2 B

oosting
hat-m

atrix:

B
m

=
B

m
−

1
+

ν
·H

(Ŝ
m

)(I
−
B

m
−

1 )

=
I
−

(I
−

ν
·

H
(Ŝ

m
)

︸
︷
︷

︸

selected
in

m
th

iter. )(I
−

ν
·H

(Ŝ
m

−
1
))
···(I

−
ν
·H

(Ŝ
1
))

degrees
offreedom

ofboosting
in

iteration
m

:

d
.f

.(B
m

)
=

trace(B
m

)

d
.f

.
ignores

the
selection

effect,i.e.
“slightly”

too
sm

all

(“negligible”
since

w
e

can
allow

foro(ex
p
(n

))
candidate

basis
functions)

30
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d
.f

.
is

very
differentfrom

the
num

ber
ofvariables

in
the

m
odel

exam
ple:

3
(or

m
ore)

correlated
variables,ν

=
1

sequence
ofselected

variables:
3,2,1,3,2,1

 
d
.f

.(B
6 )

=
1.79

<
3

sequence
ofselected

variables:
1,2,3,2,3,1

 
d
.f

.(B
6 )

=
1.54

<
3
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S
to

p
p

in
g

th
e

b
o

o
stin

g
iteratio

n
s

w
e

often
use

the
corrected

A
IC

c
criterion:

A
IC

c (B
m

)
=

log
(R

S
S

m
/n

)
+

1
+

trace(B
m

)/n

1
−

(trace(B
m

)
+

2)/n

estim
ate

stopping
iteration

by

m̂
s
to

p
=

argm
in

m
A

IC
c (B

m
)

32
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p
=

10
,p

e
f

f
=

3
,n

=
20

0
100

200
300

400
500

2 3 4 5 6

u
n

co
rrelated

 d
esig

n

boosting iterations

MSE

A
IC

−
stopped

L2B
oost

Lasso
fw

d.var.sel.
O

LS

0
100

200
300

400
500

2 3 4 5 6

co
rrelated

 d
esig

n

boosting iterations

MSE

A
IC

−
stopped

L2B
oost

Lasso
fw

d.var.sel.
O

LS

33
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A
n

alo
g

o
u

sly
fo

r
n

o
n

p
aram

etric
b

ase
p

ro
ced

u
res

hat-m
atrix

H
(S

)
w

ith
a

selected
subsetS

ofpredictor
variables

B
m

=
I
−

(I
−

ν
·H

(Ŝ
m

))(I
−

ν
·
H

(Ŝ
m

−
1
))
···(I

−
ν
·H

(Ŝ
1
))

e.g.
L

2 B
oosting

w
ith

pairw
ise

splines
for

nonparam
etric

interaction
m

odeling

0
100

200
300

400
500

4 5 6 7

p=20, p−eff=10, n=50

boosting iterations

MSE

M
A

R
S

L2B
oost

A
IC

_c stopped

34
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M
o

re
o

n
d

eg
rees

o
f

freed
o

m

exam
ple:L

2 B
oosting

w
ith

com
ponentw

ise
sm

oothing
splines

for
additive

m
odeling

boosting
hat-m

atrix
B

m
:

since
f̂
(X

i )
=

∑
pj
=

1
f̂

j (X
i )
 

decom
pose

B
m

=

p
∑j
=

1

A
(j

)
m

︸
︷
︷
︸

hat-m
atrix

for
f̂

j (·)

easy
to

com
pute

recursively:

A
(j

)
m

=
A

(j
)

m
−

1
+

δ
j,Ŝ

m
ν
·H

(Ŝ
m

)(I
−

B
m

−
1 )

thus

d
.f

.
︸
︷
︷
︸

trace
(B

m
)

=

p
∑j
=

1

d
.f

. (j
)

