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❆❜str❛❝t

❚❤❡ ❘P❊■❋ ♣❛❝❦❛❣❡ ❝♦♠♣✉t❡s t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥s ❢♦r r✐s❦ ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ❡st✐♠❛t♦rs ❜❛s❡❞ ♦♥
t❤❡ r❡t✉r♥s ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❛ss❡ts ♦r ❣r♦✉♣s ♦❢ ❛ss❡ts✱ t❤❡ ❧❛tt❡r ❢♦r ❡①❛♠♣❧❡ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛♥ ✐♥✈❡st♠❡♥t
♣♦rt❢♦❧✐♦✳ ❚❤❡ ❝✉rr❡♥t ✈❡rs✐♦♥ ♦❢ t❤❡ ♣❛❝❦❛❣❡ tr❡❛ts ✜✈❡ r✐s❦ ❡st✐♠❛t♦rs ❛♥❞ s❡✈❡♥ ♣❡r❢♦r♠❛♥❝❡ ❡st✐♠❛t♦rs✱
✐♥❝❧✉❞✐♥❣ ❛♠♦♥❣ ♦t❤❡rs✱ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥✱ ✈❛❧✉❡ ❛t r✐s❦✱ ❡①♣❡❝t❡❞ s❤♦rt❢❛❧❧✱ ❙❤❛r♣❡ r❛t✐♦✱ ❙♦rt✐♥♦
r❛t✐♦ ❡st✐♠❛t♦rs✳ ❚❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ ❛ r✐s❦ ♦r ♣❡r❢♦r♠❛♥❝❡ ❡st✐♠❛t♦r ♣r♦✈✐❞❡s ❛ ❜❛s✐s ❢♦r ❝♦♠♣✉t✐♥❣
❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ✜♥✐t❡✲s❛♠♣❧❡ st❛♥❞❛r❞ ❡rr♦r ✇❤❡♥ r❡t✉r♥s ❛r❡ s❡r✐❛❧❧② ✉♥❝♦rr❡❧❛t❡❞✱ ❛♥❞ ❛❧s♦ ✇❤❡♥ t❤❡
r❡t✉r♥s ❛r❡ s❡r✐❛❧❧② ❝♦rr❡❧❛t❡❞✱ ❛s ❞✐s❝✉ss❡❞ ✐♥ ❬❈❤❡♥ ❛♥❞ ▼❛rt✐♥✱ ✷✵✷✶❪✳ ❚❤✐s ❘P❊■❋ ♣❛❝❦❛❣❡ ✐s ✉s❡❞ ✐♥ t❤❡
♣❛❝❦❛❣❡ ❘P❊❙❊ t♦ ❝♦♠♣✉t❡ t❤❡ t✐♠❡ s❡r✐❡s ♦❢ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ tr❛♥s❢♦r♠❡❞ r❡t✉r♥s ♥❡❡❞❡❞ t♦ ❝♦♠♣✉t❡
t❤❡ st❛♥❞❛r❞ ❡rr♦rs ♦❢ r✐s❦ ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ❡st✐♠❛t♦rs

✶ ■♥✢✉❡♥❝❡ ❋✉♥❝t✐♦♥s ❚❤❡♦r❡t✐❝❛❧ ❇❛❝❦❣r♦✉♥❞

❚❤❡ ■♥✢✉❡♥❝❡ ❋✉♥❝t✐♦♥s ♣❛❝❦❛❣❡ ✭❘P❊■❋✮ ♠❛❦❡s ✉s❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ❛♥❞ t❤❡♦r② ♦❢ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥s ✐♥
r♦❜✉st st❛t✐st✐❝s✱ ❛s ✐♥tr♦❞✉❝❡❞ ❜② ❬❍❛♠♣❡❧✱ ✶✾✼✹❪✱ ❢✉rt❤❡r tr❡❛t❡❞ ✐♥ ❬❍❛♠♣❡❧ ❡t ❛❧✳✱ ✶✾✽✻❪✳ ❘❡❝❡♥t ✉s❡ ♦❢
✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥s ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢ ♣❛r❛♠❡tr✐❝ ❛♥❞ ♥♦♥♣❛r❛♠❡tr✐❝ ❡①♣❡❝t❡❞ s❤♦rt❢❛❧❧ ✭❊❙✮ ✐s ❞✐s❝✉ss❡❞ ✐♥
❬▼❛rt✐♥ ❛♥❞ ❩❤❛♥❣✱ ✷✵✶✾❪✱ ❛♥❞ ✉s❡ ♦❢ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥s ❢♦r ❝♦♠♣✉t✐♥❣ st❛♥❞❛r❞ ❡rr♦rs ♦❢ r✐s❦ ❛♥❞ ♣❡r❢♦♠❛♥❝❡
❡st✐♠❛t♦rs ✇✐t❤ s❡r✐❛❧❧② ❝♦rr❡❧❛t❡❞ r❡t✉r♥s ✐s ❞✐s❝✉ss❡❞ ✐♥ ❬❈❤❡♥ ❛♥❞ ▼❛rt✐♥✱ ✷✵✷✶❪✳ ❍❡r❡ ✇❡ ♣r♦✈✐❞❡ t❤❡
❞❡✜♥✐t✐♦♥ ❛♥❞ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥s✱ ✇✐t❤ ❛ ✈✐❡✇ t♦✇❛r❞ t❤❡✐r ✉s❡ ❢♦r ✉♥❞❡rst❛♥❞✐♥❣ t❤❡
✐♥✢✉❡♥❝❡ ♦❢ ♦✉t✐❡rs ♦♥ r✐s❦ ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ❡st✐♠❛t♦rs✱ ❛♥❞ ❢♦r ❝♦♠♣✉t✐♥❣ st❛♥❞❛r❞ ❡rr♦rs ♦❢ s✉❝❤ ❡st✐♠❛t♦rs
❢♦r ❜♦t❤ ✉♥❝♦rr❡❧❛t❡❞ ❛♥❞ s❡r✐❛❧❧② ❝♦rr❡❧❛t❡❞ r❡t✉r♥s✳

✶✳✶ ❘✐s❦ ❛♥❞ P❡r❢♦r♠❛♥❝❡ ❊st✐♠❛t♦r ❋✉♥❝t✐♦♥❛❧ ❘❡♣r❡s❡♥t❛t✐♦♥s

❚❤❡ ❧❛r❣❡✲s❛♠♣❧❡ ✈❛❧✉❡ ✭❛s s❛♠♣❧❡ s✐③❡ n t❡♥❞s t♦ ✐♥✜♥✐t②✮ ♦❢ ❛ r✐s❦ ♦r ♣❡r❢♦r♠❛♥❝❡ ❡st✐♠❛t♦r ♠❛② ❜❡
r❡♣r❡s❡♥t❡❞ ❛s ❛ ❢✉♥❝t✐♦♥❛❧ T = T (F ) ♦❢ t❤❡ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ F ♦❢ ❛ t✐♠❡ s❡r✐❡s r1, r2, . . . , rn
♦❢ r❡t✉r♥s✳✶ ❋♦r ❡①❛♠♣❧❡ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r t❤❡ ♠❡❛♥ ✭❡①♣❡❝t❡❞ ✈❛❧✉❡✮ ✐s

✶❚❤❡ t❡r♠ ❢✉♥❝t✐♦♥❛❧ r❡❢❡rs t♦ ❛ ❢✉♥❝t✐♦♥ ✇❤♦s❡ ❞♦♠❛✐♥ ✐s ❛♥ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✱ ❡✳❣✳✱ t❤❡ s♣❛❝❡ ♦❢ ❞✐str✐❜✉t✐♦♥

❢✉♥❝t✐♦♥s✳

✶



µ(F ) =

∫

rdF (r) ✭✶✮

❛♥❞ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✭r❡t✉r♥s ✈♦❧❛t✐❧✐t②✮ ✐s

σ(F ) =

[
∫

(r − µ(F ))2dF (r)

]
1

2

. ✭✷✮

●✐✈❡♥ ❛ ❢✉♥❝t✐♦♥❛❧ r❡♣r❡s❡♥t❛t✐♦♥ T (F ) ♦❢ ❛♥ ❡st✐♠❛t♦r✱ ❛ ✜♥✐t❡✲s❛♠♣❧❡ ♥♦♥✲♣❛r❛♠❡tr✐❝ ❡st✐♠❛t♦r Tn ✐s ❡❛s✐❧②
♦❜t❛✐♥❡❞ ❜② r❡♣❧❛❝✐♥❣ t❤❡ ✉♥❦♥♦✇♥ ❞✐str✐❜✉t✐♦♥ F ❜② t❤❡ ❡♠♣✐r✐❝❛❧ ❞✐str✐❜✉t✐♦♥ Fn t❤❛t ❤❛s ❛ ❥✉♠♣ ♦❢ ❤❡✐❣❤t
1/n ❛t ❡❛❝❤ ♦❢ t❤❡ ♦❜s❡r✈❡❞ r❡t✉r♥s ✈❛❧✉❡s r1, r2, . . . , rn✿

Tn = T (Fn) = T (r1, r2, . . . , rn). ✭✸✮

✳

❋♦r ❡①❛♠♣❧❡✱ t❤❡ ✜♥✐t❡✲s❛♠♣❧❡ ♥♦♥✲♣❛r❛♠❡tr✐❝ ❡st✐♠❛t♦rs ♦❢ t❤❡ ♠❡❛♥ ❛♥❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ❛r❡ t❤❡ s❛♠♣❧❡
♠❡❛♥ ❛♥❞ s❛♠♣❧❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥✱ r❡s♣❡❝t✐✈❡❧②✿

µ̂n =
1

n

n
∑

t=1

rt σ̂n =

[

1

n

n
∑

t=1

(rt − µ̂n)

]
1

2

. ✭✹✮

❲❡ ♥♦t❡ t❤❛t ♦♥❡ ❝❛♥ ❛❧s♦ ❞❡r✐✈❡ ♣❛r❛♠❡tr✐❝ ❡st✐♠❛t♦rs ❢r♦♠ ♣❛r❛♠❡tr✐❝ ❢✉♥❝t✐♦♥❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❜t❛✐♥❡❞
❜② r❡♣❧❛❝✐♥❣ F ❜② Fθ✱ ✇❤❡r❡ θ ✐s t❤❡ ♣❛r❛♠❡t❡r ✈❡❝t♦r ❢♦r ❛ ♣❛r❛♠❡tr✐❝ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✳ ■♥ t❤✐s ❝❛s❡
♦♥❡ ♦❜t❛✐♥s t❤❡ ✜♥✐t❡✲s❛♠♣❧❡ ❡st✐♠❛t♦r ❜② r❡♣❧❛❝✐♥❣ t❤❡ ✉♥❦♥♦✇♥ ♣❛r❛♠❡t❡r ❜② ✐ts ❡st✐♠❛t♦r✱ t②♣✐❝❛❧❧②
t❤❡ ♠❛①✐♠✉♠✲❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t♦r ✭▼▲❊✮✳ ❙❡❡ ❢♦r ❡①❛♠♣❧❡✱ ❬▼❛rt✐♥ ❛♥❞ ❩❤❛♥❣✱ ✷✵✶✾❪ ❢♦r ❛ tr❡❛t♠❡♥t ♦❢
♣❛r❛♠❡tr✐❝ ❛♥❞ ♥♦♥✲♣❛r❛♠❡tr✐❝ ❊❙ ❡st✐♠❛t♦rs ❢♦r ♥♦r♠❛❧ ❛♥❞ t✲❞✐str✐❜✉t✐♦♥s✳ ❍♦✇❡✈❡r✱ t❤✐s ✜rst ✈❡rs✐♦♥ ♦❢
t❤❡ ❘P❊■❋ ♣❛❝❦❛❣❡ ♦♥❧② ❞❡❛❧s ✇✐t❤ ♥♦♥✲♣❛r❛♠❡tr✐❝ r✐s❦ ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ❡st✐♠❛t♦rs✳

✶✳✷ ❊st✐♠❛t♦r ■♥✢✉❡♥❝❡ ❋✉♥❝t✐♦♥ ❉❡✜♥✐t✐♦♥

■♥✢✉❡♥❝❡ ❋✉♥❝t✐♦♥s ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ✉s❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠✐①t✉r❡ ❞✐str✐❜✉t✐♦♥ ♣❡rt✉r❜❛t✐♦♥ ♦❢ ❛ ✜①❡❞ t❛r❣❡t
❞✐str✐❜✉t✐♦♥ F (x) ✿

Fγ(x) = (1− γ)F (x) + γδr(x), 0 ≤ γ < 1/2 ✭✺✮

✇❤❡r❡ δr(x) ✐s ❛ ♣♦✐♥t ♠❛ss ❞✐s❝r❡t❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✇✐t❤ ❛ ❥✉♠♣ ♦❢ ❤❡✐❣❤t ♦♥❡ ❧♦❝❛t❡❞ ❛t ✈❛❧✉❡ r ✳ ❚❤❡
✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ ❛♥ ❡st✐♠❛t♦r ✇✐t❤ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ T (F ) ✐s ❞❡✜♥❡❞ ❛s✿

IF (r;T, F ) = lim
γ→0

T (Fγ)− T (F )

γ
=

d

dγ
T (Fγ)|γ=0 ✭✻✮

❚❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ✐s ❛ s♣❡❝✐❛❧ ❞✐r❡❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡ ✭✐✳❡✳✱ ❛ ●❛t❡❛✉① ❞❡r✐✈❛t✐✈❡✮ ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ T (F )
✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❛ ♣♦✐♥t ♠❛ss ❞✐str✐❜✉t✐♦♥s δr✱ ❡✈❛❧✉❛t❡❞ ❛t F ✳

✷



■t ✐s str❛✐❣❤t❢♦r✇❛r❞✱ ❛♥❞ ♠♦r❡ ♦r ❧❡ss t❡❞✐♦✉s✱ t♦ ❞❡r✐✈❡ ❢♦r♠✉❧❛s ❢♦r t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥s ♦❢ r✐s❦ ❛♥❞
♣❡r❢♦r♠❛♥❝❡ ❡st✐♠❛t♦rs✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s❛♠♣❧❡ ♠❡❛♥ ✐s✿

IF (r;µ;F ) = r − µ ✭✼✮

✇❤❡r❡ µ = µ(F ) ❞❡♣❡♥❞s ♦♥ t❤❡ ✉♥❞❡r❧②✐♥❣ r❡t✉r♥s ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t♦♥ F ✳ ❚❤❡ ❛❜♦✈❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥
❤❛s t❤❡ ♣r♦♣❡rt② t❤❛t ✐ts ❡①♣❡❝t❡❞ ✈❛❧✉❡ ✐s ③❡r♦✱ ✇❤✐❝❤ ✐s ❛ r❡✢❡❝t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛❧ ♣r♦♣❡rt② t❤❛♥ ❛♥ ✐♥✢✉❡♥❝❡
❢✉♥❝t✐♦♥ ❤❛s ③❡r♦ ❡①♣❡❝t❡❞ ✈❛❧✉❡✿

E [IF (r;T, F )] = 0. ✭✽✮

✶✳✸ ❆ ❑❡② ■♥✢✉❡♥❝❡ ❋✉♥❝t✐♦♥ Pr♦♣❡rt②

❆ ❦❡② ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ♣r♦♣❡rt② ✐s t❤❛t ❢♦r ✇❡❧❧ ❜❡❤❛✈❡❞ ❡st✐♠❛t♦r ❢✉♥❝t✐♦♥❛❧s✱ t❤❡ ✜♥✐t❡✲s❛♠♣❧❡ ❡st✐♠❛t♦r
Tn = T (Fn) = T (r1, r2, . . . , rn) ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✐♥✢✉❡♥❝❡✲❢✉♥❝t✐♦♥
tr❛♥s❢♦r♠❡❞ r❡t✉r♥s✿

Tn − T (F ) =
1

n

n
∑

t=1

IF (rt;T, F ) + remainder ✭✾✮

✇❤❡r❡ t❤❡ IF (rt;T, F ) ❛r❡ ✐♥✢✉❡♥❝❡✲❢✉♥❝t♦♥ ✭■❋ ✮ tr❛♥s❢♦r♠❡❞ r❡t✉r♥s✱ ❛♥❞ t❤❡ r❡♠❛✐♥❞❡r ❣♦❡s t♦ ③❡r♦ ✐♥ ❛
♣r♦❜❛❜❧✐st✐❝ s❡♥s❡ ❛s n→ ∞✳ ❚❤✉s t❤❡ ✜♥✐t❡ s❛♠♣❧❡ ✈❛r✐❛♥❝❡ ♦❢ Tn ✐s ❛♣♣r♦①✐♠❛t❡❧② ❣✐✈❡♥ ❜②

