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1.
H

ig
h

-d
im

en
sio

n
ald

ata
� �
����
�� �����
�� ��� �
��

i.i.d.
or

stationary

	

�

�

e.g.
tim

es
series

�
��
���

predictor
variable

�



univariate
response

variable,e.g.�

��
�

or�

 �
���
���
�

high-dim
ensional:���

�
areas

ofapplication:
astronom

y,biology,im
aging,m

arketing
research,text

classification,...
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H
ig

h
-d

im
en

sio
n

allin
ear

m
o

d
els

�

��
� �
� ����

� �� �
� �	



�


��� �
�

� ���
� �

� �

�H
ow

should
w

e
fitthis

m
odel?

approaches
include:

R
idge

regression
(T

ikhonov
regularization);variable

selection
via

A
IC

,B
IC

,gM
D

L

(in
a

forw
ard

m
anner);B

ayesian
m

ethods
for

regularization,...

B
oosting
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2.
G

reed
y

is
“q

u
ite

g
o

o
d

”
fo

r�

�

: �
� B

o
o

stin
g

boosting
has

been
advocated

as
an

ensem
ble

m
ethod

(m
ultiple

prediction
and

aggregation)

specify
a

base
procedure

(“w
eak

learner”):

data
base

procedure

��

���	��

(a
function

estim
ate)

e.g.
tree

(C
A

R
T

)

principle:

use
m

any
base

procedure
estim

ates
from

“rew
eighted

data”
to

im
prove

prediction
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2.1. �
� B

o
o

stin
g

w
ith

base
procedure

��� ��

�

am
ounts

to
repeated

fitting
ofresiduals

� �
�
�� �
���

� �
 �
� �

����	�� �
�� � �

�	
�
�

e.g. �� �
� ���

�

resid.�
 �
�

 �

�� �� �
�

� �
��� �
� �
� �
 �

� �
���� �� �
�� � �
�� �

�
� ���

�

resid.�
 �
�

 �

�� �� �
�

���

���

�� 	

��
 �	�� �

�
	


��

	
�
�

��	
� ��

(greedy
fitting

ofresiduals)

Tukey
(1977):

tw
icing

for�����
�

�
and� �

�
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2.1.�
� B

o
o

stin
g

fo
r

lin
ear

m
o

d
els

base
procedure:

com
ponentw

ise
linear

leastsquares

linear
O

LS
regression

againstthe
one

predictor
variable

w
hich

reduces
residual

sum
ofsquares

m
ost

�����
� �

��
�� �
� ���	
��


�
�� �


 �
���

� 
�
�
�

�� �

 � �

� 
�
�
���
	

��
�
� �
� �
��




�� �

 � �

���

��
 �
� 
�

�
���

firstround
ofestim

ation:
selected

predictor
variable�

����

	

(e.g. �

�
� �
	)

corresponding

�� ��

 �

fitted
function

�� ��"!
�

second
round

ofestim
ation:

selected
predictor

variable�
� ���
	

(e.g. �

�
� ��	�

corresponding

�� ���
�

fitted
function

�� ��"!
�

etc.

yields
linear

m
odelfit,i.e.

structured
m

odelfit
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for � �
�

,this
is

know
n

as

M
atching

P
ursuit(M

allatand
Z

hang,1993)

W
eak

greedy
algorithm

(deV
ore

&
Tem

lyakov,1997)

a
version

ofB
oosting

(S
chapire,1992;Freund

&
S

chapire,1996)

G
auss-S

outhw
ellalgorithm

C
.F.G

auss
in

1803

“P
rinceps

M
athem

aticorum
”

R
.V.S

outhw
ellin

1933

P
rofessor

in
engineering,O

xford
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P
ro

p
erties

variable
selection

shrinkage
tow

ards
zero

for
coefficients

ofselected
variables

�

often
m

uch
better

perform
ance

than
O

LS
on

selected
variables

(“m
ore

stable”
in

B
reim

an’s
term

inology)

com
putationalcom

plexity:

