
1

1
In
tro

d
u
c
tio

n
1
.1

T
h
e
P
a
ra
d
ig
m

o
f
P
a
ra
m
e
tric

S
ta
tistic

s

a
P
robability

−
→

M
odel

T
ypically,

this
is
a
param

etric
fam

ily,
like

the
norm

al
N

〈µ
,σ

2〉.

S
tatistics:B

ridge
b
etw

een
m
odeland

data
T
he

3
basic

questions
of

inferential
statistics:

[1.]
W
hich

param
eter

value(s)
is
(are)

m
ost

plausible?
−
→

estim
ator

[2.]
Is
a
given

value
plausible?

−
→

T
est.

[3.]
W
hich

values
are

plausible?
−
→

confi
dence

interval



2
1
.1b

P
robability

M
odel

is
needed

to
describ

e

w
hat“could

have
happ

ened,
too”

and
w
ith

w
hich

“chances”
(or

odds).

P
rob.

m
odel

should
b
e
clear

b
efore

the
data

are
obtained.

and
describ

es
our

ideas
ab
out

the
p
ossible

results

and
their“plausibility”.

M
odel

is
needed

for
determ

ining
the

statistical
uncertainty

of
an

estim
ate

or
a
test

statistic.

c
C
heck

assum
ptions!
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W
e
w
ould

dream
of

m
ethods

for
w
hich

no
assum

ptions
w
ere

needed!

e
R
ank

tests
assum

e
(alm

ost)
nothing!

f
T
he

basic
idea

of
resam

pling:

U
se

the
data

to
estim

ate
their

distribution!

g
C
om

plicated
estim

ator
−
→

determ
ine

precision
by

•
B
ootstrap,

...

•
A
sym

ptotic
distribution



4

1
.2

E
x
a
m
p
le

a
F
ailure

tim
es

of
an

air
conditioning

system
(B
oeing

720)
n
=

1
2
observed

tim
e
intervals

b
etw

een
failures

(sorted):
3

5
7

1
8

4
3

8
5

9
1

9
8

1
0
0

1
3
0

2
3
0

4
8
7

D
aten

A
usfallzeit

Frequency

0
50

100
200

300
400

500

0 1 2 3 4 5

lo
g

. D
aten

log10(A
usfallzeit)

Frequency

0.0
0.5

1.0
1.5

2.0
2.5

3.0

0 1 2 3 4 5
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M
ost

sim
ple

param
.
m
odel

for
failure

tim
es:

E
xp
onential

distribution
Exp

w
ith

density

f
〈y
〉
=

1µ
e
−
y
/
µ

y
>

0

D
aten

A
usfallzeit

Frequency

0
50

100
200

300
400

500

0 1 2 3 4 5

lo
g

. D
aten

log10(A
usfallzeit)

Frequency

0.0
0.5

1.0
1.5

2.0
2.5

3.0

0 1 2 3 4 5
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M
odel

fi
ts

quite
reasonably.

S
m
all

data
set

B
etter:

D
o
not

assum
e
any

particular
distribution!

Q
uestion:

M
ean?

X
=

1
0
8
.1
.

M
ore

instructive:
20%

trim
m
ed

m
ean?

(=
drop

20%
sm

allest
and

20%
largest

obs.

calculate
m
ean

of
the

rem
aining

ones.)

F
or

n
=

1
2
drop

2
obs.

on
each

side.

−
→

(7+
18+

43+
85+

91+
98+

100+
130)/8=

71.5

A
num

b
er

w
ithout

an
indication

of
its

precision
is
useless!

−
→

Inferential
S
tatistics,

confi
dence

intervals!

P
robability

m
odels

needed!
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2
N
o
n
p
a
ra
m
e
tric

T
e
sts

2
.1

“
N
o
n
p
a
ra
m
e
tric

”
m
e
a
n
s
d
iff
e
re
n
t
th
in
g
s

a
P
aram

etric
M
odel:

R
egression:

Y
i
=

h
〈x

i ;
θ
〉
+

E
i

“structural”
part

h
〈x

i ;
θ
〉

+
“random

”
part

E
i
∼

F
〈σ

〉

S
im
ilarly:

A
nalysis

of
V
ariance,

G
lim

,
D
iscrim

inant
A
.,
T
im
e
S
eries,

...

b
N
onparam

etric
T
ests:

D
istribution

of
the

random
variables

not
assum

ed
to

follow
a
param

etric
fam

ily.
M
ore

precise
term

:“ distribution
free

tests”.
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“ D
istribution

free
tests”

also
m
eans:

T
he

test
statistic

has
the

sam
e
distribution

for
all

distributional
assum

ptions
for

the
observations.

G
oodness

of
fi
t
tests:

D
o
the

observations
fi
t
a
given

distr.?

...
or

a
m
em

b
er

of
a
param

etric
fam

ily?
S
ee

b
elow

.

d
C
hisquared

T
est

for
goodness

of
fi
t



9
2
.1e

” N
onparam

etric
R
egression”:

“structural”
part

not
(prim

arily)
as

a
form

ula
w
ith

param
eters

but
as

a
sm

ooth,
otherw

ise
arbitrary

function.

