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3
R
a
n
d
o
m
iz
a
tio

n
T
e
sts

3
.1

In
tro

d
u
c
to
ry

E
x
a
m
p
le

a
H
ail

prevention:
(“G

rossversuch
IV
”
in

central
S
w
itz.

1978-83)
D
oes

spreading
of

siver
iodide

into
p
otential

hail
clouds

dim
inish

the
total

hail
energy?

(S
im
ple

ideas,
only

sim
ple

com
binatorics

and
prob.

needed.)

T
arget

variable:
H
ail

energy,
m
easured

for
n
clouds.

T
w
o
groups:

treated
versus

control.

Y
i

:
H
ail

energy
for

cloud
i

G
i

=

{
1

if
cloud

i
is
treated,

0
otherw

ise.

W
e
exp

ect
Y
i
to

b
e
usually

sm
aller

for
G

i
=

1
than

for
G

i
=

0
.
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O
bserved:

Y
i
=

y
∗i

16672
25

855
0

152
0

46
1219

G
i
=

g
∗i

1
1

0
0

0
1

1
0

g
∗i :
random

choice
of

the
clouds

that
are

treated.

(In
reality

there
w
ere

216
clouds

of
w
hich

94
w
ere

treated.)

S
tatistical

test!
H

0
:
no

eff
ect.

(
−
→

P
roof

by
contradiction!)

t
test

for
indep

endent
sam

ples?

W
e
do

not
like

to
assum

e
any

particular
distr.

for
the

Y
i s!!
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3
.2

S
ta
tistic

a
l
id
e
a

a
N
ull

hyp
othesis

=
P
robability

m
odel

usually
is
a
distribution

of
the

Y
i .

G
i
=

g
∗i
assum

ed
to

b
e
given.

R
andom

ization
tests:

G
i
random

,
Y
i
=

y
∗i
considered

as
fi
xed!

(A
nalysis“conditional,

fi
ven

the
y
∗i s”.)

If
the

treatm
ent

has
no

infl
uence

on
hail

energy,

the
sam

e
observations

y
∗i
w
ould

result,

if
the

treatm
ent

had
b
een

given
by

g
(
1
)
=

[0
,1

,0
,0

,1
,1

,0
,1

]

or
according

to
any

other
choice.
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R
andom

choice:

E
ach

choice
of

n
/
2
=

4
elem

ents
from

n
=

8

has
the

sam
e
probability

p
=

(
84 )

−
1

=
17
0

T
his

determ
ines

the
null

hyp
othesis.
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T
est

statistic:
designed

to
assum

e
extrem

e
values

w
hen

the
alternative

is
true.

A
lternative:

y
∗i
w
ith

g
∗i
=

1
are

generally
sm

aller.

T
〈g
,y

∗〉
=

1

n
/
2

∑i:g
i =

0

y
∗i
−

1

n
/
2

∑i:g
i =

1

y
∗i
=

2n

∑

i

y
∗i (1

−
2
g
i ).

c
W
hat

is
the

distribution
of

T
under

H
0 ?

y
∗1 ,...,y

∗n
given

−
→

≤
(

n
n
/
2 )

p
ossible

values
for

T
.

P
〈T

〈G
,y

∗〉
=

t〉
=

#
{
g
|
T
〈g
,y

∗〉
=

t}
(

n
n
/
2 )

” random
ization

distribution”
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t

Wahrscheinlichkeit

−
5000

−
3000

−
1000

1000
3000

5000

0 / 70 5 / 70 10 / 70 15 / 70 20 / 70

R
andom

isierungs−
V

erteilung

t

3600
3800

4000
4200

4400
4600

4800

0 / 70 2 / 70 4 / 70 6 / 70 8 / 70

R
andom

isierungs−
V

ert., rechter T
eil
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R
ejection

region:
α
=

5
%

m
ost

extrem
e
values

(as
precisely

as
p
ossible).