V ar (Tn) = V ar

[

1

n

n
∑

t=1

IF (rt;T, F )

]

✭✶✵✮

❛♥❞ ✐♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡r❡ t❤❡ r❡t✉r♥s rt ❛r❡ ✐✳✐✳❞✳✱ t❤❡ ■❋ ✲tr❛♥s❢♦r♠❡❞ r❡t✉r♥s ❛r❡ ✐✳✐✳❞✳✱ ❛♥❞ t❤❡ ✈❛r✐❛♥❝❡
♦❢ Tn r❡❞✉❝❡s t♦

V ar (Tn) =
1

n
E[IF 2(r1;T, F )]. ✭✶✶✮

❛♥❞ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ❡♠♣✐r✐❝❛❧❧② ❛s t❤❡ s❛♠♣❧❡ ♠❡❛♥ ♦❢ t❤❡ IF (rt;T, F ), t =
1, 2, · · · , n✳
❍♦✇❡✈❡r✱ ✇❤❡♥ t❤❡ rt, t = 1, 2, . . . , n ❛r❡ s❡r✐❛❧❧② ❝♦rr❡❧❛t❡❞✱ t❤❡ ■❋ ✲tr❛♥s❢♦r♠❡❞ r❡t✉r♥s t✐♠❡ s❡r✐❡s IF (rt;T, F )
✇✐❧❧ ❣❡♥❡r❛❧❧② ❤❛✈❡ s❡r✐❛❧ ❝♦rr❡❧❛t✐♦♥ t❤❛t ♥❡❡❞s t♦ ❜❡ ❛❝❝♦✉♥t❡❞ ❢♦r ✐♥ ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ✈❛r✐❛♥❝❡ ♦♥ t❤❡ t❤❡
r✐❣❤t✲❤❛♥❞✲s✐❞❡ ♦❢ ✭✶✵✮✳ ❙♣❡❝tr❛❧ ❛♥❛❧②s✐s t❤❡♦r②✱ ❡①t❡♥s✐✈❡❧② ✉s❡❞ ✐♥ s❝✐❡♥❝❡ ❛♥❞ ❡♥❣✐♥❡❡r✐♥❣✱ s❤♦✇s t❤❛t
t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ s✉♠ ♦❢ t❤❡ ✈❛❧✉❡s ♦❢ ❛ s❡r✐❛❧❧② ❝♦rr❡❧❛t❡❞ st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s ✐s ❣✐✈❡♥ ❜② t❤❡ s♣❡❝tr❛❧
❞❡♥s✐t② ♦❢ t❤❡ t✐♠❡ s❡r✐❡s ❛t ③❡r♦ ❢r❡q✉❡♥❝②✳ ❚❤✉s t❤❡ ♣r♦❜❧❡♠ ♦❢ ❡st✐♠❛t✐♥❣ t❤❡ ✈❛r✐❛♥❝❡ ✭✶✵✮✱ ✇✐t❤ ♣♦ss✐❜❧②
s❡r✐❛❧❧② ❝♦rr❡❧❛t❡❞ r❡t✉r♥s✱ r❡❞✉❝❡s t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❡st✐♠❛t✐♥❣ t❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t② ❛t ③❡r♦ ❢r❡q✉❡♥❝② ❛t ③❡r♦
❢r❡q✉♥❝② ♦❢ t❤❡ t❤❡ t✐♠❡ s❡r✐❡s IF (rt;T, F )/n✳ ❬❈❤❡♥ ❛♥❞ ▼❛rt✐♥✱ ✷✵✷✶❪ s❤♦✇ ❤♦✇ t♦ ❞♦ t❤✐s ❜② ❛ ♣♦❧②♥♦♠✐❛❧
❣♥❡r❛❧✐③❡❞ ❧✐♥❡❛r ♠♦❞❡❧ ✭●▲▼✮ ✜tt✐♥❣ ♠❡t❤♦❞✱ ✇✐t❤ ❡❧❛st✐❝ ♥❡t ✭❊◆✮ r❡❣✉❧❛r✐③❛t✐♦♥✱ t❤❛t ✇♦r❦s ✇❡❧❧ ✇❤❡♥ t❤❡
r❡t✉r♥s ❛r❡ s❡r✐❛❧❧② ❝♦rr❡❧❛t❡❞✱ ❛s ✇❡❧❧ ❛s ✇❤❡♥ t❤❡② ❛r❡ ✉♥❝♦rr❡❧❛t❡❞✳ ❚❤❡✐r ♠❡t❤♦❞♦❧♦❣②✱ ✇❤✐❝❤ ✇❡ r❡❢❡r t♦
❛s t❤❡ ❈▼ ♠❡t❤♦❞✱ ✐s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ❘✐s❦ ❛♥❞ P❡r❢♦r♠❛♥❝❡ ❊st✐♠❛t♦r ❙t❛♥❞❛r❞ ❊rr♦r ✭❘P❊❙❊✮ ♣❛❝❦❛❣❡✱
✇❤✐❝❤ ✐♥ t✉r♥ ♠❛❦❡s ❢✉♥❞❛♠❡♥t❛❧ ✉s❡ ♦❢ t❤❡ ❘P❊■❋ ♣❛❝❦❛❣❡ ✇❡ ❛r❡ ❞✐s❝✉ss✐♥❣ ❤❡r❡✳

✸



✷ ❘P❊■❋ P❛❝❦❛❣❡ ❊st✐♠❛t♦rs ❛♥❞ t❤❡✐r ■♥✢✉❡♥❝❡ ❋✉♥❝t✐♦♥s

❚❛❜❧❡ ✶ ❧✐sts t❤❡ s②♠❜♦❧✐❝ ♦r ❛❝r♦♥②♠♥ ♥❛♠❡s ❛♥❞ ❞❡s❝r✐♣t✐♦♥s ♦❢ t❤❡ r✐s❦ ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ❡st✐♠❛t♦rs ❢♦r
✇❤✐❝❤ t❤❡ ❘P❊■❋ ♣❛❝❦❛❣❡ ❝♦♠♣✉t❡s ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥s✳ ❊❛❝❤ ❡st✐♠❛t♦r ❤❛s ❛ ❢✉♥❝t✐♦♥❛❧ r❡♣r❡s❡♥t❛t✐♦♥✱ ❛
s❛♠♣❧❡ ❜❛s❡❞ ❡st✐♠❛t♦r ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❛ t✐♠❡ s❡r✐❡s ♦❢ ❛ss❡t r❡t✉r♥s✱ ❛♥❞ ❛♥ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ❢♦r♠✉❧❛✳ ❲❡
✐❧❧✉str❛t❡ t❤✐s ❜❡❧♦✇ ❢♦r t❤❡ ❝❛s❡ ♦❢ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ❛♥❞ ❙❤❛r♣❡ r❛t✐♦ ❡st✐♠❛t♦rs✳

◆❛♠❡ ❊st✐♠❛t♦r ❉❡s❝r✐♣t✐♦♥

µ ▼❡❛♥

µM ▼✲❡st✐♠❛t♦r ♦❢ ❧♦❝❛t✐♦♥ ✇✐t❤ ❡✣❝✐❡♥❝② e

σ ❙t❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥

SSD ❙❡♠✐✲st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥

LPM ▲♦✇❡r ♣❛rt✐❛❧ ♠♦♠❡♥t ♦❢ ♦r❞❡r ✶ ♦r ✷ ✇✐t❤ t❤r❡s❤♦❧❞ c

ES ❊①♣❡❝t❡❞ s❤♦rt❢❛❧❧ ✇✐t❤ t❛✐❧ ♣r♦❜❛❜✐❧✐t② α

VaR ❱❛❧✉❡✲❛t✲r✐s❦ ✇✐t❤ t❛✐❧ ♣r♦❜❛❜✐❧✐t② α

SR ❙❤❛r♣❡ r❛t✐♦

DSR ❉♦✇♥s✐❞❡ ❙❤❛r♣❡ r❛t✐♦

SoR ❙♦rt✐♥♦ r❛t✐♦ ✇✐t❤ t❤r❡s❤♦❧❞ t❤❡ ♠❡❛♥ ♦r ❛ ❝♦♥st❛♥t c

ESratio ▼❡❛♥ ❡①❝❡ss r❡t✉r♥ t♦ ❊❙ r❛t✐♦ ✇✐t❤ t❛✐❧ ♣r♦❜❛❜✐❧✐t② α

VaRratio ▼❡❛♥ ❡①❝❡ss r❡t✉r♥ t♦ ❱❛❘ r❛t✐♦ ✇✐t❤ t❛✐❧ ♣r♦❜❛❜✐❧✐t② α

OmegaRatio ❖♠❡❣❛ r❛t✐♦ ✇✐t❤ t❤r❡s❤♦❧❞ c

RachevRatio ❘❛❝❤❡✈ r❛t✐♦ ✇✐t❤ ❧♦✇❡r ✉♣♣❡r t❛✐❧ ♣r♦❜❛❜✐❧✐t✐❡s α ❛♥❞ β

❚❛❜❧❡ ✶✿ ❊st✐♠❛t♦r ◆❛♠❡s ❛♥❞ ❉❡s❝r✐♣t✐♦♥s

❙t❛♥❞❛r❞ ❉❡✈✐❛t✐♦♥ ✭❙❉✮

❚❤❡ ❢✉♥❝t✐♦♥❛❧ r❡♣r❡s❡♥t❛t✐♦♥ σ(F ) ♦❢ t❤❡ s❛♠♣❧❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ❡st✐♠❛t♦r ✐s ❣✐✈❡♥ ❜② ✭✷✮✱ ❛♥❞ t❤❡
❢♦r♠✉❧❛ ❢♦r t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s❛♠♣❧❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ❡st✐♠❛t♦r ✐s

IF (r;σ;F ) = (2σ)−1((r − µ)2 − σ2) ✭✶✷✮

✇❤❡r❡ µ = µ(F ) ❛♥❞ σ = σ(F )✳ ❚❤❡ s❛♠♣❧❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ❡st✐♠❛t♦r ✐s ❣✐✈❡♥ ✐♥ ✭✹✮✳

❙❤❛r♣❡ ❘❛t✐♦ ✭❙❘✮

❚❤❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ ❢✉♥❝t✐♦♥❛❧ r❡♣rs❡♥t❛t✐♦♥ ♦❢ t❤❡ ❙❤❛r♣❡ r❛t✐♦ ✐s

✹



SR(F ) =
µ(F )− rf
σ(F )

=
µe(F )

σ(F )
✭✶✸✮

✇❤❡r❡ µe(F ) ✐s t❤❡ ♠❡❛♥ ❡①❝❡ss r❡t✉r♥ ♦✈❡r t❤❡ r✐s❦✲❢r❡❡ r❛t❡ rf ✱ ❛♥❞ t❤❡ ❙❘ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ❢♦r♠✉❧❛ ✐s✿

IF (r;SR;F ) = − µe

2σ3
(r − µ)2 +

1

σ
(r − µ) +

µe

2σ
. ✭✶✹✮

❚❤❡ s❛♠♣❧❡ ❡st✐♠❛t♦r ♦❢ t❤❡ ❙❤❛r♣❡ r❛t✐♦ ✐s✿

SRn =
µ̂n − rf
σ̂n

✭✶✺✮

✇❤❡r❡ µ̂n ❛♥❞ σ̂n ❛r❡ t❤❡ s❛♠♣❧❡ ♠❡❛♥ ❛♥❞ s❛♠♣❧❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥✳

❚❤❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠s✱ ❛♥❞ ❞❡r✐✈❛t✐♦♥s ♦❢ t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ❢♦r♠✉❧❛s ❢♦r ❛❧❧ t❤❡ ❡st✐♠❛t♦rs ✐♥ ❚❛❜❧❡ ✶ ♠❛②
❜❡ ❢♦✉♥❞ ✐♥ ❩❤❛♥❣ ❡t ❛❧✳ ❬✷✵✷✵❪✳ ❋♦r t❤❡ ❝♦♥✈❡♥✐❡♥❝❡ ♦❢ ✐♥t❡r❡st❡❞ r❡❛❞❡rs✱ t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥s ♦❢ ❛❧❧ t❤❡
❡st✐♠❛t♦rs ✐♥ ❚❛❜❧❡ ✶ ❛r❡ ♣r♦✈✐❞❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳

◆✉✐s❛♥❝❡ P❛r❛♠❡t❡rs

❲❡ ♥♦t❡ t❤❛t t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t♦♥ ❢♦r♠✉❧❛s ❛❜♦✈❡✱ ❛s ✇❡❧❧ ❛s ✐♥ ❆♣♣❡♥❞✐① ❆✱ ❝♦♥t❛✐♥ ♦♥❡ ♦r ♠♦r❡ ♥✉✐s❛♥❝❡

♣❛r❛♠❡t❡rs t❤❛t ♥❡❡❞ t♦ ❜❡ s♣❡❝✐✜❡❞ ✐♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ✈❛❧✉❡s ❢♦r ✈❛r✐♦✉s ✈❛❧✉❡s ♦❢ ❛
r❡t✉r♥ r✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ■❋ ♦❢ t❤❡ s❛♠♣❧❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ t✇♦ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡rs
µ = µ(F ) ❛♥❞ σ = σ(F )✱ ❛♥❞ t❤❡ ❙❤❛r♣❡ r❛t✐♦ ■❋ ❞❡♣❡♥❞s ♦♥ t❤❡ t❤r❡❡ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡rs µ = µ(F )✱
σ = σ(F )✱ ❛♥❞ SR = SR(F )✳ ❚❤❡ t❤✐r❞ ❝♦❧✉♠♥ ♦❢ ❚❛❜❧❡ ✷ ❝♦♥t❛✐♥s t❤❡ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡rs ❢♦r ❡❛❝❤ r✐s❦
❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ❡st✐♠❛t♦r✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ ✉s❡r s♣❡❝✐✜❝❡❞ ♣❛r❛♠❡t❡rs s✉❝❤ ❛s t❛✐❧ ♣r♦❜❛❜✐❧✐t✐❡s✱ ❙♦rt✐♥♦ r❛t✐♦
t❤r❡s❤♦❧❞✱ ❡t❝✳ ❚❤❡ ❢♦✉rt❤ ❝♦❧✉♠♥ ♦❢ ❚❛❜❧❡ ✭✷✮ ❝♦♥t❛✐♥s t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡rs ❢♦r t❤❡ ❝❛s❡ ♦❢
♠♦♥t❤❧② r❡t✉r♥s ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♠❡❛♥ µ = 0.01✱ ✈♦❧❛t✐❧✐t② σ = 0.05 ❛♥❞ r✐s❦✲❢r❡❡ r❛t❡ rf = 0✳ ❚❤❡ ❢♦r♠✉❧❛s
❢♦r t❤❡ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡rs ❛♥❞ ❘ ❝♦❞❡ t♦ ❝❛❧❝✉❧❛t❡ t❤❡✐r ✈❛❧✉❡s ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ ❆♣♣❡♥❞✐① ❇✳

✸ ❯s✐♥❣ t❤❡ ❘P❊■❋ P❛❝❦❛❣❡ t♦ ❊✈❛❧✉❛t❡ ■♥✢✉❡♥❝❡ ❋✉♥❝t✐♦♥s ❛♥❞

❈♦♠♣✉t❡ ■♥✢✉❡♥❝❡✲❋✉♥❝t✐♦♥ ❚r❛♥s❢♦r♠❡❞ ❘❡t✉r♥s

▲♦❛❞ ❛♥❞ ✐♥st❛❧❧ ❛♥❞ ❧♦❛❞ t❤❡ ❘P❊■❋ ♣❛❝❦❛❣❡ ✇✐t❤ t❤❡ ❝♦❞❡✿

❧✐❜r❛r②✭❞❡✈t♦♦❧s✮

✐♥st❛❧❧❴❣✐t❤✉❜✭✧❆♥t❤♦♥②❈❤r✐st✐❞✐s✴❘P❊■❋✧✮

❚❤❡ ❘P❊■❋ ♣❛❝❦❛❣❡ ❝♦♠♣✉t❡s t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥s t✐♠❡ s❡r✐❡s ♦❢ t❤❡ r❡t✉r♥s ❢♦r t❤❡ r✐s❦ ❛♥❞ ♣❡r❢♦r♠❛♥❝❡
♠❡❛s✉r❡s ✐♥ ❘P❊❙❊✱ ✇❤✐❝❤ ✐♥ t✉r♥ ✐s ✉s❡❞ ✐♥ P❡r❢♦r♠❛♥❝❡❆♥❛❧②t✐❝s ✐❢ t❤❡ ✉s❡r ✇✐s❤❡s t♦ r❡t✉r♥ t❤❡ st❛♥❞❛r❞
❡rr♦rs ❢♦r t❤❡ r✐s❦ ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s✳ ❚❤❡ ❘P❊■❋ ♣❛❝❦❛❣❡ ✐s t❤❡r❡❢♦r❡ r❡q✉✐r❡❞ ❜② t❤❡ ❘P❊❙❊ ♣❛❝❦❛❣❡✳