︸
︷
︷

︸

trace
(A

(
j
)

m
)
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Y
=

∑
1
0

j
=

1
g

j (X
(j

))+
ε,

X
∼

U
nif[0,1] 1

0
0;

n
=

200,
p

=
100,

p
e
f

f
=

10

0.0
0.4

0.8

−4 −2 0 2 4

d
f=3.5

predictor

0.0
0.4

0.8

−4 −2 0 2 4

d
f=2.7

predictor

0.0
0.4

0.8

−4 −2 0 2 4

d
f=0

predictor

0.0
0.4

0.8

−4 −2 0 2 4

d
f=2.6

predictor

0.0
0.4

0.8

−4 −2 0 2 4

d
f=4.9

predictor

0.0
0.4

0.8

−4 −2 0 2 4

d
f=5.3

predictor

0.0
0.4

0.8

−4 −2 0 2 4

d
f=6.9

predictor

0.0
0.4

0.8

−4 −2 0 2 4

d
f=8.2

predictor

0.0
0.4

0.8

−4 −2 0 2 4

d
f=6.3

predictor

0.0
0.4

0.8

−4 −2 0 2 4

d
f=6.4

predictor

0.0
0.4

0.8

−4 −2 0 2 4

d
f=0.9

predictor

0.0
0.4

0.8

−4 −2 0 2 4

d
f=2.1

predictor

L
2 B

oosting
does

a
“very

reasonable”
assignm

entofdegrees
offreedom
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a
very

interesting
w

ay
to

search
and

estim
ate

in
high

dim
ensions!

w
ith

classicalm
ethods

(backfitting)
for

large
p

:

“infeasible”
to

do
variable

selection
and

variable
am

ountofd.f.

L
2 B

oosting
runs

w
ith

one
(!)

tuning
param

eter

37
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for
standard

errors
in

additive
m

odelling

s.e.(f̂
j (X

i ))
=

√√√√
σ

2ε (
A

(j
)

m
︸
︷
︷
︸

hatm
atrix

forjth
com

p. (A
(j

)
m

)
T
)
ii

in
our

experience:
seem

s
quite

O
K

m
aybe

slightly
too

sm
allbecuase

w
e

ignore
the

selection
effect

for
com

paring
“nested”
︸

︷
︷

︸

before
variable

selection

m
odels :

use
A

IC
,B

IC
,gM

D
L,etc.

38
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4.2.
T

h
e

M
S

E
cu

rve
an

d
asym

p
to

tic
o

p
tim

ality

toy
exam

ple:L
2 B

oosting
w

ith
sm

oothing
spline

forp
=

1
-dim

ensionalpredictor

boosting

m

generalization squared error

0
50

100
150

200

0.2 0.4 0.6 0.8

varying df

degrees of freedom

generalization squared error

0
10

20
30

40

0.2 0.4 0.6 0.8

sub-linear
increase

ofM
S

E
in

B
oosting

L
2 B

oosting
quite

resistantagainstoverfitting;“easy
to

tune”

39
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consider
(any)

base
procedure

as
operator:

H
:
Y

=
(Y

1 ,...,Y
n
)
′

base
procedure
7→

Ŷ
=

(Ŷ
1 ,...,Ŷ

n
)
′

L
2 B

oosting
operator

in
iteration

m
:

B
m

=
I
−

(I
−
H

)
m

ifH
is

strictly
shrinking,i.e.

‖I
−

S
‖

<
1

 
L

2 B
oosting

converges
to

identity
I

(fully
saturated

m
odel)

 
need

for
early

stopping

40
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in
case

w
here

H
is

a
sm

oothing
spline:

L
2 B

oosting
does

shrinkage
in

the
sam

e
eigenspace

as
the

sm
oothing

spline
H

eigenvalues
ofsm

oothing
spline:

λ
1

=
λ

2
=

1,
0

<
λ

i
<

1
(i

=
3,...,n

)

eigenvalues
ofL

2 B
oosting:

ev
1

=
1,ev

2
=

1,
0

<
ev

i
=

1
−

(1
−

λ
i )

m
(i

=
3,...,n

)

change
these

eigenvalues
(spectrum

)
by

varying
the

iteration
num

berm

 
tuning

via
m

leads
to

sublinear
increase

ofM
S

E
w

.r.t.
m

41
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T
heorem

(P
B

&
Yu,2003)

L
2 B

oosting
w

ith
sm

oothing
splines

having
any

fixed
deg.

offreedom
(“low

variance”)

•
w

hen
stopping

iterations
suitably,itachieves

asym
ptotically

the

optim
alm

inim
ax

M
S

E
rate

(over
S

obolev
space)