E
xam

ple:
{
t
|
t
≥

4
6
4
3
.2
5
}
(one

sided).

e
E
xp
erim

ent:

T
〈g

∗,y
∗〉

=
14
(8

5
5
+

0
+

1
5
2
+

1
2
1
9
)

−
14
(1

6
6
7
2
+

2
5
+

0
+

4
6
)
=

−
3
6
2
9
.2
5

A
n
eff
ect

in
the

w
rong

direction
w
as

observed!

N
ull

hyp
othesis

is
not

rejected;
no

eff
ect

is
dem

onstrated.
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A
ssum

ption
of

the
test:

Indep
endence

−
→

R
andom

ization
am

ong
76

“p
otential

hail
days”

A
m
ong

these,
33

have
b
een

assigned
to

the
treatm

ent.

N
um

b
er

of
treated

days
is
random

.

−
→

A
nalysis

conditionalon
the

num
b
er
of
haildays

w
ith

treatm
.

g
(
7
6

3
3 )

=
3
6
·
1
0
2
0
p
ossible

choices

−
→

S
im
ulation

of
the

random
ization

distribution.
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3
.3

T
e
sts

fo
r
th
e
T
w
o
S
a
m
p
le

P
ro
b
le
m

a
R
andom

ization
tests

are
adequate

even
if
the

exp
erim

ental
procedure

does
not

contain
any

random
ization.

A
ssum

ptions
in

this
case:

•
T
he

observations
m
ust

b
e
equally

distributed
under

H
0
and

•
indep

endent

T
hen,

the
presupp

osed
probability

α

of
error

of
the

fi
rst

kind
holds

precisely.
T
he

random
ization

tests
are

in
this

sense
the

the
“gold

standard”
of

statistical
tests.

(*
W
eaker

assum
ption:“E

xchangeability”.)
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If
the

observations
are

random
:

S
am

ple
[Y

1 ,...,Y
n
]

−
→

ordered
sam

ple
Y
[1
] ,...,Y

[n
]

or
em

pirical
distribution

function
F̂

n
(s.

B
ootstrap)

D
istribution

of
the

test
statistic,

conditional
on

F̂
n ,

is
the

random
ization

distribution.

C
ond.

prob.
of

an
error

of
the

fi
rst

kind,
given

F̂
n ,

is
α
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A
rbitrary

test
statistic.

T
he

diff
erence

of
m
eans

is
not

robust
...

O
ptim

al
test

statistic?
−
→

optim
ize

p
ow

er
for

alternative(s)!

N
eeds

fi
xed

(fam
ily

of)
distribution(s)

−
→

optim
al
test

statistic
(e.g.,

likelihood
ratio

test)

d
E
xam

ple:
L
og

transform
ation,

then
diff

erence
of

m
eans

(preferably
robustized)
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t l

Wahrscheinlichkeit

−
2.5

−
1.5

−
0.5

0.5
1.0

1.5
2.0

2.5

0 / 70 5 / 70 10 / 70

R
and.V

ert. für log. W
erte

0
10

20
30

40
50

60
70

0 10 20 30 40 50 60 70
R

ang(tg )

Rang(tg
l )

g

V
ergleich der T

est−
S

tatistiken
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R
obustness.

W
hy

should
w
e
use

a
robust

test
statistic,

if
the

test
keeps

the
level

w
ithout

this“preventive
m
easure”?

f
R
ank

sum
test

of
W
ilcoxon,

M
ann

and
W
hitney

(U
-T
est),

T
〈 g
,y

〉
=

∑
g
i =

1
R

i
=

∑
i g

i R
i
,

Q
uite

robust
−
→

F
irst

choice
for

the
2
sam

ple
problem

D
istribution

of
the

test
statistic

under
H

0
as

b
efore.

g*
H
ail

exp
erim

ent:
C
om

plicated
test

statistic,
tw
o-dim

ensional

−
→

tw
o
dim

enstional
rejection

region.
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3
.4

O
n
e
S
a
m
p
le

a
n
d
M
a
tc
h
e
d
P
a
irs

a
E
xam

ple
T
ranquilizer.

T
arget

variable:
” H
am

ilton
depression

scale
factor

IV
”.