✺



❚♦ ❞❡♠♦♥str❛t❡ t❤❡ ✉s❛❣❡ ♦❢ t❤❡ ❘P❊■❋ ♣❛❝❦❛❣❡✱ ✇❡ ✇✐❧❧ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❡❞❤❡❝ ❞❛t❛ s❡t ❛✈❛✐❧❛❜❧❡ ❢r♦♠
P❡r❢♦r♠❛♥❝❡❆♥❛❧②t✐❝s✳ ❚❤✐s ❞❛t❛ s❡t ❝♦♥t❛✐♥s ❤❡❞❣❡ ❢✉♥❞ r❡t✉r♥s ❢r♦♠ ❏❛♥✉❛r②✱ ✶✾✾✼ t♦ ❆✉❣✉st✱ ✷✵✵✽✳
❨♦✉ ❝❛♥ ❧♦❛❞ t❤❛t ❞❛t❛ s❡t✱ ❛♥❞ ❝♦♥✜r♠ t❤❛t ✐t ✐s ❛♥ ①ts t✐♠❡ s❡r✐❡s ♦❜❥❡❝t ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❘ ❝♦❞❡✳

❧✐❜r❛r②✭❘P❊■❋✮

❞❛t❛✭❡❞❤❡❝✱ ♣❛❝❦❛❣❡ ❂ ✧P❡r❢♦r♠❛♥❝❡❆♥❛❧②t✐❝s✧✮

❝❧❛ss✭❡❞❤❡❝✮

★★ ❬✶❪ ✧①ts✧ ✧③♦♦✧

❯s❡ ♦❢ t❤❡ ❝♦❞❡ ❧✐♥❡

❝♦❧♥❛♠❡s✭❡❞❤❡❝✮

✇✐❧❧ r❡✈❡❛❧ t♦ ②♦✉ t❤❛t t❤❡ ❤❡❞❣❡ ❢✉♥❞ st②❧❡ ♥❛♠❡s ❛r❡ t♦♦ ❧♦♥❣ t♦ ❞✐s♣❧❛② ✇❡❧❧ ✐♥ ♣❧♦ts✳ ❙♦ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦❞❡ t♦ r❡♣❧❛❝❡ t❤♦s❡ ❧♦♥❣ ♥❛♠❡s ✇✐t❤ s❤♦rt❡r ♥❛♠❡s ❛s ❢♦❧❧♦✇s✱ ❛♥❞ ✈✐❡✇ t❤❡ ✜rst s✐① ✈❛❧✉❡s ♦❢ t❤❡ ❈❆ ❢✉♥❞✳

❝♦❧♥❛♠❡s✭❡❞❤❡❝✮ ❁✲ ❝✭✧❈❆✧✱ ✧❈❚❆●✧✱ ✧❉■❙✧✱ ✧❊▼✧✱ ✧❊▼◆✧✱ ✧❊❉✧✱ ✧❋■❆✧✱ ✧●▼✧✱ ✧▲❙✧✱ ✧▼❆✧✱

✧❘❱✧✱ ✧❙❙✧✱ ✧❋♦❋✧✮

❝♦❧♥❛♠❡s✭❡❞❤❡❝✮

★★ ❬✶❪ ✧❈❆✧ ✧❈❚❆●✧ ✧❉■❙✧ ✧❊▼✧ ✧❊▼◆✧ ✧❊❉✧ ✧❋■❆✧ ✧●▼✧ ✧▲❙✧

★★ ❬✶✵❪ ✧▼❆✧ ✧❘❱✧ ✧❙❙✧ ✧❋♦❋✧

❤❡❛❞✭❡❞❤❡❝❬✱ ✧❈❆✧❪✮

★★ ❬✶❪ ✵✳✵✶✶✾ ✵✳✵✶✷✸ ✵✳✵✵✼✽ ✵✳✵✵✽✻ ✵✳✵✶✺✻ ✵✳✵✷✶✷

❚♦ s❡❡ ✇❤❛t ❢✉♥❝t✐♦♥s ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❘P❊■❋ ♣❛❝❦❛❣❡✱ ✉s❡ t❤❡ ❝♦❞❡ ❧✐♥❡✿

❧✐❜r❛r②✭❘P❊■❋✮

❧s✭✧♣❛❝❦❛❣❡✿❘P❊■❋✧✮

❚❤❡ ❧✐st ♦❢ ❢✉♥❝t✐♦♥s ②♦✉ s❡❡ ❛s ❛ r❡s✉❧t ♦❢ t❤❡ ❛❜♦✈❡ ❝♦❞❡ ✇✐❧❧ ✐♥❝❧✉❞❡ t❤❡ ❢✉♥❝t✐♦♥s s❤♦✇♥ ✐♥ t❤❡ s❡❝♦♥❞
❝♦❧✉♠♥ ♦❢ ✷✳ ❲❡ ✉s❡ t❤❡ t❡r♠ ■❋✳①①①① ❛s ❛ ❣❡♥❡r✐❝ ❢♦r ❛♥② ♦♥❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ✐♥ t❤❡ s❡❝♦♥❞ ❝♦❧✉♠♥✳ ❚❤❡
t❤✐r❞ ❝♦❧✉♠♥ ❧✐sts t❤❡ ♥❛♠❡s ♦❢ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡rs t❤❛t ♥❡❡❞ t♦ ❜❡ s♣❡❝✐✜❡❞ ♦♥❡ ✇❛② ♦r ❛♥♦t❤❡r t♦ ❝♦♠♣✉t❡
t❤❡ ✈❛❧✉❡s ♦❢ ❛♥ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ❛t ✈❛r✐♦✉s ✈❛❧✉❡s ♦❢ t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ❛r❣✉♠❡♥t✳ ❚❤❡ ❢♦✉rt❤ ❝♦❧✉♠♥
❝♦♥t❛✐♥s ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✏t②♣✐❝❛❧✑ ✈❛❧✉❡s ❢♦r t❤❡ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡rs✳

❨♦✉ ❝❛♥ ❣❡t ❤❡❧♣ ♦♥ ❛♥② ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ■❋✳①①①① ✇✐t❤ ❛ ❝♦♠♠♦♥❞ ❧✐❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

★ ❍❡❧♣ ❢✐❧❡ ❢♦r t❤❡ ■❋ ❢✉♥❝t✐♦♥

❤❡❧♣✭■❋✳❙❉✮

✻



❊st✐♠❛t♦r ■❋ ❋✉♥❝t✐♦♥ ◆✉✐s❛♥❝❡ P❛r❛♠❡t❡rs ◆♦r♠❛❧ ❉✐st✳ ◆✉✐s❛♥❝❡ P❛rs

µ ■❋✳▼❡❛♥ µ ✳✵✶

µM ■❋✳r♦❜▼❡❛♥ µ, σ, E(ψ′) ✳✵✶✱ ✳✵✺✱ ✳✾✵✸✽

σ ■❋✳❙❉ µ, σ ✳✵✶✱ ✳✵✺

SSD ■❋✳❙❡♠✐❙❉ µ, SSD, SMEAN ✳✵✶✱ ✳✵✸✺✹✱ ✲✵✳✵✶✾✾

LPM1 ■❋✳▲P▼ LPM 1c ✳✵✶✺✸

LPM2 ■❋✳▲P▼ LPM2c ✳✵✵✵✾

ES ■❋✳❊❙ qα, ESα ✲✳✵✺✹✶✱ ✳✵✼✼✼

VaR ■❋✳❱❛❘ qα, f(qα) ✲✳✵✺✹✶✱ ✸✳✺✶✵✵

SR ■❋✳❙❘ µe, σ, SR✱ ✳✵✶✱ ✳✵✺✱ ✳✷✵

DSR ■❋✳❉❙❘ µ, SSD, SMEAN, DSR ✳✵✶✱ ✳✵✸✺✹✱ ✲✳✵✶✾✾✱ ✳✷✽✷✽

SoRc ■❋✳❙♦❘ µ, LPM2c, SoRc ✳✵✶✱ ✳✵✵✵✾✱ ✳✸✸✸✻

SoRµ ■❋✳❙♦❘ µ, SSD, SMEAN, SoRµ ✳✵✶✱ ✳✵✸✺✹✱ ✲✳✵✶✾✾✱ ✳✷✽✷✽

ESratio ■❋✳❊❙r❛t✐♦ µ, qα, ESα, ESratio ✳✵✶✱ ✲✳✵✺✹✶✱ ✳✵✼✼✼✱ ✳✶✷✽✻

VaRratio ■❋✳❱❛❘r❛t✐♦ µ, qα, f(qα), V aRratio ✳✵✶✱ ✲✳✵✺✹✶✱ ✸✳✺✶✵✵✱ ✳✶✽✹✾

RachevRatio ■❋✳❘❛❝❤❡✈❘❛t✐♦ qα, ESα, q1−β , EGβ , RachR ✲✳✵✺✹✶✱ ✳✵✼✼✼✱ ✳✵✼✹✶✱ ✵✳✵✾✼✼✱ ✶✳✷✺✼✷

OmegaRatio ■❋✳❖♠❡❣❛❘❛t✐♦ LPM 1c, UPM1c, Ω ✳✵✶✺✸✱ ✳✵✷✺✸✱ ✶✳✻✺✶✻

❚❛❜❧❡ ✷✿ ■❋ ❘ ❈♦❞❡ ❋✉♥❝t✐♦♥s ❛♥❞ ❈♦rr❡s♣♦♥❞✐♥❣ ◆✉✐s❛♥❝❡ P❛r❛♠❡t❡rs

❚❤❡ ❘ ■❋✳①①①① ❢✉♥❝t✐♦♥s ❛r❡ ✉s❡❞ ❢♦r t✇♦ ❞✐st✐♥❝t ♣✉r♣♦s❡s✳ ❚❤❡ ✜rst ✐s t♦ ❡✈❛❧✉❛t❡ ❛♥ ❡st✐♠❛t♦r ✐♥✢✉❡♥❝❡
❢✉♥❝t✐♦♥ ❛t ❛ s❡t ♦❢ ❛r❣✉♠❡♥t ✈❛❧✉❡s✱ ❛♥❞ ♣❧♦t t❤❡♠ t♦ ❞✐s♣❧❛② t❤❡ s❤❛♣❡ ♦❢ t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥✳ ❚❤✐s
❛❧❧♦✇s t❤❡ ✉s❡r t♦ ❡①♣♦❧♦r❡ t❤❡ ❞✐✛❡r❡♥t s❤❛♣❡s ♦❢ t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥s ♦❢ ❞✐✛❡r❡♥t ❡st✐♠❛t♦rs✳ ❚❤❡ s❡❝♦♥❞
❛♥❞ ♣r✐♠❛r② ♣✉r♣♦s❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ✐s t♦ ❝♦♠♣✉t❡ ✐♥✢✉❡♥❝❡✲❢✉♥❝t✐♦♥ tr❛♥s❢♦r♠❡❞ t✐♠❡ s❡r✐❡s ♦❢ r❡t✉r♥s✱ ❛s
❛ ✜rst st❡♣ ✐♥ t❤❡ ♦✈❡r❛❧❧ ♠❡t❤♦❞ ♦❢ ❝♦♠♣✉t✐♥❣ st❛♥❞❛r❞ ❡rr♦rs ❢♦r r✐s❦ ❛♥❞ ♣❡r❢r♦♠❛♥❝❡ ❡st✐♠❛t♦rs✳

❚❤❡ ❛r❣✉♠❡♥ts ♦❢ t❤❡ ❘ ❢✉♥❝t✐♦♥s ✐♥ ❚❛❜❧❡ ✭✷✮ ❛r❡ ❛❧❧ t❤❡ s❛♠❡✱ ❡①❝❡♣t ❢♦r t❤❡ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡rs ✇❤✐❝❤
❛r❡ ❡st✐♠❛t♦r s♣❡❝✐✜❝✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❛r❣✉♠❡♥ts ♦❢ ■❋✳❙❉ ❛♥❞ ■❋✳❙❘ ❛r❡ ❛s ❢♦❧❧♦✇s✳

❛r❣s✭■❋✳❙❉✮

★★ ❢✉♥❝t✐♦♥ ✭r❡t✉r♥s ❂ ◆❯▲▲✱ ❡✈❛❧❙❤❛♣❡ ❂ ❋❆▲❙❊✱ r❡t❱❛❧s ❂ ◆❯▲▲✱

★★ ♥✉✐sP❛rs ❂ ◆❯▲▲✱ ❦ ❂ ✹✱ ■❋♣❧♦t ❂ ❋❆▲❙❊✱ ■❋♣r✐♥t ❂ ❚❘❯❊✱ ♣r❡✇❤✐t❡♥ ❂ ❋❆▲❙❊✱

★★ ❛r✳♣r❡✇❤✐t❡♥✳♦r❞❡r ❂ ✶✱ ❝❧❡❛♥❖✉t❧✐❡rs ❂ ❋❆▲❙❊✱ ❝❧❡❛♥▼❡t❤♦❞ ❂ ❝✭✧❧♦❝❙❝❛❧❡❘♦❜✧✮❬✶❪✱

★★ ❡❢❢ ❂ ✵✳✾✾✱ ✳✳✳✮

★★ ◆❯▲▲

❛r❣s✭■❋✳❙❘✮

✼



★★ ❢✉♥❝t✐♦♥ ✭r❡t✉r♥s ❂ ◆❯▲▲✱ ❡✈❛❧❙❤❛♣❡ ❂ ❋❆▲❙❊✱ r❡t❱❛❧s ❂ ◆❯▲▲✱

★★ ♥✉✐sP❛rs ❂ ◆❯▲▲✱ ❦ ❂ ✹✱ ■❋♣❧♦t ❂ ❋❆▲❙❊✱ ■❋♣r✐♥t ❂ ❚❘❯❊✱ r❢ ❂ ✵✱

★★ ♣r❡✇❤✐t❡♥ ❂ ❋❆▲❙❊✱ ❛r✳♣r❡✇❤✐t❡♥✳♦r❞❡r ❂ ✶✱ ❝❧❡❛♥❖✉t❧✐❡rs ❂ ❋❆▲❙❊✱

★★ ❝❧❡❛♥▼❡t❤♦❞ ❂ ❝✭✧❧♦❝❙❝❛❧❡❘♦❜✧✮❬✶❪✱ ❡❢❢ ❂ ✵✳✾✾✱ ✳✳✳✮

★★ ◆❯▲▲

❨♦✉ s❡❡ t❤❛t t❤❡ ❛r❣✉♠❡♥ts ♦❢ t❤❡ t✇♦ ❢✉♥❝t✐♦♥s ❛r❡ t❤❡ s❛♠❡ ❡①❝❡♣t ❢♦r t❤❡ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡rs ❛r❣✉♠❡♥ts
♣❛rs❙❉✳■❋ ❛♥❞ ♣❛rs❙❘✳■❋✳

◆♦t❡ t❤❛t ②♦✉ ❣❡t ♥♦ r❡s✉❧ts ✉s✐♥❣ ❛♥ ■❋✳①①①① ❢✉♥❝t✐♦♥ ✇✐t❤ ♥♦ ❛r❣✉❡♠❡♥ts✱ ❢♦r ❡①❛♠♣❧❡ tr② ■❋✳▼❡❛♥✭✮ ❛♥❞
s❡❡ ✇❤❛t ②♦✉ ❣❡t✳ ❨♦✉ ♥❡❡❞ t♦ ❡✐t❤❡r s❡t ❡✈❛❧❙❤❛♣❡❂❚✱ ♦r s✉♣♣❧② ❛ r❡t✉r♥s ①ts ♦❜❥❡❝t ❢♦r t❤❡ ❛r❣✉♠❡♥t
r❡t✉r♥s✱ ✐♥ ♦r❞❡r ❢♦r ❛♥ ■❋✳①①①① ❢✉♥❝t✐♦♥ t♦ ❝♦♠♣✉t❡ r❡s✉❧ts✳