−
→

B
lock

ab
out

nonpar.
regression

f
D
ensity

estim
ation:

E
stim

ate
the

distribution
from

the
data.
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2
.2

R
a
n
k
M
e
th
o
d
s

a
R
ank

tests:

•
S
igned

R
ank

T
est

of
W
ilcoxon

for
m
atched

pairs
or

a
sim

ple
sam

ple,

•
R
ank

S
um

T
est

of
W
ilcoxon,

M
ann

and
W
hitney

(U
-T
est)

for
2
indep

endent
sam

ples.

O
bservations

X
i
w
ith

distribution
F

−
→

R
anks

R
i
=

alw
ays

the
num

b
ers

1
to

n
(if

there
are

no
ties)
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N
o
assum

ptions?

•
S
igned

R
ank

T
est

assum
es

sym
m
etry.

M
atched

pairs
−
→

diff
erences

−
→

sym
m
etry

is
very

plausible.

•
U
test

assum
es

sam
e
distr.

(shifted)
for

b
oth

sam
ples.

−
→

N
ot

suitable
for

testing
equality

of
exp

ected
values

w
ith

diff
erent

scatter!
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M
ore

than
2
sam

ples
−
→

sim
ple

analysis
of

variance.
Idea:

R
ank

transform
ation,

then
sim

ple
analysis

of
variance.

N
eed

to
determ

ine
new

distr.
of

the
test

statistic
under

H
0 .

d
E
xam

ple
neurons.

1
2

3
4

5

0 10 20 30 40 50

1
2

3
4

5

0 10 20 30 40 50
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T
est-recip

e:

H
0
:

Y
h
,i
∼

F
(i.i.d

),
F

arbitrary,
but

the
sam

e
for

all
i.

H
A
:

Y
h
,i
∼

F
h ,

F
h 〈x

〉
=

F
1 〈x

−
δ
h 〉,

at
least

one
δ
h
6=

0

U
:

T
est

statistic:
–
D
eterm

ine
ranks

R
h
,i
(am

ong
all

obser-

vations)
–
S
h
=

∑
i R

h
,i ,

T
=

1
2

n
(n

+
1
) ∑

h
S

2h

n
h
−

3
(n

+
1
)

F
0 〈U

〉
:
D
istribution

of
T
does

not
dep

end
on

F
.

S
m
all

sam
ples

−
→

com
binatorics.

O
therw

ise:
A
sym

ptotic
χ
2
distribution.
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E
xam

ple:

>
k
r
u
s
k
a
l
.
t
e
s
t
(
m
e
d
M
a
x
L
~
t
r
e
a
t
,
d
a
t
a
=
d
.
n
e
u
r
i
t
)

K
r
u
s
k
a
l
-
W
a
l
l
i
s
r
a
n
k
s
u
m
t
e
s
t

d
a
t
a
:

m
e
d
M
a
x
L
b
y
t
r
e
a
t

K
r
u
s
k
a
l
-
W
a
l
l
i
s
c
h
i
-
s
q
u
a
r
e
d
=

7
.
2
7
0
9
,
d
f

=
4
,

p
-
v
a
l
u
e
=

0
.
1
2
2
2

F
-T
est:

p
=

0.208.

W
ithout

3
outliers:

F
-T
est

p=
0.022,

K
ruskal-W

allis
p=

0.044.



15
2
.2g

T
w
o
w
ay

analysis
of

variance
B
lock

design.

E
xam

ple:
sales

of
5
products

in
7
stores

A
B

C
D

E

1
5

4
7

10
12

2
1

3
1

0
2

3
16

12
22

22
35

4
5

4
3

5
4

5
10

9
7

13
10

6
19

18
28

37
58

7
10

7
6

8
7

=
several

m
atched

sam
ples
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T
he

m
odel

w
as

Y
h
,i
=

µ
+

α
h
+

β
i
+

E
h
,i

If
the

treatm
ents

(products)
diff

er
clearly,

then
the

rankings
w
ithin

all
blocks

i
are

sim
ilar.

−
→

F
riedm

an
T
est
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H
0
:

Y
h
,i
∼

F
i ,
indep

endent
of

h
.

H
A
:

Y
h
,i
=

µ
+

α
h
+

β
i
+

E
h
,i ,

E
h
,i
∼

F
.

at
least

one
α
h
6=

0
.

U
:

D
eterm

ine
ranks

R
h
,i
w
ithin

each
block

i.

