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The pattern of zero entries in the inverse covariance matrix of
a multivariate normal distribution corresponds to conditional inde-
pendence restrictions between variables. The structure is most con-
veniently summarized in a graphical model (Lauritzen, 1996). Co-
variance selection (Dempster, 1972) aims at estimating those struc-
tural zeros from data. The complexity of standard covariance selec-
tion methods is, however, very high, making inference of all but low-
dimensional graphs infeasible. Moreover, existence of the MLE esti-
mate cannot be guaranteed and the performance of the method is
poor if the number of observations is small compared to the number
of variables.

We propose neighborhood selection with the Lasso as a compu-
tationally attractive alternative to standard covariance selection for
sparse high-dimensional graphs. Neighborhood selection estimates
the conditional independence restrictions separately for each node
in the graph. We show that the proposed neighborhood selection
scheme is consistent for sparse high-dimensional graphs. The con-
sistency hinges on the choice of the penalty parameter. The oracle
value for optimal prediction does not lead to a consistent neighbor-
hood estimate. It is proposed instead to control the probability of
falsely joining some distinct connectivity components of the graph.
This leads to consistent estimation for sparse graphs (with exponen-
tial rates), even when the number of variables grows like the number
of observations raised to an arbitrary power.

1. Introduction. Consider the p-dimensional multivariate normal dis-
tributed random variable

X =(X1,...,X,) ~ N, ).
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Assuming that the covariance matrix 3 is non-singular, the conditional in-
dependence structure of the distribution can be conveniently represented by
a graphical model G = (', E), where I" = {1, ..., p} is the set of nodes and
E the set of edges in I' x I'. A pair (a,b) is contained in the edge set E if
and only if X, is conditionally dependent of X, given all remaining vari-
ables X1\ (457 = { X,k € I'\{a,b}}. Every pair of variables not contained
in the edge set is conditionally independent, given all remaining variables
and corresponds to a zero entry in the inverse covariance matrix (Lauritzen,
1996).

Covariance selection was introduced by Dempster (1972) and aims at dis-
covering the conditional independence restrictions (the graph) from a set of
i.i.d. observations. Covariance selection traditionally relies on the discrete
optimization of an objective function (see e.g. Lauritzen, 1996; Edwards,
2000; or in the regression context e.g. Akaike, 1970; Schwarz, 1978; Shibata,
1981; Rissanen, 1986; Linhart and Zucchini, 1986; George, 2000). Exhaus-
tive search is computationally infeasible for all but very low-dimensional
models. Usually, greedy forward or backward search is employed. In forward
search, the initial estimate of the edge set is the empty set and edges are
then added iteratively until a suitable stopping criterion is fulfilled. The se-
lection (deletion) of a single edge in this search strategy requires an MLE
fit (Speed and Kiiveri, 1986) for O(p?) different models. The procedure is
not well suited for high-dimensional graphs. The existence of the MLE is
not guaranteed in general if the number of observations is smaller than the
number of nodes (Buhl, 1993). More disturbingly, the complexity of the pro-
cedure renders even greedy search strategies impractical for modestly sized
graphs. In contrast, neighborhood selection with the Lasso, proposed in the
following, relies on optimization of a convex function, applied consecutively
to each node in the graph. The method is computationally very efficient and
is consistent even for the high-dimensional setting, as will be shown.

Neighborhood selection is a subproblem of covariance selection. The neigh-
borhood ne, of a node a € I is the smallest subset of I'\{a} so that, given all
variables X, in the neighbourhood, X, is conditionally independent of all
remaining variables. The neighborhood of a node a € I' consists of all nodes
b € I'\{a} so that (a,b) € E. Given n i.i.d. observations of X, neighborhood
selection aims at estimating (individually) the neighborhood of any given
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variable (or node). The neighborhood selection can be cast into a standard
regression problem and can be solved efficiently with the Lasso (Tibshirani,
1996), as will be shown in this paper.

The consistency of the proposed neighborhood selection will be shown for
sparse high-dimensional graphs, where the number of variables is potentially
growing like any power of the number of observations (high-dimensionality)
whereas the number of neighbors of any variable is growing at most slightly
slower than the number of observations (sparsity).

One area of application is the analysis of genetic regulatory (sub-) net-
works where graphical models are used to describe the interaction between
dozens or hundreds of variables (genes) and sample size is in the dozens
(see e.g. Toh and Horimoto, 2002). A number of studies (e.g. Huber, 1973;
Breiman and Freedman, 1983; Portnoy, 1984; Goldenshluger and Tsybakov,
2001) have examined the case of regression with a growing number of pa-
rameters as sample size increases. The closest to our setting is the recent
work of Greenshtein and Ritov (2004), who study consistent prediction in
a triangular setup very similar to ours (see also Juditsky and Nemirovski,
2000). However, the problem of consistent estimation of the model structure,
which is the relevant concept for graphical models, is very different and not
treated in these studies.

We study in section 2 under which conditions, and at which rate, the
neighborhood estimate with the Lasso converges to the true neighborhood.
The choice of the penalty is crucial in the high-dimensional setting. The ora-
cle penalty for optimal prediction turns out to be inconsistent for estimation
of the true model. This solution might include an unbounded number of noise
variables into the model. We motivate a different choice of the penalty such
that the probability of falsely connecting two or more distinct connectivity
components of the graph is controlled at very low levels. Asymptotically, the
probability of estimating the correct neighborhood converges exponentially
to 1, even when the number of nodes in the graph is growing rapidly like
any power of the number of observations. As a consequence, consistent es-
timation of the full edge set in a sparse high-dimensional graph is possible
(section 3).

Encouraging numerical results are provided in section 4. The proposed
estimate is shown to be both more accurate than the traditional forward
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selection MLE strategy and computationally much more efficient. The ac-
curacy of the forward selection MLE fit is in particular poor if the number
of nodes in the graph is comparable to the number of observations. In con-
trast, neighborhood selection with the Lasso is shown to be able reasonably
accurate for estimating graphs with several thousand nodes, using only a
few hundred observations.

2. Neighborhood Selection. Instead of assuming a fixed true under-
lying model, we adopt a more flexible approach similar to the triangular
setup in Greenshtein and Ritov (2004). Both the number of nodes in the
graphs (number of variables), denoted by p(n) = |T'(n)|, and the distribution
(the covariance matrix) depend in general on the number of observations, so
that I' = I'(n) and ¥ = ¥(n). The neighborhood ne, of a node a € I'(n) is
the smallest subset of I'(n)\{a} so that X, is conditionally independent of all
remaining variables. Denote the closure of node a € I'(n) by cl, := ne,U{a}.
Then

Xo L {Xp,k € T(n)\clo} | Xue,.

For details see Lauritzen (1996). The neighborhood depends in general on n
as well. However, this dependence is notationally suppressed in the following.

It is instructive to give a slightly different definition of a neighborhood. For
each node a € I'(n), consider optimal prediction of X,, given all remaining
variables. Let 8% € RP(™ be the vector of coefficients for optimal prediction,

a __ : _ 2
(1) 0" = argegzlgoE(Xa Z 0 X1)".
kel'(n)

As a generalization of (1), which will be of use later, consider optimal
prediction of X,, given only a subset of variables {Xy;k € A}, where
A CT(n)\{a}. The optimal prediction is characterized by the vector 6%,

2 guA = i B(X, — 0,.X;)2.
(2) arg  min B kEZF(:n) 1 X%)

The elements of §% are determined by the inverse covariance matrix (Lau-
ritzen, 1996). For b € I'\{a} and K(n) = X7!(n), it holds that 6% =
—Kp(n)/Kaq(n). The set of non-zero coefficients of 6 is identical to the

set {b € T'(n)\{a} : Ka(n) # 0} of non-zero entries in the corresponding
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row vector of the inverse covariance matrix and defines precisely the set of
neighbors of node a. The best predictor for X, is thus a linear function of
variables in the set of neighbors of the node a only. The set of neighbors of
a node a € I'(n) can hence be written as

ne, = {beTl(n): 6 #0}.