9
patients,

b
efore

and
after

taking
the

tranquilizer

b
efore

( X
(1

)
i

)
1.83

0.50
1.62

2.48
1.68

1.88
1.55

3.06
1.30

after
( X

(2
)

i
)

0.878
0.647

0.598
2.05

1.06
1.29

1.06
3.14

1.29

D
iff
eren

ce
(−

Y
i )

0.952
-0.147

1.022
0.43

0.62
0.59

0.49
-0.08

0.01
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b
M
atched

P
airs.

D
iff
erences

Y
i
=

X
(
2
)

i
−

X
(
1
)

i

distributed
sym

m
etrically

around
0?

H
0 :

F
or

each
Y
i ,
+

and
–
sign

is
equally

probable

G
i
=

sign,
|Y

i |
=

” Y
i ”
of

a
tw
o
sam

ple
problem

.

F
or

each
confi

guration
g
(ℓ)

=
[g

(ℓ)
1

,...,g
(ℓ)
n

]

the
probability

is
=

1
/
2
n.
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F
ix
a
test

statistic
T
〈g
,z

〉

g
i
=

+
1
or

=
−
1
,
z
i
>

0
.

R
andom

ization
distr.

P
〈T

〈G
,z

〉
=

t〉
=

#
{
g
|
T
〈g
,z

〉
=

t}
/
2
n

•
T
〈g
,z

〉
=

(1
/
n
) ∑

i g
i z

i
=

ave
i 〈y

i 〉

corresp
onds

to
the

t
test

for
m
atched

pairs.

•
T
〈g
,z

〉
=

#
{
i
:
g
i
=

1
}:

sign
test.

•
T
〈g
,z

〉
=

∑
i:g

i =
1
R

i ,
R

i :
rank

of
z
i :

signed
rank

test
of

W
ilcoxon
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E
xam

ple:

>
w
i
l
c
o
x
.
t
e
s
t
(
d
.
t
r
a
n
q
u
i
l
i
z
e
r
[
,
1
]
,
d
.
t
r
a
n
q
u
i
l
i
z
e
r
[
,
2
]
,

p
a
i
r
e
d
=
T
R
U
E
)

W
i
l
c
o
x
o
n
s
i
g
n
e
d
r
a
n
k
t
e
s
t

d
a
t
a
:

d
.
t
r
a
n
q
u
i
l
i
z
e
r
[
,
1
]

a
n
d
d
.
t
r
a
n
q
u
i
l
i
z
e
r
[
,
2
]

V
=
4
0
,
p
-
v
a
l
u
e
=

0
.
0
3
9
0
6

a
l
t
e
r
n
a
t
i
v
e
h
y
p
o
t
h
e
s
i
s
:
t
r
u
e
m
u

i
s
n
o
t
e
q
u
a
l
t
o

0

barely
signifi

cant.

B
ew

are
of

b
efore-after

com
parisons!

A
dequate:

C
om

parison
w
ith

control
or

cross
over

exp
erim

ent
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3
.5

E
stim

a
to
rs

a
n
d
C
o
n
fi
d
e
n
c
e
In
te
rv
a
ls

a
M
odel:

T
esting

problem
w
as:

Is
the

distr.
sym

m
etric

around
0?

M
ore

general:
...

sym
m
etric

around
µ

⇔
Y
i
−

µ
sym

m
etric

around
0.

T
est:

T
est

statistic
T
〈g
,y

−
µ
1
〉.

L
arge

values
indicate

deviation
from

H
0
:
µ
.

b
T
his

yields
an

estim
ator:

µ̂
=

arg
m
in

µ 〈T
〈g
,y

−
µ
1
〉〉
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S
igned

rank
T
est

−
→

H
odges-L

ehm
ann

estim
ator.

F
orm

W
alsh

averages
(X

h
+

X
i )/

2
.

µ̂
=

m
e
d
h
≤
i 〈(X

h
+

X
i )/

2
〉
.