S
h
=

∑
i R

h
,i ,

U
=

∑
h
( S

h
−

b(g
+

1
)/

2
)
2

F
0 〈U

〉
:

T
=

1
2

bg
(g

+
1
)
U

C
om

binatorics,
asym

ptotic
approxim

ation.
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F
r
i
e
d
m
a
n

r
a
n
k

s
u
m

t
e
s
t

d
a
t
a
:

s
a
l
e
s

a
n
d

b
r
a
n
d

a
n
d

s
t
o
r
e

F
r
i
e
d
m
a
n

c
h
i
-
s
q
u
a
r
e
d

=
8
.
3
2
8
4
,

d
f

=
4
,

p
-
v
a
l
u
e

=
0
.
0
8
0
2
6
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.2i

S
ensory

exp
erim

ent

S
cores

(1
to

10)
for

the
visual

assessm
ent

of
a
pastury

117
test

p
ersons

1
2

3
4

5
6

7
8

9
10

11
12

2 4 6 8 10

P
rodukt

Score

1
2

3
4

5
6

7
8

9
10

11
12

2 4 6 8 10 12

P
rodukt

Rank
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P
rodukt

Mittlerer Rang

1
2

3
4

5
6

7
8

9
10

11
12

2 4 6 8 10 12

F
r
i
e
d
m
a
n

r
a
n
k

s
u
m

t
e
s
t

d
a
t
a
:

t
.
d
r

F
r
i
e
d
m
a
n

c
h
i
-
s
q
u
a
r
e
d

=
2
7
0
,

d
f

=
1
1
,

p
-
v
a
l
u
e

<
2
.
2
e
-
1
6
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.2j

g
=

2
−
→

M
atched

pairs
−
→

?

k
m
ore

com
plicated

analyses
of

variance

l*
R
ank

R
egression:

R
eplace

squares
by

functions
of

the
ranks

of
residuals.
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2
.3

R
a
n
k
c
o
rre

la
tio

n

a
R
ank

correlation
oft

S
p
earm

an:
=

correlation
of

rank
transform

ed
data

−
→

T
est

for
indep

endence
(hence

correlation
0)

−
→

M
easure

for
dep

endence
≈

sim
ple

correlation
of

norm
ally

distr.
data

Invariant
under

m
onotone

transform
ation

of
the

variables.

S
im
ilar:

R
ank

correlation
of

K
endall.

b*
R
ank

m
ethods

for
m
ultivariate

statistics:
T
here

is
no

“natural
ordering”

−
→

R
anks

in
m
ultivariate

space.
R
esearch

topic.
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2
.4

G
o
o
d
n
e
ss

o
f
fi
t
te
sts

a
A
re

the
data

com
patible

w
ith

an
assum

ption

ab
out

their
distribution?

Q
Q

plots
instead

of
form

al
tests,

since

tests
can

never
prove

an
m
odel

right.

b
Q
Q

plot:
E
m
pirical

quantiles
vs.

theoretical
q.

Q
uantile

=
F

−
1〈p

k 〉.

F
according

to
H

0
/
from

data:
F̂

n 〈x
〉
=

#
{
i
|
X

i
≤

x
}
/
n
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T
est

statistic
T

=
m
a
x
x 〈|F̂

n 〈x
〉
−

F
〈x

〉|〉.
D
istribution

does
not

dep
end

on
F

(if
F

is
continuous):

Y
i
=

g
〈X

i 〉
=
⇒

F
(Y

)〈y
〉
=

F
〈g

−
1〈y

〉〉.
−
→

T
,
calculated

for
Y
i
and

F
(Y

)
=

T
for

X
i
and

F
.

g
=

F
−
1
=
⇒

F
(Y

)
=

uniform
distribution

b
etw

een
0
and

1.
=
⇒

D
istribution

of
T
for

F
=

uniform
is
valid

for
all

F
.

K
olm

ogorov
(1933):

asym
ptotic

approxim
ation

obtained
by

very
elegant

and
fundam

ental
m
ethods.

−
→

im
p
ortant

for
probability

theory!

c
T
est

for
shap

e
of

distribution:
N

〈µ
,σ

〉.
E
stim

ate
µ
,σ

from
the

data
−
→

m
odif.

of
the

distr.
of

T
.
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C
hisquared

T
est.

S
ee

S
ection

10.2
in

S
tahel

(200x).

e
C
hisquared

test
w
ith

suitable
choice

of
classes

has
larger

p
ow

er
against

im
p
otant

alternatives
(long

tails)

than
the

K
olm

ogorov
test.
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2
.5

O
u
tlo

o
k

•
T
est

against
diff

erent
scatter

and
general

alternatives

for
2
indep

endent
sam

ples,

e.g.,
com

parison
of

2
em

pirical
distribution

functions.

(T
est

of
K
olm

ogorov
and

S
m
irnov)

•
A
nalysis

of
variance:

T
ests

against
sp
ecifi

c
alternatives,

like
m
onotone

eff
ects,

m
ethods

for
contrasts

•
M
ethods

for
S
urvival

D
ata

(
−
→

block
on

S
urvival)
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L
iterature

H
ollander

&
W
olfe

(1999):
C
om

prehensive,

fi
rst

in
form

of
recip

es,
then

m
ore

profound.

B
üning

&
T
renkler

(1994):
old,

in
G
erm

an

H
ettm

ansp
erger

(1984):
R
ank

m
ethods