Given n independent observations of X ~ N(0,3(n)), neighborhood selec-
tion tries to estimate the set of neighbors of a node a € I'(n). As the optimal
linear prediction of X, has non-zero coefficients precisely for variables in the
set of neighbors of the node a, it seems reasonable to try to exploit this re-
lation.

2.1. Neighborhood selection with the Lasso. It is well known that the
Lasso, introduced by Tibshirani (1996), and known as Basis Pursuit in the
context of wavelet regression (Chen et al., 2001), has a parsimonious prop-
erty (Knight and Fu, 2000). When predicting a variable X, with all remain-
ing variables { X,k € I'(n)\{a}}, the vanishing Lasso coefficient estimates
identify asymptotically the neighborhood of node a in the graph, as shown in
the following. Let the n x p(n)-dimensional matrix X contain n independent
observations of X, so that the columns X, correspond for all a € I'(n) to
the vector of n independent observations of X,. Let (-,-) be the usual inner
product on R™ and || - ||2 the corresponding norm.

The Lasso estimate §%* of 6 is given by

(3) 0> = arg min (0 X — X3 + A6,

where [|0]l1 = > pep(n) |06] is the l1-norm of the coefficient vector. Normal-
ization of all variables to common empirical variance is recommended for
the estimator in (3).

Other regression estimates have been proposed, which are based on the
l,-norm, where p is typically in the range [0, 2] (Frank and Friedman, 1993).
A value of p = 2 leads to the ridge estimate, while p = 0 corresponds
to traditional model selection. It is well known that the estimates have a
parsimonious property (with some components being exactly zero) for p < 1
only, while the optimization problem in (3) is only convex for p > 1. Hence

l[1-constrained empirical risk minimization occupies a unique position, as
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p = 1 is the only value of p for which variable selection takes place while the
optimization problem is still convex and hence feasible for high-dimensional
problems.

The solution to (3) is not necessarily unique. However, if uniqueness fails,
the set of solutions is still convex and all our results about neighborhoods
(in particular Theorems 1 and 2) hold for any solution of (3).

The neighborhood estimate (parameterized by \) is defined by the non-
zero coefficient estimates of the [i-penalized regression,

rie) = {be T(n): ég’A # 0}.

Each choice of a penalty parameter \ specifies thus an estimate of the neigh-
borhood ne, of node a € I'(n) and one is left with the choice of a suitable
penalty parameter. Larger values of the penalty tend to shrink the size of
the estimated set, while more variables are in general included into e if
the value of A is diminished.

2.2. The prediction-oracle solution. A seemingly useful choice of the
penalty parameter is the (unavailable) prediction-oracle value,

Aoracle = arg mi - A X)2.
oracle arg m/\ln E(Xa Z Hk Xk)
kel (n)

The expectation is understood to be with respect to a new X, which is
independent of the sample on which 62 is estimated. The prediction-oracle
penalty minimizes the predictive risk among all Lasso estimates. An estimate
of Aoracle 18 obtained by the cross-validated choice Acy.

For lp-penalized regression it was shown by Shao (1993) that the cross-
validated choice of the penalty parameter is consistent for model selection
under certain conditions on the size of the validation set. The prediction-
oracle solution does not lead to consistent model selection for the Lasso, as
shown in the following for a very simple example.

PROPOSITION 1. Let the number of variables grow to infinity, p(n) — oo,
for n — oo. Assume that the covariance matrices Y.(n) are identical to
the identity matriz except for some pair (a,b) € I'(n) x I'(n), for which
Yap(n) = Tpe(n) = s, for some 0 < s < 1 and all n € N. The probability
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of selecting the wrong meighborhood for mode a converges to 1 under the
prediction-oracle penalty,

P(riepeorecte = ney) — 1 for n — oo.

A proof is given in the appendix. It follows from the proof of Proposition 1
that many noise variables are included into the neighborhood estimate with
the prediction-oracle solution. In fact, the probability of including noise
variables with the prediction-oracle solution does not even vanish asymp-
totically for a fixed number of variables. If the penalty is chosen larger than
the prediction-optimal value, consistent neighborhood selection is possible
with the Lasso, as demonstrated in the following.

2.3. Assumptions. We make a few assumptions to prove consistency of
neighborhood selection with the Lasso. We always assume availability of n
independent observations from X ~ A(0, ).

High-dimensionality. The number of variables is allowed to grow like the

number of observations n raised to an arbitrarily high power.

ASSUMPTION 1. There exists v > 0, so that
p(n) =0O(n") for n — .

It is in particular allowed for the following analysis that the number of
variables is very much larger than the number of observations, p(n) > n.

Non-singularity. We make two regularity assumptions for the covariance

matrices.

ASSUMPTION 2. Foralla € I'(n) andn € N, Var(X,) = 1. There exists
v? >0, so that for alln € N and a € T'(n),

Var(Xa| Xrm\{a}) = v2,

Common variance can always be achieved by appropriate scaling of the
variables. A scaling to common (empirical) variance of all variables is de-
sirable, as the solutions would otherwise depend on the chosen units or
dimensions in which they are represented. The second part of the assump-

tion explicitly excludes singular or nearly singular covariance matrices. For
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singular covariance matrices, edges are not uniquely defined by the distribu-
tion and it is hence not surprising that nearly singular covariance matrices
are not suitable for consistent variable selection. Note, however, that the
empirical covariance matrix is a.s. singular if p(n) > n, which is allowed in

our analysis.

Sparsity. The main assumption is the sparsity of the graph. This entails a
restriction on the size of the neighborhoods of variables.

ASSUMPTION 3. There exists some 0 < x < 1 so that

max_|ne,| = O(n") for n — oo.
a€l(n)
This assumption limits the maximal possible rate of growth for the size
of neighborhoods.
For the next sparsity condition, consider again the definition in (2) of
the optimal coefficient #> for prediction of X}, given variables in the set

A CT(n).

ASSUMPTION 4. There exists some 9 < oo so that for all neighboring
nodes a,b € I'(n) and all n € N,

Haa,neb\{a}Hl < 9.

This assumption is e.g. fulfilled if Assumption 2 holds and the size of the
overlap of neighborhoods is bounded by an arbitrarily large number from
above for neighboring nodes. That is, if there exists some m < oo so that
for all n € N,

(4) max |ne, Nnep| < m for n — oo,
a,bel’(n),bEne,

then Assumption 4 is fulfilled. To see this, note that Assumption 2 gives a
finite bound for the ly-norm of §%"*\Ma} while (4) gives a finite bound for

the lp-norm. Taken together, Assumption 4 is implied.