✸✳✶ ❊✈❛❧✉❛t✐♥❣ ❛♥❞ P❧♦tt✐♥❣ ■♥✢✉❡♥❝❡ ❋✉♥❝t✐♦♥s ❢♦r ❙❤❛♣❡ ❈♦♠♣❛r✐s♦♥s

■♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ t❤❡ ✈❛❧✉❡s ❛♥❞ ♣❧♦t t❤❡ s❤❛♣❡s ♦❢ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥s ✉s✐♥❣ t❤❡ ❘ ■❋✳①①①① ❢✉♥❝t✐♦♥s ✐♥
❚❛❜❧❡ ✷✱ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ t❤✐r❞ ❝♦❧✉♠♥ ♦❢ ✷ ♥❡❡❞ t♦ ❜❡ s♣❡❝✐✜❡❞✱ ❛♥❞ t❤❡r❡ ❛r❡
t✇♦ ❜❛s✐❝ ♠❡t❤♦❞s ♦❢ ❞♦✐♥❣ s♦✳ ❚❤❡ ✜rst ♠❡t❤♦❞ ✐s t♦ ✉s❡ ✏t②♣✐❝❛❧✑ ✈❛❧✉❡s ❢♦r t❤♦s❡ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ❝❛s❡ ♦❢
❛ s♣❡❝✐✜❝ r❡t✉r♥s ❞✐str✐❜✉t✐♦♥✳ ❙✉❝❤ ✈❛❧✉r❡s ❛r❡ ♣r♦✈✐❞❡❞ ❢♦r t❤❡ ❝❛s❡ ♦❢ ❛ ♥♦r♠❛❧ r❡t✉r♥s ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡
❢♦✉rt❤ ❝♦❧✉♠♥ ♦❢ t❤❡ ❚❛❜❧❡ ✷✳ ❚❤❡ s❡❝♦♥❞ ♠❡t❤♦❞ ✐s t♦ ♣r♦✈✐❞❡ ❛ t✐♠❡ s❡r✐❡s ♦❢ r❡t✉r♥s ♦❢ ❛♥ ❛ss❡t ♦❢ ✐♥t❡r❡st
❛s ♦♥❡ ♦❢ t❤❡ ❢✉♥❝t♦♥✬s ❛r❣✉♠❡♥ts✱ ❛♥❞ ✐♥ t❤❛t ❝❛s❡ t❤❡ ❘ ❢✉♥❝t✐♦♥ ✇✐❧❧ ❡st✐♠❛t❡ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ♥✉✐s❛♥❝❡
♣❛r❛♠❡t❡rs ❢r♦♠ t❤❡ t✐♠❡ s❡r✐❡s ♦❢ r❡t✉r♥s✳

❊✈❛❧✉❛t✐♥❣ ❛♥❞ P❧♦tt✐♥❣ ■♥✢✉❡♥❝❡ ❋✉♥❝t✐♦♥s ❯s✐♥❣ ❉❡❢❛✉❧t ◆✉✐s❛♥❝❡ P❛r❛♠❡t❡r ❱❛❧✉❡s

❯s✐♥❣ t❤❡ ❛r❣✉♠❡♥t ❡✈❛❧❙❤❛♣❡❂❚ ❛♥❞ ■❋♣❧♦t❂❚ ❛s ❢♦❧❧♦✇s✱ ②♦✉ ❝❛♥ ❡❛s✐❧② ❣❡t ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ♣❧♦ts✳ ❋♦r
❡①❛♠♣❧❡✱ ②♦✉ ❣❡t ♣❧♦ts ♦❢ t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ❛♥❞ ❙❤❛r♣❡ r❛t✐♦ ❡st✐♠❛t♦rs ✉s✐♥❣
t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦❞❡✳

♣❛r✭♠❢r♦✇ ❂ ❝✭✶✱ ✷✮✱ ♣t② ❂ ✧s✧✮

♦✉t❙❉ ❁✲ ■❋✳❙❉✭❡✈❛❧❙❤❛♣❡ ❂ ❚✱ ■❋♣❧♦t ❂ ❚✱ ■❋♣r✐♥t ❂ ❚✮

♦✉t❙❘ ❁✲ ■❋✳❙❘✭❡✈❛❧❙❤❛♣❡ ❂ ❚✱ ■❋♣❧♦t ❂ ❚✱ ■❋♣r✐♥t ❂ ❚✮

♣❛r✭♠❢r♦✇ ❂ ❝✭✶✱ ✶✮✮

❚❤❡ ♣❧♦ts ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✳

✽



❋✐❣✉r❡ ✶✿ ■♥✢✉❡♥❝❡ ❋✉♥❝t✐♦♥s ♦❢ ❙t❛♥❞❛r❞ ❉❡✈✐❛t✐♦♥ ❛♥❞ ❙❤❛r♣❡ ❘❛t✐♦ ✭✏t②♣✐❝❛❧✑ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡rs ✈❛❧✉❡s✮

❊✈❛❧✉❛t✐♥❣ ❛♥❞ P❧♦tt✐♥❣ ■♥✢✉❡♥❝❡ ❋✉♥❝t✐♦♥s ✇✐t❤ ❯s❡r✲❙♣❡❝✐✜❡❞ ◆✉✐s❛♥❝❡ P❛r❛♠❡t❡r ❱❛❧✉❡s

❯s✐♥❣ t❤❡ ♥✉✐sP❛rs❋♥ ❢✉♥❝t✐♦♥✱ ②♦✉ ❝❛♥ ❣❡♥❡r❛t❡ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡rs ❜② s♣❡❝✐❢②✐♥❣ ✏t②♣✐❝❛❧✑ ✈❛❧✉❡s ❜❛s❡❞ ♦♥
s♦♠❡ ❛ss✉♠❡❞ r❡t✉r♥s ❞✐str✐❜✉t✐♦♥✳ ❋♦r t❤❡ r✐s❦ ♠❡❛s✉r❡ ❡st✐♠❛t♦rs ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡ ❡st✐♠❛t♦rs✱ t❤❡
♥✉✐sP❛rs❋♥ ❢✉♥❝t✐♦♥ ❛ss✉♠❡s ❢♦❧❧♦✇ t❤❡ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✱ ✇✐t❤ ♠♦♥t❤❧② ♠❡❛♥ r❡t✉r♥ ♦❢ ✶✪ ❛♥❞ r✐s❦✲❢r❡❡
r❛t❡ rf = 0✱ ❛♥❞ ♠♦♥t❤❧② ✈♦❧❛t✐❧✐t② ♦❢ ✺✪ ✭t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛♥♥✉❛❧ ♠❡❛♥ ❛♥❞ ✈♦❧❛t✐❧✐t② ❛r❡ ✶✷✪ ❛♥❞ ✶✼✳✸✪✱
r❡s♣❡❝t✐✈❡❧②✮✳ ❲❡ ❛❧s♦ ♥♦t❡ t❤❛t ✇❡ ✉s❡ α = 0.10 ❢♦r q✉❛♥t✐❧❡s✱ ❱❛❘ ❛♥❞ ❊❙✱ ✉s❡ t❤❛t ✈❛❧✉❡ ❛❧♦♥❣ ✇✐t❤ t❤❡
✈❛❧✉❡ β = 0.10 ❢♦r t❤❡ ❘❛❝❤❡✈ r❛t✐♦✱ ❛♥❞ ✉s❡ c = 0 ❢♦r ❧♦✇❡r ♣❛rt✐❛❧ ♠♦♠❡♥ts ❛♥❞ ❙♦rt✐♥♦ r❛t✐♦ ✇✐t❤ ✜①❡❞
t❤r❡s❤♦❧❞✳

❚♦ s❡❡ t❤❡ ❞❡❢❛✉❧t ✈❛❧✉❡s ❢r♦♠ t❤❡ ♥✉✐sP❛rs❋♥ ❢✉♥❝t✐♦♥✱ ②♦✉ ❝❛♥ ❧♦♦❦ ❛t t❤❡ ❛r❣✉♠❡♥ts ♦❢ t❤❡ ❢✉♥❝t✐♦♥✳ ❚❤❡
❞❡❢❛✉❧t ❛r❣✉♠❡♥ts ❛r❡ t❤❡ ♦♥❡s ✉s❡❞ t♦ ❣❡♥❡r❛t❡ t❤❡ ✈❛❧✉❡s ✐♥ ❚❛❜❧❡ ✷✳

❛r❣s✭♥✉✐sP❛rs❋♥✮

★★ ❢✉♥❝t✐♦♥ ✭♠✉ ❂ ✵✳✵✶✱ s❞ ❂ ✵✳✵✺✱ ❝ ❂ ✵✱ ❛❧♣❤❛ ❂ ✵✳✶✱ ❜❡t❛ ❂ ✵✳✶✮

★★ ◆❯▲▲

❚♦ ❣❡♥❡r❛t❡ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡rs ✉s✐♥❣ ❞✐✛❡r❡♥t ❞❡❢❛✉❧t s❡tt✐♥❣s ❢♦r ❛♥② ♦❢ t❤❡ ❛r❣✉♠❡♥ts✱ ②♦✉ ❝❛♥ s♣❡❝✐❢②
t❤❡ ♥❡✇ ✈❛❧✉❡s ✐♥ t❤❡ ❛r❣✉♠❡♥ts ♦❢ t❤❡ ❢✉♥❝t✐♦♥✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ ②♦✉ ✇❛♥t t♦ ❣❡♥❡r❛t❡ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡rs
❜② ✉s✐♥❣ ❛ ♠❡❛♥ r❡t✉r♥ ♦❢ ✷✪ ✐♥st❡❛❞ ♦❢ ✶✪ ❛♥❞ ❛ ✈♦❧❛t✐❧✐t② ♦❢ ✶✺✪ ✐♥st❡❛❞ ♦❢ ✺✪ ✭t❤❡ ❞❡❢❛✉❧ts✮ t♦ ❣❡♥❡r❛t❡
t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥s ♣❧♦ts ❢♦r t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ❛♥❞ t❤❡ ❙❤❛r♣❡ r❛t✐♦✱ ②♦✉ ❝❛♥ ✉s❡ t❤❡ ♥✉✐sP❛rs

❛r❣✉♠❡♥t ❛s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦❞❡✳

✾



♣❛r✭♠❢r♦✇ ❂ ❝✭✶✱ ✷✮✱ ♣t② ❂ ✧s✧✮

♦✉t❙❉ ❁✲ ■❋✳❙❉✭❡✈❛❧❙❤❛♣❡ ❂ ❚✱ ■❋♣❧♦t ❂ ❚✱ ■❋♣r✐♥t ❂ ❚✱ ♥✉✐sP❛rs ❂ ♥✉✐sP❛rs❋♥✭♠✉ ❂ ✵✳✵✷✱

s❞ ❂ ✵✳✶✺✮✮

♦✉t❙❘ ❁✲ ■❋✳❙❘✭❡✈❛❧❙❤❛♣❡ ❂ ❚✱ ■❋♣❧♦t ❂ ❚✱ ■❋♣r✐♥t ❂ ❚✱ ♥✉✐sP❛rs ❂ ♥✉✐sP❛rs❋♥✭♠✉ ❂ ✵✳✵✷✱

s❞ ❂ ✵✳✶✺✮✮

♣❛r✭♠❢r♦✇ ❂ ❝✭✶✱ ✶✮✮

❋✐❣✉r❡ ✷✿ ■♥✢✉❡♥❝❡ ❋✉♥❝t✐♦♥s ♦❢ ❙t❛♥❞❛r❞ ❉❡✈✐❛t✐♦♥ ❛♥❞ ❙❤❛r♣❡ ❘❛t✐♦ ✭✉s❡r✲s♣❡❝✐✜❡❞ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡rs✮

❊✈❛❧✉❛t✐♥❣ ❛♥❞ P❧♦tt✐♥❣ ■♥✢✉❡♥❝❡ ❋✉♥❝t✐♦♥s ❯s✐♥❣ ◆✉✐s❛♥❝❡ P❛r❛♠❡t❡r ❱❛❧✉❡s ❊st✐♠❛t❡❞ ❢r♦♠

❛ ❘❡t✉r♥s ❚✐♠❡ ❙❡r✐❡s

❨♦✉ ❝❛♥ ❛❧s♦ ❝♦♠♣✉t❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ s❤❛♣❡s ✉s✐♥❣ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s t❤❛t ❛r❡ ❡st✐♠❛t❡❞ ❢r♦♠ ❛
r❡t✐r♠s t✐♠❡ s❡r✐❡s ♦❢ ✐♥t❡r❡st✱ t❤❡ ❧❛tt❡r ♦❢ ✇❤✐❝❤ ✐s s♣❡❝✐✜❡❞ ❜② ✉s✐♥❣ t❤❡ ❛r❣✉♠❡♥t r❡t✉r♥s ♦❢ t❤❡ ■❋✳①①①①
❢✉♥❝t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ ②♦✉ ❝♦✉❧❞ ✉s❡ t❤❡ ❈❆ ❤❡❞❣❡ ❢✉♥❞ t✐♠❡ s❡r✐❡s ❢♦r t❤✐s ♣✉r♣♦s❡ ❜② ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦❞❡✱ t❤❡ r❡s✉❧ts ♦❢ ✇❤✐❝❤ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳ ◆♦t❡ t❤❛t ✐♥ ✉s✐♥❣ t❤❡ ■❋✳❙❉ ❛♥❞ ■❋✳❙❘ ❢✉♥❝t✐♦♥s✱ t❤❡
❡✈❛❧❙❤❛♣❡❂❚ ✐s r❡t❛✐♥❡❞✳

❧✐❜r❛r②✭①ts✮ ★ ▼✉st ❤❛✈❡ ✐♥st❛❧❧❡❞ ①ts ♣❛❝❦❛❣❡

r❡t❈❆ ❁✲ ❡❞❤❡❝✩❈❆

♣❛r✭♠❢r♦✇ ❂ ❝✭✶✱ ✷✮✱ ♣t② ❂ ✧s✧✮

♦✉t❙❉ ❁✲ ■❋✳❙❉✭r❡t✉r♥s ❂ r❡t❈❆✱ ❡✈❛❧❙❤❛♣❡ ❂ ❚✱ ■❋♣❧♦t ❂ ❚✱ ■❋♣r✐♥t ❂ ❚✮

♦✉t❙❘ ❁✲ ■❋✳❙❘✭r❡t✉r♥s ❂ r❡t❈❆✱ ❡✈❛❧❙❤❛♣❡ ❂ ❚✱ ■❋♣❧♦t ❂ ❚✱ ■❋♣r✐♥t ❂ ❚✮

♣❛r✭♠❢r♦✇ ❂ ❝✭✶✱ ✶✮✮

✶✵



❋✐❣✉r❡ ✸✿ ■♥✢✉❡♥❝❡ ❋✉♥❝t✐♦♥s ♦❢ ❙t❛♥❞❛r❞ ❉❡✈✐❛t✐♦♥ ❛♥❞ ❙❤❛r♣❡ ❘❛t✐♦ ✭❡st✐♠❛t❡❞ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡rs ✈❛❧✉❡s✮