E
xam

ple
T
ranquilizer:

45
W
alsh

averages

-0.1470,
-0.1135,

-0.0800,
-0.0685,

-0.0350,
0.0100,

...,
1.022

M
edian

µ̂
=

0
.4
6
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D
erivation:

X
[k
]
k
th

sm
allest

value.
X

[k
]
>

0
,
Z
h
k
=

(X
[h
]
+

X
[k
] )/

2
,
h
<

k

Z
h
k
<

0
,
if

|X
[h
] |
>

|X
[k
] |.

#
{
Z
h
k
<

0
}
=

#
{
h
|
|X

[h
] |
<

|X
[k
] |}

=
R

[k
]
−

1

R
[k
]
=

#
{
h
|
Z
h
k
>

0
,
h
≤

k
}.

X
[k
]
<

0
=
⇒

Z
h
k
<

0
,
if

h
<

k
.

T
〈g
,z

〉
=

∑
i:g

i =
1
R

i
=

#
{
[h
,k

]
|
Z
h
k
>

0
,h

≤
k
}

N
ull

hyp
othesis

µ
=

µ
0 :

T
〈g
,z

〉
=

∑
i:g

i =
1
R

i
=

#
{
[h
,k

]
|
Z
h
k
>

µ
0 ,h

≤
k
}

T
est

is
least

signifi
cant

if
=

n
(n

+
1
)

2

−
→

µ̂
=

m
edian

〈Z
h
k
|
h
≤

k
〉.
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C
onfi

dence
intervall

for
the

signed
rank

test:

L
im
its

of
the

acceptance
interval

of
T
:

c
and

c
′
=

n
(n

+
1
)/

2
+

1
−

c

C
onfi

dence
lim

its
=

cth
and

c
′th

W
alsh

average.

E
xam

ple
T
ranquilizer:

c
=

6
,
c
′
=

4
0
,

C
onfi

dence
interval

[0
.0
1
,0

.7
8
6
].
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h
F
or

a
general

test
statistic

T
〈G

,z
∗;
µ
〉 :
L
et

Q
〈β

〉
=

P
〈T

〈G
,z

∗;
µ
〉
>

T
〈g

∗,z
∗;
µ
〉〉

−
β

E
stim

ator
=

solution
of

Q
〈β

=
0
.5
〉
=

0
.

C
onfi

dence
lim

its
=

solution
of

Q
〈β

=
0
.0
2
5
〉
=

0
and

Q
〈β

=
0
.9
7
5
〉
=

0
.

N
ot

diffi
cult!
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3
.6

M
o
re

th
a
n
2
S
a
m
p
le
s

a
S
im
ple

A
nalysis

of
V
ariance

R
andom

ization
=

assignm
ent

of
observations

to
groups.

N
um

m
b
er

of
observations

in
each

group
is
fi
xed.

R
ank

the
y
i s
am

ong
all

observations
−
→

R
i

A
verage

the
ranks

over
groups

R
h
=

ave
g
i =

h R
i .

E
〈R

h 〉
=

(n
+

1
)/

2
.

F
orm

w
eighted

m
ean

of
squares

of
deviations

T
〈 g
,y

〉
=

1
2

n
(n

+
1
) ∑

h
n
h (

R
h
−

n
+

1

2

)
2

K
ruskal-W

allis
test.

2
sam

ples
−
→

U
-T
est.
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M
atched

S
am

ples
=

block
design

n
blocks,

m
treatm

ents.

R
andom

ization?

c
E
xam

ple
acidic

soils

P
osition

B
lo
ck

1
2

3
4

5
6

7

1
4.09

5.91
5.40

5.13
5.43

5.87
5.21

2
3.90

4.07
4.34

4.13
4.39

4.32
3.29

3
5.27

6.26
5.72

5.69
5.70

5.36
3.50

4
4.53

4.30
4.86

4.61
5.03

5.40
3.95
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Position

pH

1
2

3
4

5
6

7

3.5 4.5 5.5
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F
riedm

an
test.

R
ij
=

R
ank

of
observation

j
in

block
i.

R̃
j
=

ave
i 〈R

ij 〉
average

rank
of

sam
ple

j.