Magnitude of partial correlations. The next assumption bounds the magni-
tude of partial correlations from below. The partial correlation g, between
variables X, and X is the correlation after having eliminated the linear
effects from all remaining variables { Xy, k € T'(n)\{a,b}}; for details see
Lauritzen (1996).
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ASSUMPTION 5. There exists a constant § > 0 and some & > &, with &
as in Theorem 1, so that for every (a,b) € E,

|| > Oon~(178)/2,

It will be shown below that Assumption 5 cannot be relaxed in general.
Note that neighborhood selection for node a € I'(n) is equivalent to si-
multaneously testing the null hypothesis of zero partial correlation between
variable X, and all remaining variables X, b € I'(n)\{a}. The null hypoth-
esis of zero partial correlation between two variables can be tested by using
the corresponding entry in the normalised inverse empirical covariance ma-
trix. A graph estimate based on such tests has been proposed by Drton and
Perlman (2004). Such a test can only be applied, however, if the number
of variables is smaller than the number of observations, p(n) < n, as the
empirical covariance matrix is singular otherwise. Even if p(n) = n — ¢ for
some constant ¢ > 0, Assumption 5 would have to hold with £ = 1 to have
a positive power of rejecting false null hypotheses for such an estimate, that
is partial correlations would have to be bounded by a positive value from
below. In the current high-dimensional setting, we are able to achieve power
converging to 1 with the proposed Lasso neighborhood selection even if the
number of predictor variables is growing like the number of observations n
raised to an arbitrarily high power, that is p(n) = O(n”) with some v > 0,
and in particular p(n) > n.

Neighborhood stability. The last assumption is referred to as neighborhood
stability. Using the definition of % in equation (2), define for all a, b € T'(n),

(5) Sa(b) == sign(0p"c )0 .

k€neg
The assumption of neighborhood stability restricts the magnitude of the
quantities S, (b) for non-neighboring nodes a,b € I'(n).

ASSUMPTION 6. There exists some § < 1 so that for all a,b € I'(n) with
b ¢ ne,,
|Sa(b)] < 6.

It is shown in Proposition 3 that this assumption cannot be relaxed.
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We give in the following a more intuitive condition which essentially im-
plies Assumption 6. This will justify the term neighborhood stability. Con-
sider the definition in equation (1) of the optimal coefficients §¢ for predic-
tion of X,, For n > 0, define #%(n) as the optimal set of coefficients under
an additional /1-penalty,

afy . . _ 2
(6) 0%(n) := arge;%tlgo E(X, ke;()@ka) +n0]|1-

For increasing values of the penalty parameter 1 one expects that the mag-
nitudes of the coefficients of 6%(n) are diminished and are eventually, for
large values of 7, equal to zero. The neighborhood ne, of node a was defined
as the set of non-zero coefficients of 6%, ne, = {k € I'(n) : 6} = 0}. Define
the disturbed neighborhood ne,(n) as

neq(n) := {k € I'(n) : O (n) = 0}.

It clearly holds that ne, = ne,(0). The assumption of neighborhood stability
is fulfilled if there exists some infinitesimal small perturbation 7, which may
depend on n, so that the disturbed neighborhood ne,(n) is identical to the
undisturbed neighborhood ne,(0).

PROPOSITION 2. If there exists some n > 0 so that ne,(n) = ne,(0),
then |Sq(b)| < 1 for all b € T'(n)\ne,.

A proof is given in the appendix.

In light of Proposition 2 it seems that Assumption 6 is a very weak con-
dition. To give one example, Assumption 6 is automatically fulfilled under
the much stronger assumption that the graph does not contain cycles. We
give a brief brief reasoning for this. Consider two non-neighboring nodes
nodes a and b. If the nodes are in different connectivity components there
is nothing left to show as S,(b) = 0. If they are in the same connectiv-
ity components, then there exists one node k € ne, that separates b from
ne,\{k}. This follows from the fact that there is just one unique path be-
tween any two variables in the same connectivity component if the graph
does not contain cycles. Using the global Markov property, the random
variable Xj is independent of Xy \(x}, given Xj. The random variable
E(Xp|Xne,) is thus a function of X}, only. As the distribution is Gaussian,
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E(Xp|Xne,) = 62" Xy, By non-singularity of the covariance matrix, As-
sumption 2, Var(Xp| Xpe,) = v? for some v? > 0. It follows by Assumption 2
that Var(X,) = v + (62"°)2 = 1 and hence 2" = /T — 2 < 1, which
implies that Assumption 6 is indeed fulfilled if the graph does not contain
cycles.

We mention that Assumption 6 is likewise fulfilled if the inverse covariance
matrices ¥~ (n) are for each n € N diagonally dominant. A matrix is said
to be diagonally dominant iff, for each row, the sum of the absolute values of
the non-diagonal elements is smaller than the absolute value of the diagonal
element. The proof of this is straightforward but tedious and hence omitted.

2.4. Controlling type I errors. The asymptotic properties of Lasso-type
estimates in regression have been studied in detail by Knight and Fu (2000)
for a fixed number of variables. Their results say that the penalty parameter
A should decay for an increasing number of observations at least as fast as

1/2

n~1/2 to obtain a nl/%-consistent estimate. It turns out that a slower rate

is needed for consistent model selection in the high-dimensional case where

p(n) > n. However, a rate n—(1—¢)/2

with any k < € < 1, with x defined as in
Assumption 3, is sufficient for consistent neighborhood selection, even when

the number of variables is growing rapidly with the number of observations.

THEOREM 1. Let the Assumptions of section 2.3 be fulfilled. Let the
penalty parameter satisfy A, ~ dn~1=9)/2 with some k < ¢ <1 and d > 0.
There exists some constant ¢ > 0 so that for all a € T'(n),

P(iie} C ne,) = 1 — O(exp(—enf)) for n — oco.

A proof is given in the appendix.

Theorem 1 states that the probability of (falsely) including any of the non-
neighboring variables of the node a € I'(n) into the neighborhood estimate
is vanishing exponentially fast, even though the number of non-neighboring
variables may grow very rapidly with the number of observations. It is shown
in the following that Assumption 6 cannot be relaxed.

PROPOSITION 3. If there exists some a,b € I'(n) with b ¢ ne, and
|Sa(b)| > 1, then

P(iie) Cne,) — 0 for n — .
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A proof is given in the appendix. Assumption 6 of neighborhood stability
is hence critical for the success of Lasso neighborhood selection.

2.5. Controlling type II errors. So far it was shown that the probability
of falsely including variables into the neighborhood can be controlled by
the Lasso. The question arises if the probability of including all neighboring
variables into the neighborhood estimate is converging to 1 for n — oc.

THEOREM 2. Let the Assumptions of Theorem 1 be fulfilled. Then there
ezists some constant ¢ > 0 so that

P(ne, C 1ie)) = 1 — O(exp(—enf)) for m — oc.

a

A proof is given in the appendix.

It may be of interest whether Assumption 5 could be relaxed, so that edges
are detected even if the partial correlation is vanishing at a rate n~(1=¢)/2
for some £ < e. The following proposition says that & > ¢ is a necessary
condition if a stronger version of Assumption 4 holds, which is e.g. still
fulfilled for forests and trees.

PROPOSITION 4.  Let the Assumption of Theorem 1 be fulfilled with 9 < 1
in Assumption 4. For a € T'(n), let there be some b € I'(n)\{a} with mq, # 0
and |map| = O(n=(1=8/2) for n — oo for some & < e. Then

P(berie)) —0 for m — oc.

Theorem 2 and Proposition 4 say that edges between nodes which partial
correlation vanishes at a rate n=(1=8)/2 are, with probability converging to 1
for n — oo, detected if £ > ¢ and are undetected if £ < €. The results do
not cover the case £ = ¢, which remains a challenging question for further
research.