✸✳✷ ❊✈❛❧✉❛t✐♥❣ ❛♥❞ P❧♦tt✐♥❣ ■♥✢✉❡♥❝❡✲❋✉♥❝t✐♦♥ ❚r❛♥s❢♦r♠❡❞ ❘❡t✉r♥s ❚✐♠❡ ❙❡✲
r✐❡s

❚❤❡ ❣❡♥❡r❛❧ ♠❡t❤♦❞ ♦❢ ❡st✐♠❛t✐♥❣ st❛♥❞❛r❞ ❡rr♦rs ♦❢ r✐s❦ ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ❡st✐♠❛t♦rs✱ ❞❡s❝r✐❜❡❞ ✐♥ ❬❈❤❡♥
❛♥❞ ▼❛rt✐♥✱ ✷✵✷✶❪✱ ❝♦♥s✐sts ♦❢ ❝♦♠♣✉t✐♥❣ ❛ ❣♦♦❞ ❡st✐♠❛t❡ ♦❢ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t✐♠❡ s❡r✐❡s s❛♠♣❧❡ ❛✈❡r❛❣❡ ♦❢
✐♥✢✉❡♥❝❡✲❢✉♥❝t✐♦♥ tr❛♥s❢♦r♠❡❞ r❡t✉r♥s s❤♦✇♥ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞✲s✐❞❡ ♦❢ ✭✶✵✮✳ ■♥ ❝❛s❡ ②♦✉ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥
s❡❡✐♥❣ ✇❤❛t ✐♥✢✉❡♥❝❡✲❢✉♥❝t✐♦♥ tr❛♥s❢♦r♠❡❞ r❡t✉r♥s ❧♦♦❦ ❧✐❦❡ ❢♦r ❛❝t✉❛❧ r❡t✉r♥s ❞❛t❛✱ ❝❛♥ ❡❛s✐❧② ❝♦♠♣✉t❡ s✉❝❤
r❡t✉r♥s ✇✐t❤ t❤❡ ■❋✳①①①① ❢✉♥❝t✐♦♥✳ ❋♦r ❡①❛♠♣❧❡✱②♦✉ ❝❛♥ ❞♦ s♦ ❢♦r ❙❉ ❛♥❞ ❙❘ ❡st✐♠❛t♦rs ❢♦r t❤❡ ❈❆ ❤❡❞❣❡
❢✉♥❞ r❡t✉r♥s ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦❞❡✱ ✇❤♦s❡ r❡s✉❧ts ❢♦r t❤❡ ❈❆ r❡t✉r♥s✱ ❛♥❞ ❢♦r t❤❡ ❙❉ ❛♥❞ ❙❘ ❡st✐♠❛t♦r
✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ tr❛♥s❢♦r♠❡❞ r❡t✉r♥s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳

r❡t❈❆ ❁✲ ❡❞❤❡❝✩❈❆

♦✉t❙❉ ❁✲ ■❋✳❙❉✭r❡t✉r♥s ❂ r❡t❈❆✱ ■❋♣❧♦t ❂ ❚✱ ■❋♣r✐♥t ❂ ❚✮

♦✉t❙❘ ❁✲ ■❋✳❙❘✭r❡t✉r♥s ❂ r❡t❈❆✱ ■❋♣❧♦t ❂ ❚✱ ■❋♣r✐♥t ❂ ❚✮

♣❛r✭♠❢r♦✇ ❂ ❝✭✸✱ ✶✮✮

♣❧♦t✭r❡t❈❆✱ ❧✇❞ ❂ ✵✳✽✱ ②❧❛❜ ❂ ✧❘❡t✉r♥s✧✱ ♠❛✐♥ ❂ ✧❈❆ ❍❡❞❣❡ ❋✉♥❞ ❘❡t✉r♥s✧✮

♣❧♦t✭♦✉t❙❉✱ ❧✇❞ ❂ ✵✳✽✱ ♠❛✐♥ ❂ ✧■❋✳❙❉ ❚r❛♥s❢♦r♠❡❞ ❘❡t✉r♥s✧✮

♣❧♦t✭♦✉t❙❘✱ ❧✇❞ ❂ ✵✳✽✱ ♠❛✐♥ ❂ ✧■❋✳❙❘ ❚r❛♥s❢♦r♠❡❞ ❘❡t✉r♥s✧✮

✶✶



❋✐❣✉r❡ ✹✿ ❙t❛♥❞❛r❞ ❉❡✈✐❛t✐♦♥ ❛♥❞ ❙❤❛r♣❡ ❘❛t✐♦ ■♥✢✉❡♥❝❡✲❋✉♥❝t✐♦♥ ❚r❛♥s❢♦r♠❡❞ ❘❡t✉r♥s ❢♦r ❈❆ ❍❡❞❣❡ ❋✉♥❞

✹ ❖✉t❧✐❡r ❈❧❡❛♥✐♥❣

❆ ✈❡r② r❡❧✐❛❜❧❡ ♦✉t❧✐❡r ❝❧❡❛♥✐♥❣ ♠❡t❤♦❞ t❤❛t s❤r✐♥❦s ♦✉t❧✐❡rs ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜❛s❡❞ ♦♥ ❛ r♦❜✉st ❧♦❝❛t✐♦♥
▼✲❡st✐♠❛t♦r ❛♥❞ ❛♥ ❛ss♦❝✐❛t❡❞ r♦❜✉st s❝❛❧❡ ❡st✐♠❛t♦r ŝ✳ ❆ ❧♦❝❛t✐♦♥ ▼✲❡st✐♠❛t♦r ✐s ❝♦♠♣✉t❡❞ ❛s ❛ s♦❧✉t✐♦♥
♦❢ t❤❡ ❡q✉❛t✐♦♥

n
∑

t=1

ψ

(

rt − µ̂M

ŝ

)

= 0 ✭✶✻✮

✇❤❡r❡ ψ = ψ(x) ✐s ❛ s✉✐t❛❜❧❡ ♦❞❞ ✏♣s✐✑ ❢✉♥❝t✐♦♥✱ ❛♥❞ ŝ ✐s ❛ r♦❜✉st s❝❛❧❡ ❡st✐♠❛t❡ ♦❢ t❤❡ r❡s✐❞✉❛❧s ǫt = rt− µ̂M ✳
❋♦r ❛♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❧♦❝❛t✐♦♥ ▼✲❡st✐♠❛t♦rs ❛♥❞ t❤❡✐r ❝♦♠♣✉t❛t✐♦♥✱ s❡❡ ❙❡❝t✐♦♥s ✷✳✸ ❛♥❞ ✷✳✼ ♦❢ ❬▼❛r♦♥♥❛
❡t ❛❧✳✱ ✷✵✶✾❪✳

❍❡r❡ ✇❡ ✉s❡ t❤❡ s♣❡❝✐❛❧ ♦♣t✐♠❛❧ ♣s✐ ❢✉♥❝t✐♦♥

ψopt(x) = SGN(x)

(

|x|+ a

φ(x)

)+

,with a = 0.002449 ✭✶✼✮

✶✷



✇❤❡r❡ φ(x) ✐s t❤❡ st❛♥❞❛r❞ ♥♦r♠❛❧ ❞❡♥s✐t② ❢✉♥❝t✐♦♥✱ ❛♥❞ ❛ ♣❧♦t ♦❢ t❤✐s ♣s✐ ❢✉♥❝t✐♦♥ ✐s ❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✉r❡ ✺✳
❚❤❡ ❢✉♥❝t✐♦♥ ψopt(x) ❤❛s ❛ ✏s♠♦♦t❤ r❡❥❡❝t✐♦♥✑ ❝❤❛r❛❝t❡r ✐♥ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ ✐s ❝♦♥t✐♥✉♦✉s✱ ❛♥❞ ❛❧❧ r❡t✉r♥s
✇✐t❤ ❛ s❝❛❧❡❞ r❡s✐❞✉❛❧ (rt−µ̂M )/ŝ ❧❛r❣❡r ✐♥ ♠❛❣♥✐t✉❞❡ t❤❛♥ ✸✳✺✻✽ ❛r❡ ✏r❡❥❡❝t❡❞✑✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t s✉❝❤ r❡t✉r♥s
❤❛✈❡ ♥♦ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ❡st✐♠❛t❡ µ̂M s✐♥❝❡ s✉❝❤ t❡r♠s ❛r❡ s❡t t♦ ③❡r♦ ✐♥ ✭✶✻✮✳ ❋♦r ❢✉rt❤❡r ❞❡t❛✐❧s ♦♥ t❤❡
❢✉♥❝t✐♦♥ ψopt(x)✱ s❡❡ ❙❡❝t✐♦♥ ✺✳✽ ♦❢ ❬▼❛r♦♥♥❛ ❡t ❛❧✳✱ ✷✵✶✾❪✳

❋✐❣✉r❡ ✺✿ ❖♣t✐♠❛❧ ❇✐❛s ❘♦❜✉st Ps✐ ❋✉♥❝t✐♦♥ ✇✐t❤ ψopt(x) = 0 ❢♦r |x| > 3.568 ❛♥❞ ✾✾✪ ◆♦r♠❛❧ ❉✐str✐❜✉t✐♦♥
❊✣❝✐❡♥❝②✳

❇❛s❡❞ ♦♥ ❛ ❧♦❝❛t✐♦♥ ❡st✐♠❛t❡ µ̂M ❛♥❞ ❛ss♦❝✐❛t❡❞ s❝❛❧❡ ❡st✐♠❛t❡ ŝ✱ ✐t ✐s ♥❛t✉r❛❧ t♦ ❞❡✜♥❡ r❡t✉r♥s ♦✉t❧✐❡rs ❛s
t❤♦s❡ r❡t✉r♥s rt t❤❛t ❢❛❧❧ ♦✉ts✐❞❡ t❤❡ ✐♥t❡r✈❛❧ [µ̂M − 3.568 · ŝ, µ̂M + 3.568 · ŝ]✳ ❙✉❝❤ ♦✉t❧✐❡rs ❛r❡ t❤❡♥ ✏❝❧❡❛♥❡❞✑
❜② s❤r✐♥❦✐♥❣ t❤❡♠ t♦ t❤❡ ♥❡❛r❡st ❜♦✉♥❞❛r② ♦❢ t❤❛t ✐♥t❡r✈❛❧✳

❋♦r t❤❡ ✜①❡❞ ✐♥❝♦♠❡ ❛r❜✐tr❛❣❡ ✭❋■❆✮ ❤❡❞❣❡ ❢✉♥❞ r❡t✉r♥s✱ ✐t t✉r♥s ♦✉t t❤❛t µ̂M = .00640 ❛♥❞ ŝ = .00547
✐s [−.0131, .0259]✳ ❈♦rr❡s♣♦♥❞✐♥❣❧②✱ ❋■❆ r❡t✉r♥s ✇✐t❤ ✈❛❧✉❡s ❧❡ss t❤❛♥ ✲✳✵✶✸✶✱ ♦r ❣r❡❛t❡r t❤❛♥ ✳✵✷✺✾✱ ❛r❡
❞❡t❡❝t❡❞ ❛s ♦✉t❧✐❡rs ❛♥❞ s❤r✉♥❦ ❛❝❝♦r❞✐♥❣❧②✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦❞❡ r❡s✉❧ts ✐♥ ❋✐❣✉r❡ ✻✱ ✇❤✐❝❤ s❤♦✇s t❤❡ s❛♠♣❧❡
♠❡❛♥ ■❋ tr❛♥s❢♦r♠❡❞ ❋■❆ r❡t✉r♥s ✭✇❤✐❝❤ ❛r❡ ❡q✉❛❧ t♦ ❋■❆ r❡t✉r♥s ♠✐♥✉s t❤❡ ✈❡r② s♠❛❧❧ ♠❡❛♥ ♦❢ t❤❡ ❋■❆
r❡t✉r♥s✮ ✐♥ t❤❡ t♦♣ ♣❧♦t✱ ❛♥❞ t❤❡ ♦✉t❧✐❡r ❝❧❡❛♥❡❞ ■❋ tr❛♥❢♦r♠❛❡❞ ❋■❆ r❡t✉r♥s ✐♥ t❤❡ ❜♦tt♦♠ ♣❧♦t✳

r❡t❋■❆ ❁✲ ❡❞❤❡❝✩❋■❆

✐❢tr❋■❆ ❁✲ ■❋✳▼❡❛♥✭r❡t✉r♥s ❂ r❡t❋■❆✱ ■❋♣r✐♥t ❂ ❚✮

✐❢tr❋■❆❝❧❡❛♥ ❁✲ ■❋✳▼❡❛♥✭r❡t✉r♥s ❂ r❡t❋■❆✱ ❝❧❡❛♥❖✉t❧✐❡rs ❂ ❚✱ ❡❢❢ ❂ ✵✳✾✾✱ ■❋♣r✐♥t ❂ ❚✮

♣❛r✭♠❢r♦✇ ❂ ❝✭✷✱ ✶✮✮

♣❧♦t✭✐❢tr❋■❆✱ ♠❛✐♥ ❂ ✧❋■❆ ❘❡t✉r♥s✧✱ ❧✇❞ ❂ ✵✳✽✮

♣❧♦t✭✐❢tr❋■❆❝❧❡❛♥✱ ♠❛✐♥ ❂ ✧❖✉t❧✐❡r ❈❧❡❛♥❡❞ ❋■❆ ❘❡t✉r♥s✧✱ ❧✇❞ ❂ ✵✳✽✮

♣❛r✭♠❢r♦✇ ❂ ❝✭✶✱ ✶✮✮

✶✸



❋✐❣✉r❡ ✻✿ ■❋ ❛♥❞ ❖✉t❧✐❡r ❈❧❡❛♥❡❞ ■❋ ❚r❛♥s❢♦r♠❡❞ ❋■❆ ❘❡t✉r♥s

❏✉st ❛s ❛ ❝❤❡❝❦ t♦ ❝♦♠♣❛r❡ t❤❡ ■❋ tr❛♥s❢♦r♠❡❞ ❛♥❞ ♦✉t❧✐❡r ❝❧❡❛♥❡❞ ■❋ tr❛♥s❢♦r♠❡❞ ❋■❆ r❡t✉r♥s✱ ✇❡ s❤♦✇ ✐♥
❋✐❣✉r❡ ✼ t❤❡ ❢♦r♠❡r ♣❧♦t ✇✐t❤ ❛ s♦❧✐❞ ❧✐♥❡✱ ❛♥❞ t❤❡ ❧❛tt❡r ❛s ♦✈❡r❧❛✐❞ ❞♦ts✳

♣❧♦t✭✐❢tr❋■❆✱ ❧✇❞ ❂ ✵✳✽✱ ♠❛✐♥ ❂ ✧❋■❆ ❘❡t✉r♥s ✭❧✐♥❡✮ ❛♥❞ ❖✉t❧✐❡r ❈❧❡❛♥❡❞ ❋■❆ ❘❡t✉r♥s ✭❞♦ts✮✧✮

♣♦✐♥ts✭✐❢tr❋■❆❝❧❡❛♥✱ ♣❝❤ ❂ ✶✻✮

✶✹



❋✐❣✉r❡ ✼✿ ❖✈❡r❧❛✐❞ ■❋ ✭❧✐♥❡✮ ❛♥❞ ❖✉t❧✐❡r ❈❧❡❛♥❡❞ ■❋ ✭❞♦ts✮ ❚r❛♥s❢♦r♠❡❞ ❋■❆ ❘❡t✉r♥s

✺ ❘♦❜✉st ❊s✐♠❛t♦r ♦❢ ▼❡❛♥ ■♥✢✉❡♥❝❡ ❋✉♥❝t✐♦♥

❆s ❛♥ ❛❧t❡r♥❛t✐✈❡ t♦ t❤❡ ♦✉t❧✐❡r ❝❧❡❛♥✐♥❣ ♠❡t❤♦❞ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✱ t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ❢♦r ❛ r♦❜✉st ▼✲
❡st✐♠❛t♦r ♦❢ ❧♦❝❛t✐♦♥ ✭♠❡❛♥✮ ✐s ❛✈❛✐❧❛❜❧❡ ✐♥ ❘P❊■❋✳ ❆ r✐❣♦r♦✉s tr❡❛t♠❡♥t ♦❢ t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ ❧♦❝❛t✐♦♥
▼✲❡st✐♠❛t♦rs ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬▼❛r♦♥♥❛ ❡t ❛❧✳✱ ✷✵✶✾❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ ▼✲❡st✐♠❛t♦rs ♦❢
❧♦❝❛t✐♦♥ µM ✐s ❣✐✈❡♥ ❜②

IF (r;µM ;F ) = σ
ψ((r − µ̂∞)/σ)

EF [ψ′((r − µ̂∞)/σ)]
✭✶✽✮

✇❤❡r❡ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛❧✉❡ µ̂∞ s❛t✐s✜❡s

EF ((r − µ̂∞)/σ) = 0, ✭✶✾✮

❛♥❞ σ ✐s ❛ ❦♥♦✇♥ ❞✐s♣❡rs✐♦♥ ♣❛r❛♠❡t❡r✳ ❋♦r ❛ ♣r❡✈✐♦✉s❧② ❝♦♠♣✉t❡❞ ❞✐s♣❡rs✐♦♥ ❡st✐♠❛t♦r σ̂, ✐❢ F ✐s s②♠♠❡tr✐❝✱
t❤❡♥ t❤❡ ■❋ s✐♠♣❧✐✜❡s t♦

✶✺



IF (r;µM ;F ) = σ̂∞
ψ((r − µ̂∞)/σ̂∞)

EF [ψ′((r − µ̂∞)/σ̂∞)]
. ✭✷✵✮

❘❡♣❧❛❝✐♥❣ µ̂ ❛♥❞ σ̂∞ ❜② t❤❡✐r r♦❜✉st s❛♠♣❧❡ ❡st✐♠❛t❡s µ̂M ❛♥❞ ŝmad✱ ✭✷✵✮ ❝❛♥ t❤✉s ❜❡ ❢♦r♠✉❧❛t❡❞ ❢♦r ❛ ✜♥✐t❡
s❛♠♣❧❡ ❛s

IF (rt; µ̂M ;Fn) = ŝmad
ψ((rt − µ̂M )/ŝmad)