•
itadapts

to
unknow

n
greater

sm
oothness

ofunderlying
function

(adaptation
to

optim
alM

S
E

rate)

e.g.
L

2 B
oostw

ith
cubic

sm
oothing

splines
autom

atically
achieves

faster
rate

than
O

(n
−

4
/
5)

ifunderlying
function

is
sm

ooth

42
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S
u

m
m

ary
ab

o
u

t
(L

2 -)B
o

o
stin

g

•
need

for
early

stopping

“obvious”
buthas

been
stilldebated

in
2000

•
choose

the
base

procedure
to

obtain
the

qualitative
m

odelfitofyour
ow

n
“choice”

having
decided

on
structure:

use
low

variance
and

high
estim

ation
bias

“principle”

•
reasonable

degrees
offreedom

and
hat-m

atrices
can

be
easily

derived

for L
2 B

oosting
w

ith
base

proc.
involving

linear
fitting

after
selection

ofvariables
︸

︷
︷

︸

non-linear
boosting

algo.

allthis
applies

also
to

boosting
w

ith
other

loss
functions

43
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5.
B

o
o

stin
g

fo
r

b
in

ary
classifi

catio
n

binary
lym

ph
node

classification
using

gene
expressions:

data

(X
i ,Y

i ),
X

i
∈

R
7
1
2
9,

Y
i
∈
{−

1,1}

V
ario

u
s

lo
ss

fu
n

ctio
n

s

ρ
(y

,f
)

=
log

2 (1
+

ex
p
(−

y
f
)):

negative
binom

iallog-likelihood

f
∗(x

)
=

log
(

p
(x

)
1
−

p
(x

) )

ρ
(y

,f
)

=
|y

−
f
| 2

=
1
−

2y
f

+
(y

f
)
2:

squared
error

f
∗(x

)
=

IE
[Y

|X
=

x
]
=

2p
(x

)
−

1

ρ
(y

,f
)

=
ex

p
(−

y
f
) :

exponentialloss
in

A
daB

oost

f
∗(x

)
=

12
log

(
p
(x

)
1
−

p
(x

) )

ρ
(y

,f
)

=
I1[y

f
<

0
] :

m
isclassification

loss

f
∗(x

)
=

I1[p
(x

)≥
1
/
2
]

44
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allthese
loss

functions:ρ
(y

,f
)

=
ρ
(y

f
):

function
ofthe

m
argin

value
yf

−
3

−
2

−
1

0
1

2
3

0 1 2 3 4 5 6 7

m
onotone

yf

loss

exp
log−

lik.
S

V
M

0−
1

−
3

−
2

−
1

0
1

2
3

0 1 2 3 4 5 6 7

non−m
onotone

yf

loss

L2L10−
1

m
inim

ization
ofthe

non-convex
m

isclassification
loss:

com
putationally

infeasible

other
loss

functions:
convex

surrogate
loss

functions,dom
inating

m
isclass.

error

45
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B
uja,S

tuetzle
and

S
hen

(2005):
allthese

surrogate
loss

functions
are

“proper”

alm
ostno

difference
from

asym
ptotic

pointofview

m
y

favourite:
log-likelihood

•
m

onotone

•
approxim

ately
linear

for
large

negative
values

y
f

46
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5.1.
L

o
g

itB
o

o
st

(Friedm
an,H

astie
&

T
ibshirani,2000)

algorithm
:

F
G

D
w

ith
negative

log-likelihood
and

H
essian

instaed
ofline-search

 
iterative

w
eighted

LS
fitting:

in
iteration

m
,

n
−

1
n

∑i=
1

w
i

︸
︷
︷
︸

p̂
m

−
1
(X

i )(1
−

p̂
m

−
1
(X

i )) (
Y

i
−

p̂
m

−
1 (X

i )

p̂
m

−
1 (X

i )(1
−

p̂
m

−
1 (X

i ))
−

θ(X
i ))

2

since
f
∗(x

)
=

log
(

p
(x

)
1
−

p
(x

)
 

f̂
m

(·)
is

an
estim

ate
ofthe

log-odds
ratio

exam
ples:

•
com

ponentw
ise

w
eighted

linear
LS

:
 

logistic
linear

m
odelfit

•
w

eighted
com

ponentw
ise

sm
oothing

splines:
 

logistic
additive

m
odelfit

•
w

eighted
stum

ps:
 

logistic
additive

m
odelfit

w
orks

quite
nicely

for
high-dim

ensionallogistic
linear

or
additive

or
low

-order

interaction
m

odels
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6.
B

o
o

stin
g

in
su

rvivalan
alysis

acute
m

yeloid
leukem

ia
(A

M
L)

study
from

B
ullinger

etal.,2004:

survivaltim
es

of n
=

116
patient;68

died
during

the
study

period

p
=

155
predictors:

8
clinicalvariables,147

gene
expression

levels

fulldata:

survivaltim
e

T
i
∈

R
+

,predictorX
i
∈

R
p
 

w
e

use
here

Y
i
=

log
(T

i )

fulldata
loss

function:ρ
(y

,f
)

=
(y

−
f
)
2

observed
data:

O
i
=

(Ỹ
i ,X

i ,∆
i ),

Ỹ
i
=

log
(T̃

i ),
T̃

i
=

m
in

(T
i ,C

i )

censoring
indicator∆

i
=

I1[T
i ≤

C
i ]

assum
e:

censoring
tim

e
C

i
conditionally

independentofT
i

given
X

i

 
coarsening

atrandom
assum

ption
holds48
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inverse
probability

censoring
w

eights
and

observed
data

loss:

define
observed

data
loss

ρ
o
b
s (o,f

)
=

(ỹ
−

f
)
2∆

·
1

G
(t̃|x

)
︸

︷
︷

︸

inverse
probability:

G
(c
|x

)=
IP

[C
>

c
|X

=
x
]

then
(van

der
Laan

&
R

obins,2003):

IE
Y

,X
[(Y

−
f
(X

))
2]

=
IE

O
[ρ

o
b
s (O

,f
)]

strategy:
estim

ate
G

(·|x
)

e.g.
by

K
aplan-M

eier
and

do
boosting

on
w

eighted

squared
error

loss:

n
∑i=

1

∆
i

1

Ĝ
(T̃

i |X
i )

︸
︷
︷

︸

w
eightw

i

(
Ỹ

i
︸
︷
︷
︸

lo
g
(m

in
(C

i ,T
i )) −

f
(X

i ))
2
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w
e

did
com

ponentw
ise

w
eighted

linear
leastsquares

 
linear

fitofthe
regression

function
f
(·)

M
:location

m
odel;R

F
:random

forestfor
survivaldata;L2B

:
L

2 B
oosting;

cR
F

:R
F

w
ith

8
clinincalvariables

only;cL2B
:L2B

w
ith

8
clinicalvariables

only

50



'&

$%

notpossible
to

do
the

H
enderson

etal.
(2001)

loss:

ρ
(T

,f
)
=

1
−

I1[T
/
2
≤

f
≤

2
T

]
⇔

ρ
(y

,f
)
=

I1[|y
−

f
|>

lo
g
(2

)]

w
hich

is
non-convex...!
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in
m

any
realapplications:

m
ain

interestis
finding

the
relevantvariables

(and
prediction

is
of“m

inor”
im

portance)

•
tum

or
classification

based
on

gene
expression:

w
hich

genes
are

im
portant?

•
B

ullinger
etal.

survivalstudy:
w

hich
genes

and
variables

are
im

portant?

•
riboflavin

concentration
(vitam

in
B

2)
produced

by
B

acillus
subtilis

w
hich

genes
are

im
portant?

(in
collaboration

w
ith

D
S

M
)
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7.
V

ariab
le

selectio
n

an
d

ad
d

itio
n

alsp
arsity

is
boosting

a
good

variable
selection

m
ethod?