All results so far have treated the distinction between zero and non-zero
partial correlations only. We remark that it follows from the proofs of the
previous results that the signs of partial correlations of neighboring nodes
can be estimated consistently under the same assumptions and and with the

same rates.
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3. Covariance Selection. It follows from section 2 that it is possible
under certain conditions to estimate the neighborhood of each node in the
graph consistently, e.g.

P(ie} =ne,) — 1 for n — co.

The full graph is given by the set I'(n) of nodes and the edge set £ = E(n).
The edge set contains those pairs (a,b) € I'(n) x I'(n), for which the partial
correlation between X, and X} is not zero. As the partial correlations are
precisely non-zero for neighbors, the edge set E C I'(n) x I'(n) is given by

E ={(a,b):a € ney ANb € ne,}.

The first condition, a € nep, implies in fact the second, b € ne,, and vice
versa, so that the edge is as well identical to {(a,b) : a € ne, V b € ne,}. For
an estimate of the edge set of a graph, we can apply neighborhood selection

to each node in the graph. A natural estimate of the edge set is then given
by EAM C T(n) x T'(n), where

(7) EM = {(a,b) : a € riej A b € tie)}.

Note that a € rfeg‘ does not necessarily imply b € rfefl‘ and vice versa. We
can hence also define a second, less conservative, estimate of the edge set by

(8) EM = {(a,b) : a € ie) V b € 1ie)}.

Note that there are in total 2(P*~P)/2 distinct graphs for a p-dimensional vari-
able. However, for each of the p nodes there are only 2P~! distinct potential
neighborhoods. By braking the graph selection problem into a consecutive
series of neighborhood selection problems, the complexity of the search is
thus reduced substantially at the price of potential inconsistencies between
neighborhood estimates. Graph estimates that apply this strategy for com-
plexity reduction are sometimes called dependency networks (Heckerman
et al., 2000). The complexity of the proposed neighborhood selection for one
node with the Lasso is reduced further to O(npmin{n,p}), as the Lars pro-
cedure of (Efron et al., 2004) requires O(min{n, p}) steps, each of complexity
O(np). For high-dimensional problems as in Theorems 1 and 2, where the
number of variables grows like p(n) ~ ¢n? for some ¢ > 0 and v > 1, this
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is equivalent to O(p*+?/7) computations for the whole graph. The complex-
ity of the proposed method scales thus approximately quadratic with the
number of nodes for large values of ~.

The discrepancies between the estimates (7) and (8) are quite small in
our experience. Asymptotically the difference between both estimates van-
ishes, as seen in the following corollary. We refer to both edge set estimates
collectively with the generic notation E*, as the following result holds true
for both of them.

COROLLARY 1. Under the conditions of Theorem 2, there exists some
constant ¢ > 0 so that

P(E* = E) =1 — O(exp(—cen)) for n — oo.

The claim follows since |T'(n)|? = p(n)? = O(n*Y) by Assumption 1 and
neighborhood selection has an exponentially fast convergence rate as de-
scribed by Theorem 2. Corollary 1 says that the conditional independence
structure of a multivariate normal distribution can be estimated consistently
by combining the neighborhood estimates for all variables. Before providing
some numerical results, we discuss in the following the choice of the penalty

parameter.

Finite sample results and significance. The previous results showed that
consistent neighborhood and covariance selection is possible with the Lasso
in a high-dimensional setting. However, the asymptotic considerations give
little advice on how to choose a specific penalty parameter for a given prob-
lem. Ideally one would like to guarantee that pairs of variables which are
not contained in the edge set enter the estimate of the edge set only with
very low (pre-specified) probability. Unfortunately, it seems very difficult to
obtain such a result as the probability of falsely including a pair of variables
into the estimate of the edge set depends on the exact covariance matrix,
which is in general unknown. It is possible, however, to constrain the prob-
ability of (falsely) connecting two distinct connectivity components of the
true graph. The connectivity component C, C I'(n) of a node a € I'(n) is
the set of nodes which are connected to node a by a chain of edges. The
neighborhood ne, is clearly part of the connectivity component Cj,.
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Let C be the connectivity component of a in the estimated graph (I, E*).
For any level 0 < « < 1, consider the choice of the penalty
. 26'(1 (i_l (0%

where ® = 1 — @ (& the c.d.f. of N(0,1)) and 62 = n~ (X4, X,). The
probability of falsely joining two distinct connectivity components with the

estimate of the edge set is bounded by the level a under the choice A = A(«a)

of the penalty parameter, as shown in the following theorem.

THEOREM 3. Let the Assumptions of section 2.8 be fulfilled. Using penalty
parameter A\(a), it holds for alln € N that

PBacT(n):C) ¢ C,) <a.

A proofis given in the appendix. This implies that if the edge set is empty,
E =), it is estimated by an empty set with high probability,

P(E*=0)>1-a.

Note that Theorem 3 is a finite sample result. The previous asymptotic
results in Theorem 1 and 2 hold true if the level « is vanishing exponentially
to zero for an increasing number of observations, leading to consistent edge
set estimation. The above consideration offers a principled choice of the
penalty parameter and allows a meaningful interpretation of the obtained
results.

4. Numerical examples. We use both the Lasso estimate from sec-
tion 3 and forward selection MLE (Lauritzen, 1996; Edwards, 2000) to es-
timate sparse graphs. We found it difficult to compare numerically neigh-
borhood selection with forward selection MLE for more than thirty nodes
in the graph. The high computational complexity of the forward selection
MLE made the computations for such relatively low-dimensional problems
very costly already. The Lasso scheme in contrast handled with ease graphs
with more than 1000 nodes, using the recent algorithm developed in Efron
et al. (2004). Where comparison was feasible, the performance of the neigh-
borhood selection scheme was better. The difference was particularly pro-
nounced if the ratio between observations to variables was low, as can be
seen in Figure 1, which will be described in more detail below.
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Figure 1: The average number of correct positives as a function of the number
of false positives. The Lasso neighborhood selection schemes (short dashed
line for the estimate ", long dashed line for the estimate E’\’V), the for-
ward selection MLE (dotted line) and finally, for comparison, the random
guess solution (solid line) for n = 40 observations and 10, 20 and 30 variables
(from left to right).

Figure 2: A realization of a graph is shown on the left, generated as described
in the text. The graph consists of 1000 nodes and 1747 edges out of 449500
distinct pairs of variables. The estimated edge set, using estimate (7) at level
a = .05, see equation (9), is shown in the middle. There are 2 erroneously
included edges, marked by an arrow, while 1109 edges are correctly detected.
For estimate (8) and an adjusted level as described in the text, the result is
shown on the right. Again two edges are erroneously included. Not a single
pair of disjoint connectivity components of the true graph has been (falsely)
joined by either estimate.
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First we give an account of the generation of the underlying graphs, which
we are trying to estimate. A realization of an underlying (random) graph is
given in the left panel of Figure 2. The nodes of the graph are associated
with a spatial location and the location of each node is distributed iden-
tically and uniformly on the two-dimensional square [0,1]%. Every pair of
nodes is included initially in the edge set with a probability of ¢(d/./p),
where d is the Euclidean distance between the pair of variables and ¢ the
density of the standard normal distribution. The maximum number of edges
connecting to each node is limited to four to achieve the desired sparsity of
the graph. Edges which connect to nodes which do not fulfill this constraint
are removed randomly until the constraint is fulfilled for all edges. Initially
all variables have identical conditional variance and the partial correlation
between neighbors is set to 0.245 (absolute values less than 0.25 guarantee
positive definiteness of the inverse covariance matrix), that is ! = 1 for
all nodes a € T, E;bl = 0.245 if there is an edge connecting a and b, Z;bl =0
otherwise. The diagonal elements of the corresponding covariance matrix
are in general larger than 1. To achieve constant variance, all variables are
finally rescaled so that the diagonal elements of 3. are all unity. Using the
Cholesky transformation of the covariance matrix, n independent samples
are drawn from the corresponding Gaussian distribution.