1
n

∑n
t=1[ψ

′((rt − µ̂M )/ŝmad)]
, ✭✷✶✮

✇❤❡r❡

ŝmad =MAD(r) = 1.4826 ·MED{|rt −MED(r)|}nt=1. ✭✷✷✮

■♥ ❘P❊■❋✱ t❤❡ ❢❛♠✐❧✐❡s ♦❢ ψ ❢✉♥❝t✐♦♥s ❛r❡ t❤❡ s❛♠❡ ♦♥❡s ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ♣❛❝❦❛❣❡ ❘♦❜❙t❛t❚▼✱ ♥❛♠❡❧② ♠❖♣t✱
♦♣t ❛♥❞ ❜✐sq✉❛r❡✳ ❚❤❡ ❞❡❢❛✉❧t ✐s t❤❡ ♠❖♣t ❢❛♠✐❧②✱ ✇❤❡r❡

ψmOpt(x) =

{

x |x| ≤ 1
φ(1)

φ(1)−a

(

x− SGN(x) a
φ(x)

)

U(c− |x|) |x| > 1
✭✷✸✮

✇❤❡r❡ φ(x) ✐s t❤❡ st❛♥❞❛r❞ ♥♦r♠❛❧ ❞❡♥s✐t② ❢✉♥❝t✐♦♥✱ U(x) ✐s t❤❡ ✉♥✐t st❡♣ ❢✉♥❝t✐♦♥✱ ❛♥❞ t❤❡ ❝♦♥st❛♥ts a ❛♥❞
c ❞❡♣❡♥❞ ♦♥ t❤❡ ❞❡s✐r❡❞ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ❡✣❝✐❡♥❝②✳ ❚❤❡s❡ ❝♦♥st❛♥ts ❛r❡ ❝♦♠♣✉t❡❞ ✐♥t❡r♥❛❧❧② ✐♥ ❘P❊■❋ ❢♦r
❛ ❞❡s✐r❡❞ ❡✣❝✐❡♥❝②✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦❞❡ ❝♦♠♣✉t❡s✱ ❛♥❞ ♣❧♦ts ✐♥ ❋✐❣✉r❡ ✽✱ t❤❡ ■❋✳▼❡❛♥ tr❛♥s❢♦r♠❡❞ ❋■❆ r❡t✉r♥s✱ ❛♥❞ t❤❡ ■❋✳r♦❜▼❡❛♥
tr❛♥s❢♦r♠❡❞ ❋■❆ r❡t✉r♥s✳

r❡t❋■❆ ❁✲ ❡❞❤❡❝✩❋■❆

✐❢tr❋■❆ ❁✲ ■❋✳▼❡❛♥✭r❡t✉r♥s ❂ r❡t❋■❆✱ ■❋♣r✐♥t ❂ ❚✮

✐❢tr❋■❆r♦❜ ❁✲ ■❋✳r♦❜▼❡❛♥✭r❡t✉r♥s ❂ r❡t❋■❆✱ ❢❛♠✐❧② ❂ ✧♠♦♣t✧✱ ❡❢❢ ❂ ✵✳✾✺✱ ■❋♣r✐♥t ❂ ❚✮

♣❛r✭♠❢r♦✇ ❂ ❝✭✷✱ ✶✮✮

♣❧♦t✭✐❢tr❋■❆✱ ♠❛✐♥ ❂ ✧■❋✳▼❡❛♥ ❚r❛♥s❢♦r♠❡❞ ❋■❆ ❘❡t✉r♥s✧✱ ❧✇❞ ❂ ✵✳✽✮

♣❧♦t✭✐❢tr❋■❆r♦❜✱ ♠❛✐♥ ❂ ✧■❋✳r♦❜▼❡❛♥ ❚r❛♥❢♦r♠❡❞ ❋■❆ ❘❡t✉r♥s✧✱ ❧✇❞ ❂ ✵✳✽✮

♣❛r✭♠❢r♦✇ ❂ ❝✭✶✱ ✶✮✮

✶✻



❋✐❣✉r❡ ✽✿ ■❋✳▼❡❛♥ ❛♥❞ ■❋✳r♦❜▼❡❛♥ ❋■❆ ❚r❛♥s❢♦r♠❡❞ ❋■❆ ❘❡t✉r♥s

❏✉st ❛s ❛ ❝❤❡❝❦ t♦ ❝♦♠♣❛r❡ t❤❡ ♥♦♥✲r♦❜✉st ❛♥❞ r♦❜✉st ■❋ tr❛♥❢♦r♠❡❞ ❋■❆ r❡t✉r♥s✱ ✇❡ s❤♦✇ ✐♥ ❋✐❣✉r❡ ✾ t❤❡
❢♦r♠❡r ♣❧♦t ✇✐t❤ ❛ s♦❧✐❞ ❧✐♥❡✱ ❛♥❞ t❤❡ ❧❛tt❡r ❛s ♦✈❡r❧❛✐❞ ❞♦ts✳

♣❧♦t✭✐❢tr❋■❆✱ ❧✇❞ ❂ ✵✳✽✱ ♠❛✐♥ ❂ ✧❋■❆ ❘❡t✉r♥s ✭❧✐♥❡✮ ❛♥❞ ❖✉t❧✐❡r ❈❧❡❛♥❡❞ ❋■❆ ❘❡t✉r♥s ✭❞♦ts✮✧✮

♣♦✐♥ts✭✐❢tr❋■❆r♦❜✱ ♣❝❤ ❂ ✶✻✮

✶✼



❋✐❣✉r❡ ✾✿ ■❋✳▼❡❛♥ ✭❧✐♥❡✮ ❛♥❞ ■❋✳r♦❜▼❡❛♥ ✭❞♦ts✮ ❚r❛♥s❢♦r♠❡❞ ❋■❆ ❘❡t✉r♥s

✻ Pr❡✇❤✐t❡♥✐♥❣

❙♣❡❝tr❛❧ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ❡st✐♠❛t✐♦♥ ✐s ❛ ❢r❡q✉❡♥t❧② ✉s❡❞ ♠❡t❤♦❞ ✐♥ t❤❡ ✜❡❧❞ ♦❢ s✐❣♥❛❧ ♣r♦❝❡ss✐♥❣✱ ❛♥❞ ✐♥ ♦t❤❡r
❡♥❣✐♥❡❡r✐♥❣ ❛♥❞ s❝✐❡♥❝❡ ❛♣♣❧✐❝❛t✐♦♥s✳ Pr❡✇❤✐t❡♥✐♥❣ ✐s ❛ t❡❝❤♥✐q✉❡ ♦❢t❡♥ ✉s❡❞ t♦ ✐♠♣r♦✈❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢
s♣❡❝tr❛❧ ❞❡♥s✐t② ❡st✐♠❛t♦rs✳ ❙✐♥❝❡ t❤❡ ❝♦r❡ ♦❢ t❤❡ ♠❡t❤♦❞ ❞❡s❝r✐❜❡❞ ✐♥ ❬❈❤❡♥ ❛♥❞ ▼❛rt✐♥✱ ✷✵✷✶❪ ✐s ❡st✐♠❛t✐♦♥
♦❢ ❛ s♣❡❝tr❛❧ ❞❡♥s✐t② ❛t ❢r❡q✉❡♥❝② ③❡r♦ ♦❢ ❛♥ ✐♥✢✉❡♥❝❡✲❢✉♥❝t✐♦♥ tr❛♥s❢♦r♠❡❞ r❡t✉r♥s t✐♠❡ s❡r✐❡s IFt✱ ✐t ✐s
♥❛t✉r❛❧ t♦ ❜❡ ❛❜❧❡ t♦ ✉s❡ ♣r❡✇❤✐t❡♥✐♥❣ ♦❢ t❤❛t t✐♠❡ s❡r✐❡s✳ ❚❤❡ s❡❈♦r■❋P❲ ✈❛r✐❛♥t ♦❢ t❤❡ ❜❛s✐❝ s❡❈♦r■❋
♠❡t❤♦❞ ✐♥ t❤❡ ❘P❊❙❊ ♣❛❝❦❛❣❡ ✐♠♣❧❡♠❡♥t s✉❝❤ ♣r❡✇❤✐t❡♥✐♥❣✳

❆ ♣r❡✇❤✐t❡♥❡❞ ✈❡rs✐♦♥ IF pw
t ♦❢ t❤❡ IFt t✐♠❡ s❡r✐❡s ✐s ❝♦♠♣✉t❡❞ ❛s

IF pw
t = IFt − ρ̂IFt−1 ✭✷✹✮

✇❤❡r❡ ρ̂ ✐s ❛ ❧❛❣✲♦♥❡ s❡r✐❛❧ ❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥t ❡st✐♠❛t ♦❢ t❤❡ IFt✳ ■♥ ❣❡♥❡r❛❧ t❤❡ IF pw
t s❡r✐❡s ✐s ♥♦t ❛ s❡r✐❛❧❧②

✉♥❝♦rr❡❧❛t❡❞ ✭✇❤✐t❡ ♥♦✐s❡✮ s❡r✐❡s✱ ❜✉t ✐t ❤❛s ❝♦♥s✐❞❡r❛❜❧② ❧❡ss s❡r✐❛❧ ❝♦rr❡❧❛t✐♦♥ t❤❛♥ IFt✱ ❛♥❞ ❛ ♣❡r✐♦❞♦❣r❛♠
❡st✐♠❛t♦r ❜❛s❡❞ ♦♥ IF pw

t ✇✐❧❧ s✉✛❡r ❢r♦♠ r❡❧❛t✐✈❡❧② ❧✐tt❧❡ ❜✐❛s ❝♦♠♣❛r❡❞ ✇✐t❤ ♦♥❡ ❜❛s❡❞ ♦♥ IFt✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦❞❡ ❝♦♠♣✉t❡s✱ ❛♥❞ ♣❧♦ts ✐♥ ❋✐❣✉r❡ ✶✵✱ t❤❡ ■❋✳❙❘ tr❛♥s❢♦r♠❡❞ ❋■❆ r❡t✉r♥s✱ ❛♥❞ t❤❡ ♣r❡✇❤✐t❡♥❡❞
■❋✳❙❘ tr❛♥s❢♦r♠❡❞ ❋■❆ r❡t✉r♥s✳

✶✽



✐❢tr❋■❆ ❁✲ ■❋✳❙❘✭r❡t✉r♥s ❂ r❡t❋■❆✱ ■❋♣r✐♥t ❂ ❚✮

P❲✐❢tr❋■❆ ❁✲ ■❋✳❙❘✭r❡t✉r♥s ❂ r❡t❋■❆✱ ♣r❡✇❤✐t❡♥ ❂ ❚✱ ■❋♣r✐♥t ❂ ❚✮

♣❛r✭♠❢r♦✇ ❂ ❝✭✷✱ ✶✮✮

♣❧♦t✭✐❢tr❋■❆✱ ♠❛✐♥ ❂ ✧■❋✳❙❘ ❚r❛♥s❢♦r♠❡❞ ❋■❆ ❘❡t✉r♥s✧✱ ❧✇❞ ❂ ✵✳✽✮

♣❧♦t✭P❲✐❢tr❋■❆✱ ♠❛✐♥ ❂ ✧Pr❡✇❤✐t❡♥❡❞ ■❋✳❙❘ ❚r❛♥s❢♦r♠❡❞ ❋■❆ ❘❡t✉r♥s✧✱ ❧✇❞ ❂ ✵✳✽✮

♣❛r✭♠❢r♦✇ ❂ ❝✭✶✱ ✶✮✮

❋✐❣✉r❡ ✶✵✿ ■❋✳❙❘ ❚r❛♥s❢♦r♠❡❞ ❋■❆ ❘❡t✉r♥s ✭t♦♣✮ ❛♥❞ Pr❡✇❤✐t❡♥❡❞ ❱❡rs✐♦♥ ♦❢ t❤❡ ❙❛♠❡ ✭❜♦tt♦♠✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦❞❡ ❝♦♠♣✉t❡s ❛♥❞ ❞✐s♣❧❛②s t❤❡ ❧❛❣✲✶ t❤r♦✉❣❤ ❧❛❣✲✺ ❛✉t♦❝♦rr❡❧❛t✐♦♥s ♦❢ t❤❡ t✐♠❡ s❡r✐❡s ✐♥ ❋✐❣✉r❡
✶✵✿

❝♦rr✳✐❢tr❋■❆ ❁✲ ❛❝❢✭✐❢tr❋■❆✱ ❧❛❣✳♠❛① ❂ ✺✱ ♣❧♦t ❂ ❋✮

❝♦rr✳P❲✐❢tr❋■❆ ❁✲ ❛❝❢✭P❲✐❢tr❋■❆✱ ❧❛❣✳♠❛① ❂ ✺✱ ♣❧♦t ❂ ❋✮

♦✉t ❁✲ ❞❛t❛✳❢r❛♠❡✭r♦✉♥❞✭r❜✐♥❞✭❝♦rr✳✐❢tr❋■❆✩❛❝❢✱ ❝♦rr✳P❲✐❢tr❋■❆✩❛❝❢✮✱ ✷✮✮

♥❛♠❡s✭♦✉t✮ ❁✲ ❝✭✧▲❛❣✵✧✱ ✧▲❛❣✶✧✱ ✧▲❛❣✷✧✱ ✧▲❛❣✸✧✱ ✧▲❛❣✹✧✱ ✧▲❛❣✺✧✮

r♦✇✳♥❛♠❡s✭♦✉t✮ ❁✲ ❝✭✧❛✉t♦❝♦rr✿ ■❋✳❙❘ ❋■❆ r❡t✧✱ ✧❛✉t♦❝♦rr✿ P❲ ■❋✳❙❘ ❋■❆ r❡t✧✮

♦✉t❬✲✶❪

★★ ▲❛❣✶ ▲❛❣✷ ▲❛❣✸ ▲❛❣✹ ▲❛❣✺

✶✾



★★ ❛✉t♦❝♦rr✿ ■❋✳❙❘ ❋■❆ r❡t ✵✳✹✹ ✵✳✶✵ ✵✳✵✶ ✵✳✵✶ ✲✵✳✵✻

★★ ❛✉t♦❝♦rr✿ P❲ ■❋✳❙❘ ❋■❆ r❡t ✵✳✵✺ ✲✵✳✵✾ ✲✵✳✵✺ ✵✳✵✹ ✲✵✳✵✼

❖✉t❧✐❡r ❈❧❡❛♥✐♥❣ Pr✐♦r t♦ Pr❡✇❤✐t❡♥✐♥❣

❙✐♥❝❡ ♦✉t❧✐❡rs ❝❛♥ ❤❛✈❡ ❛❞✈❡rs❡ ✐♥✢✉❡♥❝❡ ♥♦t ♦♥❧② ♦♥ r✐s❦ ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ❡st✐♠❛t♦rs✱ ❜✉t ❛❧s♦ ♦♥ t❤❡
❡st✐♠❛t♦r ρ̂ ✉s❡❞ ❢♦r ♣r❡✇❤✐t❡♥✐♥❣✱ ✐t ✐s ❛❧✇❛②s ❛ ❣♦♦❞ ✐❞❡❛ t♦ ❛♣♣❧② t❤❡ ♦✉t❧✐❡r ❝❧❡❛♥✐♥❣ ♠❡❤♦❞ ♦❢ ❙❡❝t✐♦♥
✹ ❜❡❢♦r❡ ♣r❡✇❤✐t❡♥✐♥❣✳ ❲❡ ✐❧❧✉str❛t❡ ❞♦✐♥❣ t❤✐s ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦❞❡ ❛♥❞ ♣❧♦ts✱ ❛♥❞ ❛✉t♦❝♦rr❡❧❛t✐♦♥
❝❛❧❝✉❧❛t✐♦♥s✳

✐❢tr❋■❆❝❧ ❁✲ ■❋✳▼❡❛♥✭r❡t✉r♥s ❂ r❡t❋■❆✱ ❝❧❡❛♥❖✉t❧✐❡rs ❂ ❚✱ ■❋♣r✐♥t ❂ ❚✮

P❲✐❢tr❋■❆❝❧ ❁✲ ■❋✳▼❡❛♥✭r❡t✉r♥s ❂ r❡t❋■❆✱ ❝❧❡❛♥❖✉t❧✐❡rs ❂ ❚✱ ♣r❡✇❤✐t❡♥ ❂ ❚✱ ■❋♣r✐♥t ❂ ❚✮