T
h

e
an

alo
g

y
w

ith
th

e
L

asso
fo

r
lin

ear
m

o
d

els

consider
again

linear
m

odel(or
highly

overcom
plete

dictionary)

Y
=

f
(X

)
+

ε,
f
(x

)
=

p
∑j
=

1

β
j x

(j
),

p
�

n

Lasso
or`

1-penalized
regression

(T
ibshirani,1996):

β̂
L

a
s
s
o

=
argm

in
β
n
−

1
n

∑i=
1 (Y

i
−

p
∑j
=

1

β
j X

(j
)

i
)
2

+
λ

︸
︷
︷
︸

≥
0
;penalty

par.

p
∑j
=

1

|β
j |
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Lasso:

•
does

variable
selection:

som
e

(m
any)

β̂
j ’s

exactly
equalto

0

•
does

shrinkage

•
involves

a
convex

optim
ization

only

(instead
ofexhaustively

checking
2

p
sub-m

odels)
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S
o

m
e

th
eo

ry
fo

r
h

ig
h

d
im

en
sio

n
s

T
heorem

(M
einshausen

&
P

B
,2004)

F
or λ

n
∼

C
n
−

1
/
2
+

δ
/
2,

IP
[estim

ated
sub-m

odel(λ
n
)

=
true

m
odel]

=
1
−

O
(ex

p
(−

C
n

δ))
(n

→
∞

)

(
0

<
δ

<
1
)

if•
G

aussian
data

•
p

=
p

n
=

O
(n

r)
for

any
r

>
0

(high-dim
ensional)

•
num

ber
ofeffective

variables
p

e
f

f
=

O
(n

k)
(0

<
k

<
1)

(sparseness)

•
plus

som
e

other
technicalconditions

justification
for

relaxation
w

ith
a

com
putationally

sim
ple

convex
problem

!
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C
h

o
ice

o
f
λ

T
heorem

doesn’tsay
m

uch
aboutchoosing

λ
...

first(notso
good)

idea:
choose

λ
to

optim
ize

prediction

e.g.
via

som
e

cross-validation
schem

e

but:
for

prediction
oracle

solution

λ
∗

=
arg

m
in

λ
IE
[(Y

−

p
∑j
=

1

β̂
j (λ

)X
(j

))
2]

IP
[estim

ated
sub-m

odel(λ
∗)

=
true

m
odel]

→
0

(p
n
→

∞
,n

→
∞

)

asym
ptotically:

the
prediction

optim
algraph

is
too

large

( M
einshausen

&
P

B
,2004;related

exam
ple

by
M

eng
etal.,2004)
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reason:
need

large
λ

for
variable

selection
 

strong
bias/strong

shrinkage

for
orthogonaldesign:

strong
bias

in
soft-thresholding

−
3

−
2

−
1

0
1

2
3

−2 −1 0 1 2

th
resh

o
ld

 fu
n

ctio
n

s

z

hard−
thresholding

nn−
garrote

soft−
thresholding

B
etter:

-
S

C
A

D
( Fan

and
Li,2001)

-
N

onnegative
G

arrote
( B

reim
an,1995)

-
B

ridge
estim

ation

( Frank
and

Friedm
an,1993)

they
allw

ork
for

general
X

for
non-orthogonal

X
:

•
non-convex

optim
ization

for
S

C
A

D
or

B
ridge

estim
ation

•
N

N
-G

arrote
only

forp
≤

n
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T
h

e
g

o
o

d
m

essag
e

Lasso
produces

a
setofsub-m

odels

M
1
⊂

...
⊂

...
M

p
r
e
d
−

o
p
t

︸
︷
︷

︸

optim
alfor

prediction
w

ith
Lasso

⊂
...

⊂
M

N

w
ith

N
=

O
(m

in
(n

,p
))

and
M

tr
u

e
is

w
ith

probability
1
−

O
(ex

p
(−

C
n

δ))
am

ong
these

m
odels

butM
tr

u
e
6=

M
p
r
e
d
−

o
p
t

S
olutions

using
this

“good
m

essage”:

•
relaxed

Lasso
(M

einshausen,2005)

a
second

round
ofLasso

on
selected

sub-m
odels

butsurprisingly:
com

putationally
no

need
to

do
a

second
round

ofLasso
fitting

•
B

IC
-scoring

for
selected

subm
odels

(?)58
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8.
S

p
arse

L
2 B

o
o

stin
g

(P
B

and
Yu,2005)

instead
ofm

inim
izing

R
S

S
in

every
iteration,

m
inim

ize
a

finalprediction
error

(F
P

E
)

criterion:
w

e
propose

gM
D

L,

θ̂
m

=
arg

m
in

θ
(·)

n
∑i=

1 (Y
i
−

f̂
m

−
1 (X

i )
−

θ(X
i ))