The average number of edges which are correctly included into the esti-
mate of the edge set is shown in Figure 1 as a function of the number of
edges which are falsely included. The accuracy of the forward selection MLE
is comparable to the proposed Lasso neighborhood selection if the number
of nodes is much smaller than the number of observations. The accuracy of
the forward selection MLE breaks down, however, if the number of nodes is
approximately equal to the number of observations. This can be observed in
the right panel of Figure 1, where forward selection MLE is only marginally
better than random guessing. Computation of the forward selection MLE
(using MIM, Edwards, 2000) took on the same desktop up to several hun-
dred times longer than the Lasso neighborhood selection for the full graph.
For more than 30 nodes, the differences are even more pronounced.

The Lasso neighborhood selection can be applied to hundred- or thousand-
dimensional graphs, a realistic size for e.g. biological networks. A graph
with 1000 nodes (following the same model as described above) and its
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estimates (7) and (8), using 600 observations, are shown in Figure 2. A
level @ = .05 is used for estimate EV. For better comparison, the level
o was adjusted to a = .064 for the estimate EM | so that both estimates
lead to the same number of included edges. There are two erroneous edge
inclusions, while 1109 out of all 1747 edges have been correctly identified
by either estimate. Of these 1109 edges, 907 are common to both estimates
while 202 are just present in either (7) or (8).

Table 1: The average number of correctly and falsely included and excluded

edges.
E _ E/\,v E — EA,/\
pure Gaussian
(a,b) € E (a,b) ¢ E (a,b) € E (a,b) ¢ E  total
(a,b) e E 1451 310 1393 394 1761
(a,b) ¢ E 13 497726 71 497642 497739
total 1464 498036 1464 498036
additional ¢o-distributed noise
(a,b) € B (a,b) ¢ E (a,b) € E (a,b) ¢ £ total
(a,b) e B 1285 471 1235 521 1756
(a,b) ¢ E 19 497725 69 497675 497744
total 1304 498196 1304 498196

The average accuracy over 10 simulations, using 500 independent obser-
vations for each simulation, is shown in Table 1. Out of more than 10° pairs
of variables, only about 13 are on average falsely included into the estimated
edge set with the estimate EMY at level a = .05. For better comparison, the
level for estimate EA" was chosen again so that both estimates contain the
same amount of edges, leading to an average level of @ = .065. If adjusted
in this way, the difference between both estimates are in general small, even
if FMVY is performing slightly better.

Next, long-tailed noise is added to the observations to examine if results
are critically dependent on the assumption of Gaussianity. Instead of n i.i.d.
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Figure 3: Left panel: the percentage of all edges in E which are correctly
included in EM" as a function of log(n); for p(n) = 2n variables, broken line,
and p(n) = n/2, solid line. Right panel: the percentage of edges not in E
which are correctly not included in EA as a function of log(n). The absolute
number of correct negatives is smaller for p(n) = 2n than for p(n) = n/2
but the number of possible edges is vastly greater for the first case, leading
to better relative proportion of correct negatives.

observations of X ~ N(0,%) there are n i.i.d observations of X + 0.17,
where the components of Z are independent and follow a ts-distribution. The
results about the correctness of the estimation of conditional independence
are shown in the lower part of Table 1. The dominant effect is a reduction
in the number of included edges, while the proportion of false rejections is
increasing only slightly from 0.8% to 1.4% for E»Y and from 4.8% to 5.2%
for BN,

Finally, the number of observations is varied together with the number of
nodes in the graph. The proportion of all pairs of variables in the true edge
set which are (correctly) included into the estimate of the edge set is shown
in Figure 3 (averaged over 100 simulations). The proportion of all pairs of
variables not included in the true edge set which are (correctly) not included
into the estimated edge set is shown on the right side of the same figure.
The estimates of the edge set are clearly increasing in accuracy with the
number of observations, even though the number of variables is increasing
at the same rate as the number of observations. The result illustrates that

the quality of neighborhood selection with the Lasso is improving for an
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increasing number of observations even if the number of observations per

variable is remaining constant, as expected from Theorems 1 and 2.
5. Proofs.

5.1. Notation and useful lemmata. As a generalization of (3), the Lasso
estimate 04 of #%4, defined in (2), is given by

10 HaAN — i 11X, — X012 + \|0l,).
(10) argezokinolgkﬂ(n X4 5+ AllEf]1)

The notation 6% is thus just a shorthand notation for go-L(m\{a}A,

LEMMA 1. Given 8 € RP™ | let G(0) be a p(n)-dimensional vector with
elements

Gp(0) = —2n"1(X, — X0, X,).
A wector 6 with 6, = 0,Vk € T(n)\A is a solution to (10) iff for all b € A,

Gy(0) = —sign(0y) X in case O # 0 and |Gy(0)| < X in case O, = 0. Moreover,
if the solution is not unique and |Gy(A)| < X for some solution 0, then 6, = 0

for all solutions of (10).

PROOF. Denote the subdifferential of
n[Xa — X613+ A6

with respect to by D(6). The vector 0 is a solution to (10) iff there exists an
element d € D(0) so that dj, = 0, Vb € A. D(0) is given by {G(0)+Xe,e € S},
where S C RP(™ is given by S := {e € RP(") : ¢, = sign(6y) if 0, # 0 and e;, €
[—1,1] if 6, = 0}. The first part of the claim follows. The second part follows

from the proof of Theorem 3.1. in Osborne et al. (2000). O

LEMMA 2. Let 0% be defined for every a € T'(n) as in (10). Under
the assumptions of Theorem 1, it holds for all a € T'(n),

P(sign(ég’ne“’A) = sign(6y), Vb € ne,) =1 — O(exp(—cn®)) for n — o0

For the sign-function, it is is understood that sign(0) = 0. The Lemma
says, in other words, that if one could restrict the Lasso estimate to have
non-zero coefficients in the neighborhood of node a only, then the signs of the
partial correlations in this neighborhood are estimated consistently under
the made assumptions.
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PRrROOF. Using Bonferroni’s inequality, and |ne,| = o(n) for n — oo, it
suffices to show that for every a,b € I'(n) with b € ne,,

P(sign(ég’ne“’/\) =sign(6y)) = 1 — O(exp(—cn®)) for n — oo
Consider the definition of %"= in (10),

11 f@nea = ar min nHX, — X012 + A|[0])1).

(1) £, i (07X = X013+ X))
Consider now that component b of this estimate is fixed at a constant value
3. Denote this new estimate by §%°*(3),

(12) 6°0() = arg  in (™I Xa — XO|I + A[l6]]1),

Oy

where

Ou(B) := {0 e RP™ : 0, = B;60;, = 0, Vk ¢ ne,}.

There exists always a value 8 (namely 8 = §2"°") so that §20(8) is
identical to %@, Thus, if sign(4{™"°*) # sign(d§), there exists some
3 with sign(3)sign(d¢) < 0 so that §+**(8) is a solution to (11). Using
sign(0y) # 0 for all b € ne,, it is thus sufficient to show that for every 3
with sign(3)sign(6;) < 0, §*>A(3) cannot be a solution to (11) with high
probability.