♣❛r✭♠❢r♦✇ ❂ ❝✭✷✱ ✶✮✮

♣❧♦t✭✐❢tr❋■❆❝❧✱ t②♣❡ ❂ ✧❜✧✱ ♠❛✐♥ ❂ ✧❋■❆ ❖✉t❧✐❡r ❈❧❡❛♥❡❞ ❘❡t✉r♥s✧✱ ❧✇❞ ❂ ✵✳✽✮

♣❧♦t✭P❲✐❢tr❋■❆❝❧✱ t②♣❡ ❂ ✧❜✧✱ ♠❛✐♥ ❂ ✧Pr❡✇❤✐t❡♥❡❞ ❋■❆ ❖✉t❧✐❡r ❈❧❡❛♥❡❞ ❘❡t✉r♥s✧✱ ❧✇❞ ❂ ✵✳✽✮

♣❛r✭♠❢r♦✇ ❂ ❝✭✶✱ ✶✮✮

❋✐❣✉r❡ ✶✶✿ ■❋✳❙❘ ❚r❛♥s❢♦r♠❡❞ ❖✉t❧✐❡r ❈❧❡❛♥❡❞ ❋■❆ ❘❡t✉r♥s ✭t♦♣✮ ❛♥❞ Pr❡✇❤✐t❡♥❡❞ ❱❡rs✐♦♥ ♦❢ t❤❡ ❙❛♠❡
✭❜♦tt♦♠✮

✷✵



❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦❞❡ ❝♦♠♣✉t❡s ❛♥❞ ❞✐s♣❧❛②s t❤❡ ❧❛❣✲✶ t❤r♦✉❣❤ ❧❛❣✲✺ ❛✉t♦❝♦rr❡❧❛t✐♦♥s ♦❢ t❤❡ t✐♠❡ s❡r✐❡s ✐♥ ❋✐❣✉r❡
✶✶✿

❝♦rr✳✐❢tr❋■❆❝❧ ❁✲ ❛❝❢✭✐❢tr❋■❆❝❧✱ ❧❛❣✳♠❛① ❂ ✺✱ ♣❧♦t ❂ ❋✮

❝♦rr✳P❲✐❢tr❋■❆❝❧ ❁✲ ❛❝❢✭P❲✐❢tr❋■❆❝❧✱ ❧❛❣✳♠❛① ❂ ✺✱ ♣❧♦t ❂ ❋✮

♦✉t ❁✲ ❞❛t❛✳❢r❛♠❡✭r♦✉♥❞✭r❜✐♥❞✭❝♦rr✳✐❢tr❋■❆❝❧✩❛❝❢✱ ❝♦rr✳P❲✐❢tr❋■❆❝❧✩❛❝❢✮✱ ✷✮✮

♥❛♠❡s✭♦✉t✮ ❁✲ ❝✭✧▲❛❣✵✧✱ ✧▲❛❣✶✧✱ ✧▲❛❣✷✧✱ ✧▲❛❣✸✧✱ ✧▲❛❣✹✧✱ ✧▲❛❣✺✧✮

r♦✇✳♥❛♠❡s✭♦✉t✮ ❁✲ ❝✭✧❛✉t♦❝♦rr✿ ■❋✳❙❘ ❈❧❡❛♥❡❞ ❋■❆ r❡t✧✱ ✧❛✉t♦❝♦rr✿ P❲ ■❋✳❙❘ ❈❧❡❛♥❡❞ ❋■❆ r❡t✧✮

♦✉t❬✱ ✲✶❪

★★ ▲❛❣✶ ▲❛❣✷ ▲❛❣✸ ▲❛❣✹ ▲❛❣✺

★★ ❛✉t♦❝♦rr✿ ■❋✳❙❘ ❈❧❡❛♥❡❞ ❋■❆ r❡t ✵✳✹✶ ✵✳✶✾ ✵✳✷✻ ✵✳✶✹ ✵✳✵✵

★★ ❛✉t♦❝♦rr✿ P❲ ■❋✳❙❘ ❈❧❡❛♥❡❞ ❋■❆ r❡t ✲✵✳✵✷ ✲✵✳✵✻ ✵✳✷✵ ✵✳✵✼ ✲✵✳✵✻

❆♣♣❡♥❞✐① ❆✳ ❊st✐♠❛t♦r ❋✉♥❝t✐♦♥❛❧ ❋♦r♠s ❛♥❞ ■♥✢✉❡♥❝❡ ❋✉♥❝t✐♦♥

❋♦r♠✉❧❛s

❍❡r❡ ✇❡ ♣r♦✈✐❞❡ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ♦❢ ❛❧❧ t❤❡ ❡st✐♠❛t♦rs ✐♥ ❚❛❜❧❡✷✱ ❛♥❞ t❤❡ ❢♦r♠✉❧❛s ❢♦r t❤❡✐r ✐♥✢✉❡♥❝❡
❢✉♥❝t✐♦♥s✳ ❚❤❡ ✐♥t❡r❡st❡❞ r❡❛❞❡r ❝❛♥ ✜♥❞ t❤❡ ❞❡r✐✈❛t✐♦♥s ♦❢ t❤❡s❡ ❢♦r♠✉❧❛s ✐♥ ❬❩❤❛♥❣✱ ✷✵✵✾❪✳

▼❡❛♥

❚❤❡ ❢✉♥❝t✐♦♥❛❧ r❡♣r❡s❡♥t❛t✐♦♥ µ(F ) ♦❢ t❤❡ s❛♠♣❧❡ ♠❡❛♥ ❡st✐♠❛t♦r ✐s ❣✐✈❡♥ ❜② ✭✶✮✱ ❛♥❞ t❤❡ ❢♦r♠✉❧❛ ❢♦r t❤❡
✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s❛♠♣❧❡ ♠❡❛♥ ✐s✿

IF (r;µ;F ) = r − µ ✭✷✺✮

✇❤❡r❡ µ = µ(F )✳

❙t❛♥❞❛r❞ ❉❡✈✐❛t✐♦♥

❚❤❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ♦❢ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✐s

σ(F ) =

(
∫

(x− µ(F ))2dF (x)

)1/2

. ✭✷✻✮

❛♥❞ t❤❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✐s✿

IF (r;σ;F ) =
1

2σ

(

(r − µ)
2 − σ2

)

✭✷✼✮

✷✶



❙❡♠✐✲❙t❛♥❞❛r❞ ❉❡✈✐❛t✐♦♥ ✭❙❡♠✐❙❉✮

❚❤❡ ❢✉♥❝t✐♦♥❛❧ r❡s♣r❡s❡♥t❛t✐♦♥ SSD(F ) ♦❢ t❤❡ s❛♠♣❧❡ s❡♠✐✲st❛♥❞❛r❞ ❞❡✈✐❛t♦♥ ✐s

SSD(F ) =

(

∫ µ(F )

−∞

(x− µ(F ))2dF (x)

)1/2

✭✷✽✮

❛♥❞ t❤❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s❛♠♣❧❡ s❡♠✐✲st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✐s✿

IF (r;SSD;F ) =
(r − µ)2 · I(r ≤ µ)− 2 · SMEAN · (r − µ)− SSD2

2 · SSD ✭✷✾✮

✇❤❡r❡ µ = µ(F )✱ SSD = SSD(F )✱ ❛♥❞ SMEAN ✐s t❤❡ ✏s❡♠✐✲♠❡❛♥✑ SMEAN(F ) =
∫ µ

−∞
(x− µ)dF (x)✳

▲♦✇❡r P❛rt✐❛❧ ▼♦♠❡♥t ✭▲P▼✮

❚❤❡r❡ ❛r❡ t✇♦ ✈❡rs✐♦♥s ♦❢ ▲P▼ ❛✈❛✐❧❛❜❧❡✱ t❤❡ ❧♦✇❡r ♣❛rt✐❛❧ ♠♦♠❡♥t ♦❢ ♦r❞❡r ♦♥❡ LPM1c✱ ❛♥❞ t❤❡ ❧♦✇❡r
♣❛rt✐❛❧ ♠♦♠❡♥t ♦❢ ♦r❞❡r t✇♦ LPM2c✱ ✇❤♦s❡ ❢✉♥❝t✐♦♥❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ❛r❡ s♣❡❝✐❛❧ ❝❛s❡s ♦❢ t❤❡ ♦r❞❡r n ❧♦✇❡r
♣❛rt✐❛❧ ♠♦♠❡♥t

LPMnc(F ) =

∫ c

−∞

(c− x)ndF (x) ✭✸✵✮

✇❤❡r❡ c ✐s ❛ ✉s❡r s♣❡❝✐✜❡❞ ❝♦♥st❛♥t ✏t❤r❡s❤♦❧❞✑✳ ❚❤✐s t❤r❡s❤♦❧❞ ✐s ♦❢t❡r♥ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ♠✐♥✐♠✉♠ ❛❝❝❡♣t❛❜❧❡

r❡t✉r♥✱ ✭MAR✮✳

❚❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ❢♦r♠✉❧❛s ♦❢ t❤❡s❡ t✇♦ ❧♦✇❡r ♣❛rt✐❛❧ ♠♦♠❡♥ts ❛r❡✿

IF (r;LPM1c;F ) = (c− r)I(r ≤ c)− LPM1c ✭✸✶✮

✇❤❡r❡ LPM1c = LPM1c(F )✱ ❛♥❞

IF (r;LPM2c;F ) = (c− r)
2
I(r ≤ c)− LPM2c ✭✸✷✮

✇❤❡r❡ LPM2c = LPM c(F )✱

❱❛❧✉❡✲❛t✲❘✐s❦ ✭❱❛❘✮

❚❤❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ❢♦r ✈❛❧✉❡✲❛t✲r✐s❦ ✐s

V aRα(F ) = −qα(F ). ✭✸✸✮

❚❤❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ ❱❛❘ ✐s✿

IF (r;V aRα;F ) =
1

f(qα)
(I(r ≤ qα)− α) ✭✸✹✮

✷✷



❊①♣❡❝t❡❞ ❙❤♦rt❢❛❧❧ ✭❊❙✮

❚❤❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ♦❢ ❡①♣❡❝t❡❞ s❤♦rt❢❛❧❧ ✐s

ESα(F ) = − 1

α

∫ qα(F )

−∞

x · dF (x). ✭✸✺✮

❚❤❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❊❙ ✐s✿

IF (r;ES;F ) = − I(r ≤ qα)

α
· (r − qα)− qα − ESα ✭✸✻✮

❙❤❛r♣❡ ❘❛t✐♦ ✭❙❘✮

❚❤❡ ❢✉♥❝t✐♦♥❛❧ r❡♣rs❡♥t❛t✐♦♥ ♦❢ t❤❡ ❙❤❛r♣❡ r❛t✐♦ ✐s

SR(F ) =
µ(F )− rf
σ(F )

=
µe(F )

σ(F )
. ✭✸✼✮

❛♥❞ t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ❙❤❛r♣❡ r❛t✐♦ ✐s

IF (r;SR;F ) = − µe

2σ3
(r − µ)

2
+

1

σ
(r − µ) +

µe

2σ

✇❤❡r❡ µe = µe(F ) =µ(F )− rf ✱ ❛♥❞ σ = σ(F )✳

❉♦✇♥s✐❞❡ ❙❤❛r♣❡ ❘❛t✐♦ ✭❉❙❘✮

❚❤❡ ❢✉♥❝t✐♦♥❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❞♦✇♥s✐❞❡ ❙❤❛r♣❡ r❛t✐♦ ✐s

DSR(F ) =
µ(F )− rf√
2SSD(F )

=
µe(F )√
2SSD(F )

✭✸✽✮

❛♥❞ t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ❢♦r
√
2DSR(F ) ✐s

IF (r;
√
2DSR;F ) = −DSR · I(r ≤ µ)

2 · SemiSD2
(r − µ)2 +

(

DSR · SemiMean

SemiSD2
+

1

SemiSD

)

(r − µ) +
DSR

2

✇❤❡r❡ µ = µ(F )✱ SemiMean = SemiMean(F )✱ SemiSD = SemiSD(F )✱ ❛♥❞ DSR = DSR(F )✳ ❙♦ t❤❡
✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ DSR(F ) ✐s ❣✐✈❡♥ ❜② t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥ ❞✐✈✐❞❡❞ ❜②

√
2✳

✷✸



❙♦rt✐♥♦ ❘❛t✐♦ ✭❙♦❘✮

❚❤❡r❡ ❛r❡ t✇♦ ✈❡rs✐♦♥s ♦❢ t❤❡ ❙♦rt✐♥♦ r❛t✐♦✳ ❚❤❡ ✜rst ✈❡rs✐♦♥ ♦❢ ❙♦❘ ❤❛s t❤❡ ❢✉♥❝t✐♦♥❛❧ r❡♣r❡s❡♥t❛t✐♦♥

SoRc(F ) =
µ(F )− rf

√

LPM2c(F )
=

µe(F )
√

LPM2c(F )
✭✸✾✮

✇❤❡r❡ t❤❡ s✉❜s❝r✐♣t c r❡✢❡❝ts t❤❡ ✉s❡ ♦❢ t❤❡ ❝♦♥st❛♥t t❤r❡s❤♦❧❞ ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r ❧♦✇❡r ♣❛rt✐❛❧ ♠♦♠❡♥t ♦❢
♦r❞❡r t✇♦✳

❚❤❡ s❡❝♦♥❞ ✈❡rs✐♦♥ ♦❢ ❙♦❘ ❤❛s t❤❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠

SoRµ(F ) =
µ(F )− rf
SSD(F )

=
µe(F )

SSD(F )
✭✹✵✮

✇❤❡r❡ t❤❡ s✉❜s❝r✐♣t µ ✐♥❞✐❝❛t❡s t❤❡ ✉s❡ ♦❢ t❤❡ ♠❡❛♥ ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r s❡♠✐✲st❛♥❞❛r❞ ❞❡✈✐❛t♦♥✳

❚❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ❢♦r SoRc(F ) ✐s

IF (r;SoRc;F ) =
−SoRc · I(r ≤ c)

2 · LPM2c
(r − c)2 +

1√
LPM2c

(r − µ) +
SoRc

2
✭✹✶✮

✇❤❡r❡ µ = µ(F ),LPM2c = LPM2c(F )✱ SoRc = SoRc(F )✳

❚❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ❢♦r SoRµ(F ) ✐s

IF (r;SoRµ;F ) = −SoRµ · I(r ≤ µ)

2 · SSD2
(r − µ)2 +

(

SoRµ · SMEAN

SSD2
+

1

SSD

)

(r − µ) +
SoRµ

2
✭✹✷✮

✇❤❡r❡ µ = µ(F ),SSD = SSD(F )✱ SoRµ = SoRµ(F )✳

❊①♣❡❝t❡❞ ❙❤♦rt❢❛❧❧ ❘❛t✐♦ ✭❊❙r❛t✐♦✮

❚❤❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ✐s

ESratio(F ) =
µ(F )− rf
ESα(F )

=
µe(F )

ESα(F )
✭✹✸✮

❚❤❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❊❙r❛t✐♦ ✐s✿

IF (r;ESratio;F ) =
r − µ

ESα
− ESratio

ESα

(

− qα − ESα − I(r ≤ qα)

α
· (r − qα)

)

✭✹✹✮

✷✹



❱❛❧✉❡✲❛t✲❘✐s❦ ❘❛t✐♦ ✭❱❛❘r❛t✐♦✮

❚❤❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ♦❢ t❤❡ ❱❛❘ r❛t✐♦ ✐s✿

V aRratio(F ) =
µ(F )− rf
V aR(F )

=
µe(F )

−qα(F )
✭✹✺✮

❚❤❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❱❛❘r❛t✐♦ ✐s✿

IF (r;V aRratio;F ) = −r − µ

qα
+
V aRratio

qα
× I(r ≤ qα)− α

f(qα)
. ✭✹✻✮

❘❛❝❤❡✈ ❘❛t✐♦ ✭❘❛❝❤❘✮

❚❤❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ✐s✿

RachR(F ) =
EGβ

ESα
=

1
β ·
∫ +∞

q1−β
xdF (x)

− 1

α
·
∫ qα
−∞

xdF (x)

✇❤❡r❡ ESα = ESα(F ) ✐s t❤❡ ❡①♣❡❝t❡❞ s❤♦rt❢❛❧❧ ❛t ❧❡✈❡❧ α ❛♥❞ EGβ = EGβ(F ) ✐s t❤❡ ❡①♣❡❝t❡❞ t❛✐❧ ❣❛✐♥ ❛t
✉♣♣❡r β✲q✉❛♥t✐❧❡ ❞❡✜♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥

EGβ =
1

β
·
∫ +∞

q1−β

xdF (x)

❚❤❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❘❛❝❤❡✈ r❛t✐♦ ✐s✿

IF (r;RaR;F ) =
1

ESα

(

I(r ≥ q1−β)

β
(r − q1−β)+q1−β−EGβ

)