�� �� �����
� �

�� ��

if� �

�

,i.e.
linear

in
dim

ension�
8



statistically
consistentfor

very
high-dim

ensional,sparse
problem

s

T
heorem

(P
B

,2004)

�� B
oosting

w
ith

com
p.

linear
LS

regression
is

consistent(for
suitable

num
ber

of

boosting
iterations)

if:

�� � �
�����
����
� �	�

��� �

�
�
� �

�

(high-dim
ensional)

essentially
exponentially

m
any

variables
relative

to�

�
�
��

�
����

� �
�� � ��
�
�
� �-sparseness

oftrue
function

i.e.
for

suitable,slow
ly

grow
ing� �

�
�

:

����
�� 	

�� �� �
� �

� �� �
�� ��
��� �

�� �
�
�

�

analogous
resultalso

for
m

ultivariate
autoregressive

tim
e

series
(Lutz

&
P

B
,2005)

(assum
ing

som
e

polynom
ialdecay

for�

-m
ixing

coefficients)
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binary
lym

ph
node

classification
in

breastcancer
using

gene
expressions:

a
high

noise
problem
� �

�
�

sam
ples,� �

� ��
�

gene
expressions

�
� B

oosting
F

P
LR

P
elora

1-N
N

D
LD

A
S

V
M

C
V

-m
isclassif.err.

17.7%
35.25%

27.8%
43.25%

36.12%
36.88%

m
ultivariate

gene
selection

best200
genes

from
W

ilcox.

�� B
oosting

selected
42

outof� �
� ��
�

genes

for
this

data-set:
notgood

prediction,w
ith

any
ofthe

m
ethods

but�� B
oosting

m
ay

be
a

reasonable(?)
m

ultivariate
gene

selection
m

ethod
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3.
L

asso
an

d �
� B

o
o

stin
g

E
fron

etal.
(2004):

intriguing
relation

betw
een�� B

oosting
and

Lasso

for
linear

m
odel satisfying

a
positive

cone
condition

for
the

design
m

atrix:
roughly,

�� B
oosting

w
ith

com
p.w

ise
linear

LS
and

“infinitesim
ally”

sm
all�

yields
a

path
(as

iterations
increase)

w
hich

contains
allLasso

solutions
w

hen
varying

�

�

com
putationally

interesting
to

produce
allLasso

solutions
in

one
sw

eep
ofboosting

for
linear

m
odels:

LA
R

S
(E

fron
etal.,2004)

is
com

putationally
very

clever
and

efficient for
com

puting
allLasso

solutions

11



B
oosting

is
algorithm

ically
m

uch
m

ore
generic

than
Lasso

other
loss

function
than �� ,nonparam

etric
m

odels,qualitative
constraints,...
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B
oosting

w
ith

nonparam
etric

first-order
interactions

base
procedure:

pairw
ise

sm
oothing

splines
(� ��

�

)
w

hich
selects

the
pair

of

predictors
such

thatcorresponding
spline

sm
ooth

reduces
R

S
S

m
ost(fixed

d.f.)

�

nonparam
etric

m
odelfitw

ith
first-order

interactions
(structured

m
odelfit!)

0
100

200
300

400
500

4 5 6 7

p=20, p−eff=10, n=50

boosting iterations

MSE

M
A

R
S

L2B
oost

A
IC

_c stopped

Friedm
an

#1
m

odel:

�
�

� � ��
��� �

 �
�
� � �
�� �
� �
� ��� �
�


� �
� �
� �
�
�
	
� �	 
�

�
�

� �

 	 ���
	 �
�
� ��


U
nif.�� �	 

 �

��

S
am

ple
size� �

��

D
im

ension� �
��

,� �
�� �

�
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4.
S

p
arser

th
an

B
o

o
stin

g

consider
linear

m
odel �

�

�
�
�



for
orthonorm

aldesign:���
� �
�
:

�� B
oosting

w
ith

com
p.w

ise
linear

LS
yields

the
soft-threshold

estim
ator

Is
so

ft-th
resh

o
ld

in
g

a
g

o
o

d
th

in
g

?