To show this, we focus in the following on the case where 6} > 0 for
notational simplicity. The case 0f < 0 follows analogous. If 6 > 0, it follows
by Lemma 1 that 6%0*(3) with GNZ’b’A(ﬁ) = < 0 can only be a solution
to (11) if Gy(6*P*(B)) > —\. Hence it suffices to show that for all b € ne,

with 67 > 0, for n — oo,

(13) P(zg%{Gb(éa’b’A(ﬁ))} < —=A) = 1= O(exp(—cn?)).

Let in the following R (3) be the n-dimensional vector of residuals,
(14) R)(6) := X, — X64P2(3).
We can write X as

(]_5) Xb = Wb _|_ Z ez,nea\{b}Xk’
keney\{b}
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where W), is independent of { Xj; k € ne,\{b}}. By straightforward calcula-
tion, using (15),

Gy I (8)) = —2n M RAB)L W) — > 0" e RA(8), X))
kene,\{b}

By Lemma 1, for all k € ne,\{b}, |G (6%P*(3))| = |2n~ YR (B), Xi)| < A.
This together with the equation above yields

(16) Gy(6"(8)) < =20~ ' (RY(5), W) + A6" e\ P,

Using Assumption 4, there exists some 9 < oo, so that ||#P"ea\b}||; < .
For proving (13) it is therefore sufficient to show that there exists ¢ > 0 so
that for all b € ne, with 6 > 0 and any g > 0, for n — oo,

(17) P(él%%{%_lmi(ﬁ),wb)} > gA) =1 = O(exp(—cn)).

With a little abuse of notation, let VI C R™ be the, at most (|ne,| — 1)-
dimensional, space which is spanned by the vectors {Xy, k € ne,\{b}} and
let V- be the orthogonal complement of VII'in R™. Split the n-dimensional

vector Wy, of observations of W}, into the sum of two vectors
(18) W, = Wik + W),

where WILI is contained in the space VI C R™, while the remaining part Wbl
is chosen orthogonal to this space (in the orthogonal complement V- of V”).
The inner product in (17) can be written as

(19) 20 HRI(H), W) = 20~ L(RI(), Wit) + 20~ L(RA(5), W)).
By Lemma 3, there exists for every g > 0 some ¢ > 0 so that for n — oo,

P(ég%{Qn_l(Ré(ﬂ%Wzl}'V(l +18))} > —gA) = 1 = O(exp(—cn?))

To show (17), it hence suffices to proof that there exists for every g > 0

some ¢ > 0 so that for n — oo,

(20) P(inf {20} (RY(3), W) — g(L+ [8)A} > 0) = 1 = Olexp(—cn))
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It holds for some random variable W,, independent of X,,, that

Xo= Y 03X+ Wa.

k€ne,
Note that W, and W}, are independent normal distributed random variables
with variances o2 and af respectively. By Assumption 2, 0 < v? < 0’2, o2 <
1. Note furthermore that Wj and X,,\(5 are independent. However, W,

and X, are not necessarily independent and neither are W, and panea\{b} A
Using 0% = §%"° and (15),

(21) Xa= > (6 + 026, X+ 00W, + W
k€neq\{b}

Using (21), the definition of the residuals in (14), and the orthogonality
property of Wé‘,

(22) 20 HRY(B), Wy) = 207 (05 — B)(Wy, W) + 20~ (W, W),
> 207 H(0) — B)(Wy, Wir) — 207 H(Wa, Wi ).

The second term, |2n~1(W,, Wib)|, is stochastically smaller than [2n =1 (W, W})|.
Due to independence of W, and W;, E(W,W;) = 0. Using Bernstein’s
inequality (Lemma 2.2.11 in van der Vaart and Wellner, 1996), and A ~
dn—(1=9)/2 with € > 0, there exists a ¢ > 0 for every ¢g > 0 so that

(23) P(|2n~(Wa, Wy)| 2 gA) = O(exp(—cn)).

Instead of (20), it is thus sufficient to show that there exists ¢ > 0 for every
g > 0 so that for n — oo,

P(inf {20716~ B)WE W) = g(1+[8)A} > 0) = 1= Ofexp(~en))
1
Note that o, 2(Wi-, W) follows a onz—|nea|'
and O'g > v2 (by Assumption 2), it follows for n > ng with some ng € N,
that

distribution. As |ne,| = o(n)

st.
20~ (Wi, Wy) > k(Z/n),

st.
where > denotes stochastically larger or equal, k£ is some positive constant,
and Z is a Xi /Q-distributed random variable. By the properties of the y2-
distribution, there exist some t,¢ > 0 so that P(Z/n < t) = O(exp(—cn)).
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To show (24) it hence suffices to proof that for every d > 0 there exists some
no(d) € N so that for all n > ny,

(25) it (65 — B)d - g(1+ 8DA} > 0.

By Assumption 5, |map| is of order at least n=(1=¢)/2, Using additionally As-
sumption 2, this implies that there exist some ¢ > 0 so that 8j > gn—(1-9)/2,
As A ~ dn~(179)/2 and, by Assumption 5, £ > e, it follows that for every
d > 0 and large enough values of n,

Oyd — g\ >0
It remains to show that for any d > 0 there exists some ng(d) so that for all
n > no,
inf {—04d — A > 0.
inf{~fd - g|6|A} >
This follows as A — 0 for n — oo, which completes the proof. O

LEMMA 3. Assume the conditions of section 2.3 hold true. Let R)(3) be
defined as in (14) and WlLl as in (18). Then there exists ¢ > 0 so that for
all a,b € T'(n) and any g > 0 and n — oo,

P(sup 207 (RY(5), WHI/(1 4 18]) < 93) = 1 = O(exp(—en).

PRrOOF. By Schwartz’s inequality,
n” 2 RA(B)ll2
1+4]

The sum of squares of the residuals is increasing with increasing value of A.
Thus, (R} (3),R)(3)) < (RY(B),RY(B)). By definition of R} in (14), and
using (12),

(26) 207N (RA(B), WhHI/(L+18]) < 20 V2| W2

(RY(B), RY(B)) = (Xo — BXp, Xo — Xs),

and hence
(RY(), RY(B)) < (1 + 8 macl | X 3, [ X5l3).
Therefore
Tl_l/2 R}
Psup " RalBl2 - 4y _ p(1/2 mas{ X, 1, [ K12} > ).

BER 1+ 18]
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Note that both || X,||3 and || X3||3 are x2-distributed. Thus there exists d > 1
and ¢ > 0 so that

W2 RS
S

> d) = O(exp(—cn)) for n — co.

It remains to be shown that there exists some ¢ > 0 for every g > 0 so that
(28) P(n_1/2||WL|||2 > gA) = O(exp(—cn®)) for n — oo.

The expression 0'1;2<Wl|)|,WH> is XI o|—1-distributed. As o, <1 and Iney| =

O(n"), it follows that n=1/ 2||W£ |l2 is stochastically smaller than
tn==R)/2( 7 pFy1/2,
where Z is x2.-distributed. Thus for every g > 0,
P02 [Will2 > gA) < P((Z/n") > (g/1)n ™ \2).

