
0

LinearMixingModels:anoverview

withapplicationtoairpollution

WernerStahel

SeminarfürStatistik,ETHZürich

April19.2006



1

1Introduction

Large,automaticallyrecordeddatasetsonairpollution.

Chemical“compounds”:

–Mainpollutants:NOx,CO2,SO2,O3,

–VolatileOrganicCompounds(VOC):

ethane,...,benzene,toluene

Here:Datafromamonitoringstation

20VOC,1obs./hour,for1year(≈8000observations)
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•Pollutioncomesfrom“sources”!

–Exhaustfromgazolinecars

–Exhaustfromdieselvehicles(trucks)

–Evaporation,mainlygazoline(?)

–Solventsinpaintetc.

Whocontributeshowmuch?

•Assumption:Sourcesemitcompoundsin

(moreorless)constantproportions

...thatremainunchangedduringtransport

−→“Fingerprints”,“Profiles”.
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Visualizationofthebasicidea

Observation“profile”[X
(1)
i,...,X

(m)
i]isthesumof

contributionsofthesources,andtheseare

multiplesofthe“sourceprofiles”[C
(1)
k,...,C

(m)
k]
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Goal:Identifyandquantifysources
andtheircontributiontopollution!

Applications

•Geology:rocksaremixturesofbasicrocktypes

•Hydrochemistry:Concentrationsofmineralsinspringwater

reflectsedimentsthatthewaterpassedandlengthofstaythere.

•Chemistry:Spectraofmixturesofchemicalcompounds

concentrationscanbemonitoredonline!

•(Probability:Discretedistributionsasmixturesofbasictypes.)

•Sociology:Householdbudgetsasmixturesofbasictypes.
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Lit.:ChemicalMassBalanceModels,LinearUnmixing

FactorAnalysisinChemistry,LinearMixingModel:

Renner(1993),Weltje(1997)(Geology)

C.Henry,Lewis,HopkeandWilliamson(1984),Hopke(1991),

Malinovski(1991).

Overview

2.Models

3.Methods

4.Results

5.Extensions
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2Models

Visualization:3compounds.Observationsxi=[x
(1)
i,x

(2)
i,x

(3)
i]
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SourceprofileCk=[C
(1)
k,C

(2)
k.C

(3)
k]:

concentrationsofcompoundsjperunitemissionofsourcek.

1source−→DataaremultiplesofC(uptomeas.error)X
(j)
i≈SiC

(j)
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SourceprofileCk=[C
(1)
k,C

(2)
k.C

(3)
k]:

concentrationsofcompoundsjperunitemissionofsourcek.

1source−→DataaremultiplesofC(uptomeas.error)X
(j)
i≈SiC

(j)

1
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2sources−→Dataonplane“between”C1andC2
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X
(j)
i=S

(1)
iC

(j)
1+S

(2)
iC

(j)
2+E

(j)
i,j=1,2,3

X
(j)
i:conc.ofcompoundjforobservation(time)i

C
(j)
k:conc....jinunitemissionfromsourcek

S
(k)
i:activityofsourcek(“score”)forobs.i

E
(j)
i:measurementerror.
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X
(j)
i=S

(1)
iC

(j)
1+S

(2)
iC

(j)
2+E

(j)
i,j=1,2,3

X
(j)
i:conc.ofcompoundjforobservation(time)i

C
(j)
k:conc....jinunitemissionfromsourcek

S
(k)
i:activityofsourcek(“score”)forobs.i

E
(j)
i:measurementerror.

GeneralModel:X=SC+E.

Dataareinp-dimensionalsubspace–uptomeasurementerror.

Sourceprofiles=edgesofa“cone”inthesubspace

thatcontainsallobservations

Constraints:X
(j)
i≥0,C

(j)
k≥0,S

(k)
i≥0.
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Standardizeddata.

DivideprofilesX
(j)
ibytheirlength∑

jX
(j)
i!−→X̃

(j)
i=X

(j)
i

/∑
jX

(j)
i

(Incompositionofrocks,dataarealreadyinthisform.)

−→Dataon“simplex”−→approx.onsubspaceofdim.p−1.
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ModelcontainsparametersC,S,

andparametersforthedistributionoftheerrorsE

(e.g.,E∼N(0,diag(σ
2
1,...,σ

2
m))

S:incidentalparameters(pmoreforeachadd.obs.)

−→“functional”model.

Alternatively,theS
(j)
iarerandom.

Wolbers(andStahel,2005):[log(S
(j)
i)]∼N(µ,Ψ)

−→“structural”model.

(Notionsusedin“errors-in-variables”regressionmodels.)
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StructuralModel.

[log(S
(j)
i)]∼N(µ,Ψ)

Errorsaremultiplicative,lognormal:

Xi=C
T
Si◦Ei(◦:elementwisemultiplication)

log(E
(j)
i)∼N(0,σj)

Lognormaldistributionsaremuchmoreplausiblethan

normaldistributionsformanyapplications.

−→Logtransformation!

But:MixingoccursforuntransformedX’s!

Nophysicallyinterpretablelinearmodelforlog(X
(j)
i)!
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3Methods

Model:X=SC+E.

IfCisknown−→“ChemicalMassBalance”.

(Notusefulinourcase,since“known”profilesprovedinappropriate!)