2+
gM

D
L-penalty

︸
︷
︷

︸

or
A

IC
,B

IC
,...

another
use

ofdegrees
offreedom

59



'&

$%

T
heorem

(P
B

&
Yu,2005)

for
orthonorm

allinear
m

odel:

S
parseL

2 B
oosting

w
ith

com
ponentw

ise
linear

leastsquares
yields

B
reim

an’s
nonnegative

garrote
estim

ator

−
3

−
2

−
1

0
1

2
3

−2 −1 0 1 2

th
resh

o
ld

 fu
n

ctio
n

s

z

hard−
thresholding

nn−
garrote

soft−
thresholding

•
S

parseL
2 B

oosting
yields

sparser
solutions

than
L

2 B
oosting

•
S

parseL
2 B

oosting
stillvery

generic
(although

less
generic

than
L

2 B
oosting)

e.g.
nonparam

etric
problem

s,non-quadratic
loss

functions
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Linear
m

odeling:L
2 B

oosting
w

ith
com

ponentw
ise

linear
LS

sam
ple

size
n

=
50

,dim
ension

p
=

50

m
odel

S
parseL

2 B
oosting

L
2 B

oosting

Y
=

1
+

5
X

(1
)
+

2
X

(2
)
+

X
(3

)
+

N
(0

,1
)

X
=

(X
(1

),
.
.
.
,
X

(4
9
))

∼
N

4
9
(0

,
I
)

M
S

E
0.16

(0.0018)
0.46

(0.0041)

IE
[no.

ofseleccted
variables]

5
13.68

Y
=

P

5
0

j
=

1
β

j
X

(
j
)
+

N
(0

,1
)

β
1
,
.
.
.
,
β
5
0
∼

D
ouble-E

xponential;
X

as
above

M
S

E
3.64

(0.188)
2.19

(0.083)
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N
onparam

etric
first-order

interaction
m

odeling

0
100

200
300

400
500

2 3 4 5 6 7

in
teractio

n
 m

o
d

ellin
g

: p
 = 20, effective p

 = 5

boosting iterations

MSE

L2B
oosting

S
parseL2B

oosting
M

A
R

S
Friedm

an
#1

m
odel:

Y
=

1
0
s
in

(
π

X
1

X
2
)
+

2
0
(
X

3
−

0
.5

)
2

+

1
0

X
4

+
5

X
5

+
N

(
0

,
1
)

X
=

(
X

1
,

.
.

.
,

X
2
0
)

∼
U

nif.(
[0

,
1
] 2

0
)

S
am

ple
size

n
=

50

D
im

ension
p

=
20

,p
e
f

f
=

5
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R
ib

o
fl

avin
co

n
cen

tratio
n

in
b

acillu
s

su
b

tilis

Y
i
∈

R
:

log-concentration
ofribolflavin

X
i
∈

R
6
8
3
9:

p
=

6939
gene

expressions

sam
ple

size
n

=
89

−
2

−
1

0
1

2
3

−10 −8 −6 −4 −2

log−
expression

log−concentration

4.5
5.0

5.5
6.0

6.5
7.0

7.5

−10 −8 −6 −4 −2

log−
expression

log−concentration

4
5

6
7

8

−10 −8 −6 −4 −2

log−
expression

log−concentration

3
4

5
6

7
8

−10 −8 −6 −4 −2

log−
expression

log−concentration

L
2 B

oosting
w

ith
com

ponentw
ise

linear
leastsquares:

selected
41

genes

S
parseL

2 B
oosting

w
ith

com
onentw

ise
linear

leastsquares:
selected

21
genes

15
genes

are
in

com
m

on

note
the

identifiability
problem

due
to

high
correlations

am
ong

genes!

quite
a

few
other

m
easurem

ents
are

available
for

this
dataset...
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9.
C

o
n

clu
sio

n
s

statisticalview
ofboosting:

a
regularization

m
ethod

for
estim

ation
and

variable
selection

m
ainly

usefulfor
high-dim

ensionaldata
problem

s

•
boosting

is
very

generic

•
boosting

is
com

putationally
attractive:

com
plexity

O
(p

)
forp

�
n

•
sim

ple
statisticalinference

is
possible,butm

ore
needs

to
be

done
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