quite
a

few
“yes”-answ

ers
(D

onoho
&

Johnstone)

a
differentstory

in
the

very
high-dim

ensionalsparse
case

�

very
slow

convergence
rates

for
soft-thresholding

(M
einshausen,2005)
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suppose
that� �

��

(num
ber

ofeffective
predictors)

is
sm

allbut�

very
large

need
large

threshold
param

eter
to

controlthe
non-effective

predictors

�

strong
bias

ofsoft-thresholding

−
3

−
2

−
1

0
1

2
3

−2 −1 0 1 2

th
resh

o
ld

 fu
n

ctio
n

s

O
LS

hard−
thresholding

nn−
garrote

soft−
thresholding

and
“analogously”

for
non-orthogonaldesign
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4.1.
S

p
arse �

� B
o

o
stin

g

(P
B

and
Yu,2005)

instead
ofm

inim
izing

R
S

S
in

every
iteration

,

m
inim

ize
a

finalprediction
error

(F
P

E
)

criterion
:

w
e

propose
gM

D
L,

��	
�

� �
� ��
�

����	
�
 �

� � �

 �

�� 	 �
�� �
� �
�� �
�� ��

gM
D

L-penalty

	

�

�

requires
d.f.

for
boosting

d.f.
for

boosting
via

trace
ofhat-m

atrices
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for
orthonorm

allinear
m

odel:

S
parse�� B

oosting
w

ith
com

ponentw
ise

linear
leastsquares

yields

B
reim

an’s
nonnegative

garrote
estim

ator
(P

B
&

Yu,2005)

−
3

−
2

−
1

0
1

2
3

−2 −1 0 1 2

th
resh

o
ld

 fu
n

ctio
n

s

O
LS

hard−
thresholding

nn−
garrote

soft−
thresholding

�

S
parse�� B

oosting
yields

sparser
solutions

than�� B
oosting

�

S
parse �� B

oosting
stillvery

generic
(although

less
generic

than �� B
oosting)

e.g.
nonparam

etric
problem

s,non-quadratic
loss

functions
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Linear
m

odeling:�� B
oosting

w
ith

com
ponentw

ise
linear

LS

sam
ple

size� �
��

,dim
ension� �

��

m
odel

S
parse�� B

oosting

�� B
oosting

�
�
��
� �
���	�
��
� �	� �
��
	� �


��� ��

�
�


 �
���	������ �
����	����

��
 �����
0.16

(0.0018)
0.46

(0.0041)

�
�

���
�����  

� �
� �	� �


��� ��

 
������� �
� �

D
ouble-E

xponential; �

as
above

3.64
(0.188)

2.19
(0.083)
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N
onparam

etric
first-order

interaction
m

odeling

0
100

200
300

400
500

2 3 4 5 6 7

in
teractio

n
 m

o
d

ellin
g

: p
 = 20, effective p

 = 5

boosting iterations

MSE

L2B
oosting

S
parseL2B

oosting
M

A
R

S
Friedm

an
#1

m
odel:

�
�

� � ��
��� �

 �
�
� � �
�� �
� �
� ��� �
�


� �
� �
� �

�
�
	
� �	 
�

�
�

� �

 	 ���
	 �
�
� ��


U
nif.�� �	 

 �

��

S
am

ple
size� �

��

D
im

ension� �
��

,� �
�� �

�
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5.
C

o
n

clu
sio

n
s

B
oosting

can
be

used
as

an
estim

ation
and

regularization
m

ethod

w
ithin

som
e

structured
m

odels

�

B
oosting

is
generic

�

B
oosting

is
com

putationally
attractive,in

particular
in

com
plex

situations

�

B
oosting

has
som

e
good

asym
ptotic

properties

consistency
in

very
high-dim

ensionalproblem
s

m
inim

ax
rate

optim
alfor

one-dim
ensionalcurve

estim
ation

( P
B

&
Yu,2003)

�

S
parse �� B

oosting
can

be
very

w
orthw

hile
ifthe

truth
is

very
sparse
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