T
=

1
2
n

m
(m

+
1
) ∑

mj
=
1 (R̃

j
−

(m
+

1
)/

2
)
2
.

d

P
osition

B
lo
ck

1
2

3
4

5
6

7

1
1

7
4

2
5

6
3

2
2

3
6

4
7

5
1

3
2

7
6

4
5

3
1

4
3

2
5

4
6

7
1

S
u
m
m
e

8
19

21
14

23
21

6
M
ittel

2
4.75

5.25
3.5

5.75
5.25

1.5
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>
f
r
i
e
d
m
a
n
.
t
e
s
t
(
t
.
d
t
)

F
r
i
e
d
m
a
n

r
a
n
k

s
u
m

t
e
s
t

d
a
t
a
:

t
.
d
t

F
r
i
e
d
m
a
n

c
h
i
-
s
q
u
a
r
e
d

=
1
4
.
8
,

d
f

=
6
,

p
-
v
a
l
u
e

=
0
.
0
2
1
9
9

e
A
nalysis

of
variance

for
this

exam
ple:

>
s
u
m
m
a
r
y
(
a
o
v
(
p
H
~
t
r
a
n
s
+
p
o
s
,
d
a
t
a
=
t
.
d
)
)

D
f

S
u
m

S
q

M
e
a
n

S
q

F
v
a
l
u
e

P
r
(
>
F
)

t
r
a
n
s

1
0
.
1
2

0
.
1
2

0
.
1
7

0
.
6
8

p
o
s

1
0
.
1
8

0
.
1
8

0
.
2
7

0
.
6
1

R
e
s
i
d
u
a
l
s

2
5

1
6
.
5
7

0
.
6
6
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3
.7

C
o
rre

la
tio

n
a
n
d
R
e
g
re
ssio

n

a
C
orrelation

and
sim

ple
regression.

X
i ,

Y
i
(X

i
random

or
fi
xed)

N
ull

hyp
othesis:“no

relationship”
R
andom

ization
=

m
atching

=
p
erm

utation
of

Y
.

P
robability

of
each

p
erm

utation
=

1
/
n
!
=

1
/
(n

(n
−

1
)...2

·
1
).

T
est

statistic:

•
sim

ple
(P
earson)

correlation,

•
rank

correlation,

•
robust

estim
ator

of
the

regression
coeffi

cient,
...
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M
ultiple

R
egression:

P
erm

utation
of

Y
for

testing
the

null
hyp

othesis
that

there
is
no

relationship
b
etw

een
all

explanatory
variables

and
the

target
variable.

c
T
im
e
S
eries:

A
re

the
observations

indep
endent?

R
andom

ization:
P
erm

utation.

T
est

statistic:
e.g.

fi
rst

autocorrelation.

d
M
ultiple

R
egression:

S
ingle

coeffi
cient

(or
several)

−
→

no
prop

er
random

ization
m
odel.
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P
erm

utations
and

other
random

izations.

R
egression

and
correlation:

p
erm

utations.

T
w
o
or

m
ore

sam
ples:

subsets
(“choices”).

there
are

m
any

m
ore

p
erm

utations;

m
any

of
them

lead
to

the
sam

e
partition

into
groups

−
→

sam
e
random

ization
distribution.

H
ail

exp
erim

ent:
N
um

b
er

of
p
otential

hail
days

w
as

random
,

prop
ortions

of
treated

days
also

random

random
ization

distribution:
C
hoices

of
33

from
76

days

−
→

conditional
test,

given
the

num
b
er

of

treated
and

control
days.
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M
e
ssa

g
e
s

R
a
n
d
o
m
iz
a
tio

n
T
e
sts

•
R
andom

ization
tests

keep
the

level
exactly,

w
ithout

any
assum

ptions
on

the
distribution.

(Indep
endence

of
observations

is
essentially

assum
ed.)

•
T
he

test
statistic

m
ay

b
e
arbitrarily

com
plicated.

C
hoose

considering
(inform

ally)
the

p
ow

er.

C
hoose

robust
test

statistic
(e.g.,

based
on

ranks)!

•
C
onfi

dence
intervals

can
also

b
e
constructed.