IfCisunknown−→“(Bi-)linearUnmixing”,FactorAnalysisModel

Approaches.

•2steps:(A)Findsubspace,(B)findsuitablesourceprofiles.

•−→estimateparametersofstructuralmodel(bymax.likelihood).
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TheGraphicalApproach

...suitablefortheFunctionalModel

Step0:Standardizationto∑
jx

(j)
i=1−→Compositionaldata.

1dimensiondisappears(forcentereddata).

Step1:Findsubspacewhichcontainsthedata(approx.)

=reductionofdimension–by

•PrincipalComponentsAnalysis(PCA)

•traditionalFactorAnalysis(FA)

X=S
o
C

o
+EE

(j)
i∼N(0,σ

2
j),indep.

FAestimatesσj’sfromthedata.

•PCA(implicitely)assumesequalσj’s.

•WeightedPCAassumesknown(proportionsof)σj’s.

•OptimalsubspaceassumingE
(j)
i∼N(0,σ

2
j·X̂

(j)
i).
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Choiceofdimensionp?

–“elbow”in“scree”plot
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Choiceofdimensionp?

–“elbow”in“scree”plot
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Choiceofdimensionp?

–“elbow”in“scree”plot

–explainedvarianceofthevariables,



20

Choiceofdimensionp?

–“elbow”in“scree”plot

–explainedvarianceofthevariables,

Relative residual variances of stand. data

residual var.
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Choiceofdimensionp?

–“elbow”in“scree”plot

–explainedvarianceofthevariables,

–timepatternsinscores,

–lackofpatternsinresiduals.

Choosep=4



22

Coordinatesinsubspace
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Step2:

“Abstract”factorsC
o

canNOTbesourceprofiles.

−→ConvertC
o

into“realfactors”C.

Changebasisofsubspacedeterminedinstep1

(InFA,thisiscalled“(oblique)rotationmethods”).

!ParametersSandCarenotidentifyable!

−→Needadditionalcriteriaforuniqueness(below)

orad-hocselection,e.g.

stablepointofaspecificiterativealgorithm.

Inourapplication:Useextremepointsbasedongraphicalinspection

(findpolyhedronwhichcontainsthedata).

−→4“cornerpoints”=sourceprofiles.
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FurtherideasforStep2(“rotationmethods”)

•Exploitnon-negativityconstraints!(Solutionremainsindeterminate)

Lit.:LawtonandSylvestre(1971),HenryandKim(1990),

SchostackandMalinovski(1991).

AlternatingLeastSquares:Modifyinitialsolution

aslittleaspossibletofulfillnonneg.constraints.

•Tracercompound:KoutrakisandSpengler(1987).

•“targettesting”,Malinovski(1991).

Directfactorization:Combinessteps1and2.−→PositiveMatrixFactori-

zation

Anttila,Paatero,TapperandJärvinen(1995),Paatero(1996).
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4Results

Sourceprofiles.

A
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Activityscores

=coordinateswithrespecttonewcoordinatesystemgivenbycornerpoints
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Activitiesintimeorder

source A

score
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Interpretationofestimatedsourceprofiles:

•Priorknowledgeaboutcompositionofsourceprofiles.

•Calculatescoresfromunstandardizeddata.Interpretweeklypattern.

–Profilebagreeswithcombustionprofileofpassengercars

fromtunnelstudy,andishighatnoon

–Profiled:evaporation(andsomecombustion?)

–Profilea:foundalsoinurbanplaces.Unclear...?

–Profilescande?

•Regressionofscorestimeseriesonexplanatorytimeseries

likemeteorology,activities,weaklypatterns.
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Contributions.

MeanContributionsofsourcektovariablej:γ
(j)
k=∑n

i=1S
(k)
iC

(j)
k/n

Relativecontributions:γ
(j)
k

/(
1/n∑n

i=1X
(j)
i)

Ifsumsovervariablesmakesense,calculateoverallγk=∑
jγ

(j)
k.

Mean contributions of the sources

cum
ul.proportions
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5Extensions

•X=SC+T+Ẽwith

Tunknownsources,allT
(j)
iarepositive,

Ẽmeasurementerror,Ẽ
(j)
i∼N

(
0,σ

(j)
i

2)

−→together:allowE
(j)
i=T

(j)
i+Ẽ

(j)
itobe>0moreliberally

thantobe<0

−→Robust“regression”quantiles.
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•Ccorrespondingtopartly,

approximatelyknownsourceprofilesC
∗
,

Srandom,obeyingaregressionmodel

withgivenexplanatoryvariables(s.above).

−→Penalizedlikelihood,penaltyfor

•deviations|C
(j)
k−C

(j)
k

∗|

•deviationsofscoresfromexpectedpatterns.

•Treatmentofvaluesbelowdetectionlimitpossible.

CodeinRavailable(atownrisk).
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Messages

•Dataonmanypollutioncompoundsallowfor

identificationofsourceprofilesandcontributions.

•ThereareapplicationsofBilinearUnmixinginseveralscientificareas.

•PCAor“factoranalysis”(firststep)areusuallydescriptivemethods.

Here,thereisastochasticmodelwithcleartheoreticalbasis

...andthereisaparametricmodel.

•Graphicalmethodshelpalottounderstand

andsolvetheproblem.

•Extensionstomorerealisticassumptionsand

useofadditionalinformationareeasytodesign.
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