−RachR
ESα

·
(−I(r ≤ qα)

α
(r − qα)−qα−ESα

)

✭✹✼✮

❖♠❡❣❛ ❘❛t✐♦ ✭❖♠❡❣❛✮

❚❤❡ ❢✉♥❝t✐♦♥❛❧ ✐s✿

Ω(F ) =
UPM1c(F )

LPM1c(F )
=

∫ +∞

c
(x− c) f(x)dx

∫ c

−∞
(c− x) f(x)dx

❚❤❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❖♠❡❣❛ r❛t✐♦ ✐s✿

IF (r; Ω;F ) =
1

LPM1c
·
(

(r − c) · I(r ≥ c)− UPM1c

)

− Ω

LPM1c
·
(

(c− r)·I(r ≤ c)− LPM1c

)

✭✹✽✮

✷✺



❆♣♣❡♥❞✐① ❇✳ ■❋ ◆✉✐s❛♥❝❡ P❛r❛♠❡t❡rs ❈❛❧❝✉❧❛t✐♦♥ ❢♦r ◆♦r♠❛❧❧② ❉✐s✲

tr✐❜✉t❡❞ ❘❡t✉r♥s

■♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ t❤❡ ✈❛❧✉❡s ♦❢ ❛♥② ♦❢ t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥s ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✱ ✈❛❧✉❡s ♦❢ t❤❡ ♥✉✐s❛♥❝❡
♣❛r❛♠❡t❡rs ❧✐st❡❞ ✐♥ t❤❡ t❤✐r❞ ❝♦❧✉♠♥ ♦❢ ❚❛❜❧❡ ✭✷✮ ❛r❡ ♥❡❡❞❡❞✳ ❖♥❡ ✇❛② ♦❢ ♦❜t❛✐♥✐♥❣ t❤❡ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡rs
✐s t♦ s♣❡❝✐❢② t❤❡♠ ✇✐t❤ ✏t②♣✐❝❛❧✑ ✈❛❧✉❡s ❜❛s❡❞ ❛♥ ❛ss✉♠❡❞ r❡t✉r♥s ❞✐str✐❜✉t✐♦♥✳ ❋♦r t❤❡ r✐s❦ ♠❡❛s✉r❡ ❡st✐♠❛t♦rs
❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡ ❡st✐♠❛t♦rs✱ ✇❡ s❤❛❧❧ ❞♦ s♦ ❤❡r❡ ❢♦r ❛♥ ❛ss✉♠❡❞ r❡t✉r♥s ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✱ ✇✐t❤
♠♦♥t❤❧② ♠❡❛♥ r❡t✉r♥ ♦❢ ✶✪ ❛♥❞ r✐s❦✲❢r❡❡ r❛t❡ rf = 0✱ ❛♥❞ ♠♦♥t❤❧② ✈♦❧❛t✐❧✐t② ♦❢ ✺✪ ✭t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛♥♥✉❛❧
♠❡❛♥ ❛♥❞ ✈♦❧❛t✐❧✐t② ❛r❡ ✶✷✪ ❛♥❞ ✶✼✳✸✪✱ r❡s♣❡❝t✐✈❡❧②✮✳ ❲❡ ❛❧s♦ ♥♦t❡ t❤❛t ✇❡ ✉s❡ α = 0.10 ❢♦r q✉❛♥t✐❧❡s✱ ❱❛❘
❛♥❞ ❊❙✱ ✉s❡ t❤❛t α ✈❛❧✉❡ ❛❧♦♥❣ ✇✐t❤ t❤❡ ✈❛❧✉❡ β = 0.10 ❢♦r t❤❡ ❘❛❝❤❡✈ r❛t✐♦✱ ❛♥❞ ✉s❡ c = 0 ❢♦r ❧♦✇❡r ♣❛rt✐❛❧
♠♦♠❡♥ts ❛♥❞ ❙♦rt✐♥♦ r❛t✐♦ ✇✐t❤ ✜①❡❞ t❤r❡s❤♦❧❞✳ ❇❡❧♦✇ ✇❡ ❞✐s♣❧❛② t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡s
s❤♦✇♥ ✐♥ t❤❡ t❤✐r❞ ❝♦❧✉♠♥ ♦❢ ❚❛❜❧❡ ✭✷✮✳

❙❡♠✐❙❉

σ2 = 2 · σ2
semisd = 2 · SemiSD2✱ ❛♥❞ s♦ SSD = σ/

√
2✳ ❚❤✉s SemiSD = 0.0353✳

❙▼❡❛♥

❙▼❡❛♥ =
∫ µ

−∞
(r− µ)f(r)dr✱ ❛♥❞ ❢♦r f(r|µ, σ) = 1√

2π
· exp

(

(r − µ)2

2σ2

)

✱ ✇❡ ❤❛✈❡ ❙▼❡❛♥ =
−σ√
2π

= −0.0199✳

▲P▼✶

❯♥❞❡r ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ N(µ, σ2)✱ LPM1c = LPM1c(µ, σ) ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ µ ❛♥❞ σ ✐s

LPM1c(µ, σ) =

∫ c

−∞

(c− x)f(x|µ, σ)dx

=

∫ d

−∞

(d− y)f(y|0, 1)dy · σ

= (d · Φ(d) + φ(d)) · σ

✇❤❡r❡ d =
c− µ

σ
❛♥❞ Φ ❛♥❞ φ ❛r❡ t❤❡ ❝❞❢ ❛♥❞ ♣❞❢ ♦❢ t❤❡ st❛♥❞❛r❞ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✳

❋♦r t❤❡ ❣✐✈❡♥ ✈❛❧✉❡s ♦❢ µ✱ σ✱ ❛♥❞ c = 0✱ ✇❡ ❤❛✈❡✿

LPM1c = .0153✳

▲P▼✷

❋♦r t❤❡ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ N(µ, σ2)✱ LPM2c = LPM2c(µ, σ) ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ µ ❛♥❞ σ ✐s

LPM2c(µ, σ) =

∫ c

−∞

(c− x)2f(x|µ, σ)dx

=

∫ d

−∞

(d− y)2f(y|0, 1)dy · σ2

=
((

d2 + 1
)

· Φ(d) + d · φ(d)
)

· σ2

✷✻



✇❤❡r❡ d =
c− µ

σ
❛♥❞ Φ ❛♥❞ φ ❛r❡ t❤❡ ❝❞❢ ❛♥❞ ♣❞❢ ♦❢ t❤❡ st❛♥❞❛r❞ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✳ ❋♦r t❤❡

❣✐✈❡♥ ✈❛❧✉❡ ♦❢ µ = 1%✱ σ = 5% ❛♥❞ c = 0✱ ✇❡ ❤❛✈❡

LPM2c = .000898.

❊①♣❡❝t❡❞ ❙❤♦rt❢❛❧❧

❚❤❡ ❢♦r♠✉❧❛ ❢♦r ❡①♣❡❝t❡❞ s❤♦rt❢❛❧❧ ❢♦r ❛ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✐s

ESα = −µ+ σ · φ(zα)
α

✇❤❡r❡ φ ✐s t❤❡ st❛♥❞❛r❞ ♥♦r♠❛❧ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ❛♥❞ zα ✐s t❤❡ ❧♦✇❡r α✲q✉❛♥t✐❧❡ ♦❢ t❤❡ st❛♥❞❛r❞ ♥♦r♠❛❧
❞✐str✐❜✉t✐♦♥✳ ❋♦r t❤❡ s♣❡❝✐✜❡❞ ♣❛r❛♠❡t❡rs✱ ✇❡ ❤❛✈❡ ESα = .0777✳

❆❧♣❤❛ ◗✉❛♥t✐❧❡

❋♦r t❤❡ s♣❡❝✐✜❡❞ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✱ t❤✐s q✉❛♥t✐❧❡ ✐s qα = q.10 = −0.0541✳

❱❛❘

❋♦r ❱❛❘ t❤❡ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡r f(qα) ✐s t❤❡ ♥♦r♠❛❧ ❞❡♥s✐t② fnormal(r;µ, σ
2) ❡✈❛❧✉❛t❡❞ ❛t r = qα✱ ❛♥❞ ❢♦r

t❤❡ s♣❡❝✐✜❡❞ ♣❛r❛♠❡t❡rs ✇❡ ❤❛✈❡ fnormal(qα;µ, σ
2) = 3.51✳

❙❤❛r♣❡ ❘❛t✐♦ ✭❙❘✮

❋♦r t❤❡ s♣❡❝✐✜❡❞ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ µ = µe = 1% ❛♥❞ σ = 5%✱ t❤❡ ❙❤❛r♣❡ r❛t✐♦ ✐s SR = 0.2.

❉♦✇♥s✐❞❡ ❙❤❛r♣❡ ❘❛t✐♦ ✭❉❙❘✮

❋♦r t❤❡ s♣❡❝✐✜❡❞ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ µ = µe = 1% ❛♥❞ σ = 5%✱ ✇❡ ❤❛✈❡ SemiSD = σ = .05✱

SMEAN = −φ(0) · σ = −.0199✱ ❛♥❞ DSR =
µe√

2SemiSD
= .2.

❙♦rt✐♥♦ ❘❛t✐♦ ✭❙♦❘✮ ✇✐t❤ ▼❡❛♥ ❚❤r❡s❤♦❧❞

❋♦r t❤❡ s♣❡❝✐✜❡❞ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ µ = µe = 1% ❛♥❞ σ = 5%✱ ✇❡ ❤❛✈❡ SemiSD = σ/
√
2 = .0354✱

SMEAN = −φ(0) · σ = −.0199✱ ❛♥❞ SoRµ =
µe

SemiSD
= .2828.

✷✼



❙♦rt✐♥♦ ❘❛t✐♦ ✭❙♦❘✮ ✇✐t❤ ❈♦♥st❛♥t ❚❤r❡s❤♦❧❞ ❝

❋♦r t❤❡ s♣❡❝✐✜❡❞ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ µ = µe = 1% ❛♥❞ σ = 5%✱ d =
c− µ

σ
= −.2. ❚❤❡r❡❢♦r❡ LPM2c =

((

d2 + 1
)

· Φ(d) + d · φ(d)
)

· σ2 = .000898✳

❙♦rt✐♥♦ r❛t✐♦ ✇✐t❤ ❝♦♥st❛♥t t❤r❡s❤♦❧❞ ❝ ✐s SoRc =
µe√

LPM2c
= .3337.

❊①♣❡❝t❡❞ ❙❤♦rt❢❛❧❧ ❘❛t✐♦ ✭❊❙r❛t✐♦✮

❋♦r t❤❡ s♣❡❝✐✜❡❞ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ µ = µe = 1% ❛♥❞ σ = 5%✱ ✇❡ ❤❛✈❡ qα = q.10 = −.0541. ❚❤❡
❡①♣❡❝t❡❞ s❤♦rt❢❛❧❧ ✐s ESα = −µ+ σ · φ(zα)

α
= .0777 ❛♥❞ ❊❙ r❛t✐♦ ✐s ESratio =

µe

ESα
= .129.

❱❛❘ ❘❛t✐♦ ✭❱❛❘r❛t✐♦✮

❋♦r t❤❡ s♣❡❝✐✜❡❞ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ µ = µe = 1% ❛♥❞ σ = 5%✱ ✇❡ ❤❛✈❡ qα = q.10 = −.0541. ❚❤❡ ❱❛❘
r❛t✐♦ ✐s V aRratio =

µe

−qα
= .185.

❘❛❝❤❡✈ ❘❛t✐♦ ✭❘❛❝❤❘✮

❋♦r t❤❡ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ N(µ, σ2)✱ t❤❡ ✉♣♣❡r β✲q✉❛♥t✐❧❡ ✐s q1−β = µ+z1−β ·σ = .01+1.2816× .05 = .0741.

❚❤❡ ❡①♣❡❝t❡❞ t❛✐❧ ❣❛✐♥ ❛t ✉♣♣❡r β✲q✉❛♥t✐❧❡ ✐s

EGβ =
1

β
·
∫ +∞

q1−β

xf(x|µ, σ)dF (x)

=
1

β
·
∫ +∞

z1−β

(µ+ σy)f(y|0, 1)dy

=
µ

β
·
∫ +∞

z1−β

f(y|0, 1)dy + σ

β
·
∫ +∞

z1−β

y · f(y|0, 1)dy

= µ+
σ

β
·
∫ +∞

z1−β

y · 1√
2π

· exp
(−y2

2

)

dy

= µ+
σ

β
· 1√

2π
· exp

(− (z1−β)
2

2

)

= µ+
σ

β
· φ (z1−β)

❲✐t❤ t❤❡ s♣❡❝✐✜❡❞ ♣❛r❛♠❡t❡rs✱ EGβ = .0977.

❚❤❡ ❘❛❝❤❡✈ r❛t✐♦ ✐s RachR =
EGβ

ESα
=
.0977

.0777
= 1.257.

✷✽



❖♠❡❣❛ ❘❛t✐♦ ✭❖♠❡❣❛✮

❋♦r t❤❡ ❣✐✈❡♥ ♣❛r❛♠❡t❡rs✱ t❤❡ ▲P▼✶ ✐s LPM1c(µ, σ) = (d · Φ(d) + φ(d)) · σ = .0153.

❚❤❡ ✉♣♣❡r ♣❛rt✐❛❧ ♠♦♠❡♥t ✐s

UPM1c(µ, σ) =

∫ +∞

c

(x− c) f(x|µ, σ)dx

=

∫ +∞

−∞

(x− c) f(x|µ, σ)dx−
∫ c

−∞

(x− c) f(x|µ, σ)dx

= µ− c+

∫ c

−∞

(c− x)f(x|µ, σ)dx

= µ− c+ LPM1c(µ, σ)

❚❤❡r❡❢♦r❡ UPM1c(µ, σ) = .01− 0 + .0153 = .0253 ❛♥❞ t❤❡ ❖♠❡❣❛ r❛t✐♦ ✐s Ω =
.0153

.0253
= 1.652.

❈♦❞❡ ❢♦r ❆❜♦✈❡ ❈❛❧❝✉❧❛t✐♦♥s

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦❞❡ ✐s ✐♥ ❡ss❡♥❝❡ ✉s❡❞ ✐♥ t❤❡ ❘P❊■❋ ♣❛❝❦❛❣❡ ❢✉♥❝t✐♦♥ ♥✉✐sP❛rs❋♥✳

★✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲

★ ◆✉✐s❛♥❝❡ P❛r❛♠❡t❡rs ✲ ❘✐s❦ ❊st✐♠❛t♦rs

★✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲

★ ▼❡❛♥

♠✉ ❁✲ ✵✳✵✶

s❞ ❁✲ ✵✳✵✺

❝ ❁✲ ✵

❛❧♣❤❛ ❁✲ ✵✳✶

★ ❙❡♠✐❙❉

❙❡♠✐❙❉ ❁✲ s❞✴sqrt✭✷✮

❙❡♠✐❙❉

★★ ❬✶❪ ✵✳✵✸✺✸✺✺✸✹

❙▼❊❆◆ ❁✲ ✲❞♥♦r♠✭✵✮ ✯ s❞

❙▼❊❆◆

★★ ❬✶❪ ✲✵✳✵✶✾✾✹✼✶✶

✷✾



★ ▲P▼✶

❞ ❁✲ ✭❝ ✲ ♠✉✮✴s❞

▲P▼✶ ❁✲ ✭❞ ✯ ♣♥♦r♠✭❞✮ ✰ ❞♥♦r♠✭❞✮✮ ✯ s❞

▲P▼✶

★★ ❬✶❪ ✵✳✵✶✺✸✹✹✼✸

★ ▲P▼✷

❞ ❁✲ ✭❝ ✲ ♠✉✮✴s❞

▲P▼✷ ❁✲ ✭✭❞❫✷ ✰ ✶✮ ✯ ♣♥♦r♠✭❞✮ ✰ ❞ ✯ ❞♥♦r♠✭❞✮✮ ✯ s❞❫✷

▲P▼✷

★★ ❬✶❪ ✵✳✵✵✵✽✾✽✹✵✸✹

★ ❊❙

q❴❛❧♣❤❛ ❁✲ ♠✉ ✰ q♥♦r♠✭❛❧♣❤❛✮ ✯ s❞

q❴❛❧♣❤❛

★★ ❬✶❪ ✲✵✳✵✺✹✵✼✼✺✽

❊❙ ❁✲ ✲♠✉ ✰ ❞♥♦r♠✭q♥♦r♠✭❛❧♣❤❛✮✮✴❛❧♣❤❛ ✯ s❞

❊❙

★★ ❬✶❪ ✵✳✵✼✼✼✹✾✶✼
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