As A ~ dn=(179)/2 for some d > 0 and, by Assumption 5, £ > «, it follows
that n'=*\2 > hn®* for some h > 0 and n — co. By the properties of the
x2-distribution, claim (28) follows. This completes the proof. O

5.2. Proof of Proposition 2. The subdifferential of the argument in (6),

E(Xo— Y 03Xm)*+n)0%1,
mel(n)
with respect to ¢, k € I'(n)\{a}, is given by
—2B((Xa— Y, 05Xm)Xy) + nex,
mel(n)
where e, € [—1,1] if 6 = 0, and e, = sign(6}) if 6% # 0. Using that
neq(n) = neg, it follows as in Lemma 1 for all k£ € ne,,
(29) (Xa— Y 080 Xm)Xe) =7 sign(6]),
mel(n)

and, for b ¢ ne,,

(30) 2E((Xa— > 05 (0)Xm)Xe)| <.
mel(n)
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A variable X3 with b ¢ ne, can be written as

Xp= Y 0" X+ W,

k€ne,

where W}, is independent of { Xy, k € cl,}. Using this in (30) yields

23 E(Xa— Y 0%(0)Xm) X)| <.

kene, mel'(n)

Using (29) and 0% = %" it follows that

Y ghmeesign(pme)| < 1,

k€Eneg

which completes the proof.

5.3. Proof of Theorem 1. The event rfefl‘ ¢ ne, implies that there exists
some node b € I'(n)\cl, in the set of non-neighbors of node a such that the
estimated coeflicient ég’)‘ is not zero. Thus

(31) P(iie) C ne,) =1 — P(3b € T(n)\cl, : 65 # 0).

Consider the Lasso estimate 6%} which is by (10) constrained to have
non-zero components only in the neighborhood of node a € I'(n). Using
lneq| = O(n”) with some k < 1, we can assume w.l.o.g. that |ne,| < n. This
in turn implies, see e.g. Osborne et al. (2000), that gomear is as. a unique
solution to (10) with A = ne,. Let £ be the event

e, [T A
Given the event &, it follows from the first part of Lemma 1 that fanea,\
is not only a solution of (10), with A = ne,, but as well a solution of (3),
where A =T'(n)\{a}. As HAZ’HE“’A = 0 for all b € I'(n)\cly, it follows from the
second part of Lemma 1, that HAZ’)‘ =0, Vb € I'(n)\cl,. Hence

P(3beT(n)\cl,: 60 #0) < 1-P(€)

= P Gr(6@™M)| = A
(kegg)fda\ k( )= A),

where

(32) Gp(677a?) = —2p 71X, — XA¥" et X)),
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Using Bonferroni’s inequality and p(n) = O(n?) for any v > 0, it suffices to
show that there exist constants ¢ > 0 so that for all b € I'(n)\cl,,

(33) P(|Gy (%"= *)| > \) = O(exp(—cn)).
One can write for any b € I'(n)\clg,

(34) Xp= > 00X, + W,

meneg

where W}, ~ N(0,02) for some o < 1 and W}, is independent of {X,,,; m €
cl,}. Hence

Gb(éa,nea,)\) — —277,71 Z efﬁnea<Xa_Xéa,nea,)\7Xm>

meneg

—2n" (X, — XO¥ A W),
By Lemma 2, with probability 1 — O(exp(—cn®)),
(35) sign(ég’ne“”\) = sign(0*"°), Vk € ne,.
and in this case it holds by Lemma 1 that

ot N 00N (X — XA X ) = (> sign(05") 05 A,

meneg meneg

If (35) holds true, the gradient is given by

Gy(0°m) = —( > sign(6"0n)0h )\
meneg
(36) —2n" (X, — XU W),

Using Assumption 6 and Proposition 2, there exists some ¢ < 1 so that

|3 sign(8ge) 6l < 6.

meneg

The absolute value of the coefficient G}, of the gradient in equation (32) is
hence bounded with probability 1 — O(exp(—cn®)) by

(37) |Gy (0¥ M| < X + [2n7H(X, — XAV W),
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Conditional on X, = {Xy; k € cl,}, the random variable
(X — XG0 W)

is normally distributed with mean zero and variance o[ X, — X fanead|2,
On the one hand, ag < 1. On the other hand, by definition of 9“"“%’)‘,

X — XG5 < [ Xa|2-

Thus ,
N St.
2071 (X — XO0N W) | < [2n7 1 (Xq, W),

st.
where < denotes stochastically smaller or equal. Using (37), it remains to
be shown that there exists ¢ > 0 so that for any § < 1,

P20~ 1 (X0, Wi)| = (1 — 8)A) = O(exp(—cnf)).

As W, and X, are independent, E(X,W};) = 0. Using the Gaussianity and
bounded variance of both X, and Wj, there exists some ¢ < oo so that
E(exp(|X.W3|)) < g. Hence, using Bernstein’s inequality, see e.g. Lemma
2.2.11 in van der Vaart and Wellner (1996), and using the boundedness of
), there exists indeed ¢ > 0 so that for all b € ne,, P(]2n"5(X,, Wy)| >
(1 — 8)A) = O(exp(—cnA?)). The claim (33) follows, which completes the
proof. O

5.4. Proof of Proposition 3. Following a similar argument as in Theo-
rem 1 up to equation (33), it is sufficient to show that for every a,b with
b eI'(n)\cl, and |S,(b)| > 1 it holds that

(38) P(|Gy(0%" M| > \) =1 for n — oco.
Using (36) in the proof of Theorem 1, one can conclude that for some § > 1,
(39) |Gy (677N > A — |20 (X, — XAVt W),

Using the identical argument as in the proof of Theorem 1 below (37), it
holds for the second term that for any g > 0,

P(|2n" 1 (X, — XD X W)| > gA) — 0 for n — oo,

which together with § > 1 in (39) shows that (38) holds. This completes the
proof.
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5.5. Proof of Theorem 2. First, P(ne, C 1ie)) = 1 — P(3b € ne, : éZ’A =
0). Let £ be again the event

10 G0 )] <
(40) e [Gy(8)

Given &£, we can conclude as in the proof of Theorem 1 that ganear and o
are unique solutions to (10) and (3) respectively, and §%¢eA = §@X Thus

P(3bemne,: 87 =0) < P(3bemne,: ;7 =0)P(E) + P(E°)

It follows from the proof of Theorem 1 that there exists some ¢ > 0 so that
P(&°) = O(exp(—cn®)). Using Bonferroni’s inequality, it hence remains to
show that there exists ¢ > 0 so that for all b € ne,,

(41) P62 = 0) = O(exp(—enf)).
This follows from Lemma 2, which completes the proof.

5.6. Proof of Proposition 4. The proof of Proposition 4 is to a large
extent analogous to the proof of Theorems 1 and 2. Let £ be again the event

(40). Given event &, as in (40), we can conclude as before that §%"¢* and

0> are unique solutions to (10) and (3) respectively, and g% = oA,

Thus, for any b € ne,,
P(b ¢ 1ie}) = P(83™ = 0) > P(Bi"* = 0)P(E).

As P(E) — 1 for n — oo by Theorem 1, it suffices to show that for all
b € ne, with |mg| = O(n~(1=9/2) and £ < ¢,

P =0) -1 for n— oo
This is fulfilled if
(42) P(|Gy(g¥1ea MBI < A) =1 for n — oo,

as |Gp(01ea\P1A)| < X implies that 2 \{bhA = ganead and hence ég’ne“’A =
0. Using (16), it holds that

G647\ < 207 (RQ(0), W) | + Afjg" e P
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It holds by assumption that [|#?"¢\{}||; < 1. It is thus sufficient to show
that for any g > 0,

(43) P(|2n YR (0), Wp)| < g\) — 1 for n — oo.
Analogous to (19), we can write
(44) 201 (RA(0), W)l < 120~ L(RA(0), W) + 20~ (R (0), W)

Using Lemma 3 it follows for the last term on the right hand side that for
every g > 0,

P(12n Y RA0), W) < gA) > 1 for n— oo.
Using (22) and (23), it hence remains to be shown that for every g > 0,
(45) P(|2n7t0p " (Wir, W) < g\) — 1 for n — oo.

We have already seen above that the term o, 2(Wik, Wit follows a Xi—\nea\_
distribution and is hence stochastically smaller than a X%—distributed ran-
dom variable. By Assumption 2, ab2 < 1. Furthermore, using Assumption 2
and |1 = O(n~(179/2) it holds that |0;"| = O(n~(179/2). Hence,
with A ~ dn~(1=9)/2 it follows that for some constant k > 0, M6y >
kn(e=#)/2_Thus, for some constant ¢ > 0,

(46)  P(12n7'0p" (Wi, Wir)| < gA) > P(Z/n > enls=972),

where Z follows a x2 distribution. By the properties of the y2-distribution
and the assumption & < ¢, the r.h.s. in (46) converges to 1 for n — oo, from
which equation (45) and hence the claim follows.

5.7. Proof of Proposition 1. All diagonal elements of the covariance ma-
trices X(n) are equal to 1, while all off-diagonal elements vanish for all
pairs except for a,b € I'(n), where ¥,(n) = s with 0 < s < 1. As-
sume w.l.o.g. that a corresponds to the first and b to the second variable.
The best vector of coefficients 6 for linear prediction of X, is given by
0% = (0, —Kup/Kaa, 0,0,...) = (0,5,0,0,...), where K = X~1(n). A neces-
sary condition for rfe;\ = ne, is that §%* = (0,7,0,0,...) is the oracle Lasso

solution for some 7 # 0. In the following, we show first, that

(47) P(ANT>5:60% =(0,7,0,0,...)) =0  n— oo.
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The proof is then completed by showing in addition that (0,7,0,0,...) can-
not be the oracle Lasso solution as long as 7 < s.

We begin by showing (47). If 6 = (0,7,0,0,...) is a Lasso solution for
some value of the penalty, it follows that, using Lemma 1 and positivity of
T?

48)  (Xy — X0, Xo) > |(Xy — 7X0,Xy)|  VkeT(n),k > 2.

Under the made assumptions, X9, X3, ... can be understood to be indepen-
dently and identical distributed, while X; = s X5+ W7, with W; independent
of (X2, X3,...). Substituting X; = sXs + W; in (48) yields for all k € I'(n)
with k > 2,

(W1, Xg) — (1 = 8)(X2, X2) > (W1, Xj) — (T — 8)(X2, Xy)|-

Let Uz, Us, ..., Upywy) be the random variables defined by Uy = (W1, Xy).
Note that the random variables Uy, k = 2,...,p(n), are exchangeable. Let
furthermore

D = (X3, X2) — [(X2, Xp)|.

The inequality above implies then

Uy > max Ugp+ (7—s)D.
kel (n),k>2

To show the claim, it thus suffices to show that

(49) P(U; > kerrggiﬁ Up+ (r—s5)D)—0 for n — co.

Using 7 — s > 0,

P U, —s)D) < P(U- U, P(D <0).
(U2>k€1983§>2 r+ (T —3s)D) < (2>kerp(anzﬁ>2 x)+ P(D <0)

Using the assumption that s < 1, there exists some € > 0 so that F(D) > e,
and hence, using a Bernstein-type inequality,

P(D<0)—0 for n — oo.

Furthermore, as Us,...,U,

p(n) are exchangeable,

PU; > kelfn(rgﬁoz Ur) = (p(n) — 1)_1 — 0 for n — oo,
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which shows that (49) holds. The claim (47) follows.

It hence suffices to show that (0, 7,0,0,...) with 7 < s cannot be the oracle
Lasso solution. Let Typax be the maximal value of 7 so that (0,7,0,...) is a
Lasso solution for some value A > 0. By the previous assumption, T < S.
For 7 < Tmax, the vector (0,7,0,...) cannot be the oracle Lasso solution.
We show in the following that (0, Timax,0,...) can not be an oracle Lasso
solution either. Suppose that (0, Tmax, 0,0, ...) is the Lasso solution 62> for
some A = A > 0. AS Tmax is the maximal value such that (0,7,0,...) is a
Lasso solution, there exists some k € I'(n) > 2, such that

|TL_1<X1 — Tmax X2a X2>’ = |’I’L_1<X1 — Tmax X27 Xk>|a

and the value of both components Gy and G3 of the gradient is equal to
A By appropriately reordering the variables we can assume that k£ = 3.
Furthermore, it holds a.s. that
max  [(X] — Tmax X2, Xi)| < A
kel'(n),k>3
Hence, for sufficiently small 6\ > 0, a Lasso solution for the penalty A — A

is given by
(O, Tmax + 002,003,0, .. )

Let H, be the empirical covariance matrix of (X3, X3). Assume w.l.og. that
n~ X1 — Tiax X2, Xi) > 0 and n~1(Xy, Xy) = n~1(X3, X3) = 1. Following
e.g. Efron et al. (2004), p. 417, the components (d62,d6f3) are then given
by H;1(1,1)T, from which it follows that 662 = 063, which we abbreviate
by 66 in the following (one can accommodate a negative sign of n=1(X; —
Tmax X2, Xk) by reversing the sign of §63). Denote by Ls the squared error
loss for this solution. Then, for sufficiently small §6,

Ls —Lo = E(X1— (Tmax + 00)Xo + 00X3)? — B(X1 — Timax X2)%
(5 — (Tmax + 00))? + 06% — (5 — Tmax )%,
= —2(5 — Tiax )06 + 206>

It holds that Lsg — Lo < 0 for any 0 < §6 < 1/2(s — Tiax ), which shows that
(0,7,0,...) cannot be the oracle solution for 7 < s. Together with (47), this
completes the proof. O
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5.8. Proof of Theorem 8. A necessary condition for C'(;\ ¢ C, is that
there exists an edge in E* joining two nodes in two different connectivity
components. Hence

P(3aeT(n): ) ¢ C,) < p(n) max P(3b € (n)\C, : b € rie)).

a€l'(n)

Using the same arguments as in the proof of Theorem 1,

PEbeT(n)\C,:bene)) <P Gp(6%CaR)| > N,
( (n)\ ne;) < (beﬁ?%}\(cﬁ b( =)

where §%CaA

, according to (10), has non-zero components only for variables
in the connectivity component C, of node a. Hence it is sufficient to show
that

50 2 P(|Gy(0%C>M)| > \) < a,
(50) p(n) e (|Gy( N> <a

The gradient is given by Gy(0Ca?) = —2n"1(X, — X#%CeX X}). It holds
for all k € C, that the variables X; and X} are independent as they are in
different connectivity components. Hence, conditional on X¢, = {Xy; k €
Ca},

Go(0"C*) ~ N0, B /n),

where R? = 4n~1||X, — X0%¢*|2, which is smaller than or equal to 62 =
4| X,||2 by definition of §%C. Hence it holds for all a € I'(n) and
b e I'(n)\C, that

P(IGy(8"C)| = A Xe,) < 28(vA/(264)),

where & = 1 — ®. Tt follows for the A proposed in (9) that P(|Gj(§%Ce)| >
AXe,) < ap(n)~2, and therefore P(|Gy(§%C=*)| > A) < ap(n)~2. Thus
(50) follows, which completes the proof. O
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