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4
A
sy
m
p
to
tic

s
a
n
d
R
o
b
u
stn

e
ss

4
.1

C
o
n
siste

n
c
y

b
R
elative

frequency
R
n
→
P
〈A

〉
=
π
=

E〈R
n 〉.

M
ore

precisely,

lim
n→

∞
P
{|R

n −
π|>

ε}
=

0

L
aw

ofL
arge

N
um

b
ers.

Jakob
B
ernoulli(published

p
osth.1713)

X
∼

B〈n
,π〉

−→
E〈X

/
n〉

=
E〈X

〉
/
n
=
n
π
/
n
=
π

v
a
r〈X

/
n〉

=
v
a
r〈X

〉
/
n
2
=
n
π
(1

−
π
)/
n
2
=
π
(1

−
π
)/
n

→
0

!
=
⇒

X
/
n
→
π
.
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G
eneral

case:
X

1 ,
X

2 ,
...,X

n
...

indep.
−→

P
{|X

n −
µ|
>
ε}

n→
∞

−→
0

for
each

ε
>

0
,

0
1

2
0

1
2

0
1

2
0

1
2

0
1

2

0.0 0.5 1.0 1.5 2.0

d
E
m
pirical

cum
ulative

distribution
function

−→
theoretical,

F̂
n 〈x〉

=
1n
#
〈i

:
X
i ≤

x〉
n→

∞
−→

F
〈x〉

=
P
〈X

≤
x〉

.

e
C
onsistency

of
the

characteristic
values.

γ̂
→
γ
.
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.1f

F
unctionals.
T〈F

〉
theoretical

characteristic
value,

T〈F̂
n 〉

em
pirical.

T
〈
F̂
n 〉

n→
∞

−→
T〈F

〉

*
M
a
th
em

a
tica

l
co
n
d
itio

n
s,“

reg
u
larity

a
ssu

m
p
tio

n
s”.

g
Integrals

E〈X
〉
=

∫
x
d
F
〈x〉

F
or

continuous
random

variables:

E〈X
〉
=

∫
x
d
F
〈x〉

=

∫
x
f〈x〉

d
x

F
or

discrete
ones:

E〈X
〉
=

∫
x
d
F
〈x〉

=
∑

x
x
〈X

=
x〉

F
or

em
pirical

distribution
functions:

∫
x
d
F̂
n 〈x〉

=
∑

i x
i
1n
=
X
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L
et

F
θ

b
e
a
param

etric
fam

ily
w
ith

par.
θ
=

[θ
1 ,...,θ

p ]

S
am

ple
X

1 ,...,X
n ,
X
i ∼

F
θ

E
stim

ator
of

the
param

eters:

A
function

of
the

sam
ple,

T
k 〈F̂

n 〉
designed

to
estim

ate
par.

θ
k

−→
If

F
=
F
θ

then
w
e
w
ant

T
k 〈F

θ 〉
=
θ
k

F
isher

consistency.

j
T
he

L
ocation

M
odel

X
1 ,X

2 ,...,X
n
,

X
i ∼

N
〈
µ
,σ

20 〉
,

indep
endent

estim
ator:

X

–
or

m
edian?

m
e
d〈X

1 ,X
2 ,...,X

n 〉→
m
e
d 〈
N
〈
µ
,σ

20 〉〉
=
µ
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4
.2

M
a
x
im

u
m

lik
e
lih

o
o
d
a
n
d
M
-e
stim

a
to
rs

a
G
iven

a
param

etric
fam

ily
w
ith

density
f
θ 〈x〉

w
rite

as
f〈x

,θ〉
G
iven

the
observation

x
,
f〈x

,θ〉
=

likelihood
of
θ.

S
am

e
for

probabilities
P
θ 〈X

=
x〉,

also
w
ritten

as
f〈x

,θ〉.

M
axim

um
-L
ikelihood

estim
ator:

m
axim

ize
the

likelihood
!

θ̂
=

a
rg

m
in〈f〈x

,θ〉〉
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S
am

ple
X

1 ,...,X
n

−→
joint

density
∏
i f〈x

i ,θ〉.
M
axim

ize
this

or

L〈x
1 ,...,x

n
;
θ〉

=
∑

i lo
g〈f〈x

i ,θ〉〉
or

m
inim

izeD
〈θ〉

=
−
2
∑

i lo
g〈f〈x

i ,θ〉〉
=

∑
i ρ〈x

i ,θ〉
D
:
D
eviance.

ρ-function:“deviation”
of

the
observation

x
i
from

m
odel〈θ〉.

F
or

norm
al
distribution

w
ith

given
variance:

ρ〈x
,µ〉

=
((x

−
µ
)/
σ )

2
+
c

−→
L
east

S
quares



70
4
.2c

E
xam

ple
logistic

distribution.

f
µ
,σ 〈x〉

=
1

(e
z
/
2
+
e −

z
/
2 )

2
,
z
=
x
−
µ

σ

location-scale
fam

ily.
L
ikelihood

−
2
lo
g 〈
e
z
/
2
+
e −

z
/
2 〉
.

ρ〈x
;
µ
,σ〉

=
4
lo
g 〈
e
(x−

µ
)/

2
σ
+
e −

(x−
µ
)/

2
σ 〉

d
F
orm

derivative
for

θ
k
and

set
to

0
∂
L

∂
θ
k 〈x

1 ,...,x
n
;
θ〉

=
∑

ni=
1
s
k 〈x

i ;
θ〉
,

” L
ikelihood

scores”

s
k 〈x

;
θ〉

=
∂∂
θ
k

lo
g〈f〈x

i ,θ〉〉
=

−
12

∂∂
θ
k

ρ〈x
i ,θ〉

.

∑
ni=

1
s 〈
x
i ;
θ̂ 〉

=
0
.

M
axim

um
-L
ikelihood

estim
ator:

S
olve

for
θ̂ !
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L
ogistic

distribution.
L
ocation-scale:

z
=

(x
−
µ
)/
σ

−→
∂
z
/
∂
µ
=

−
1
/
σ

and
∂
z
/
∂
σ
=

−
(x

−
µ
)/
σ
2
=

−
z
/
σ

s
µ 〈x

;
θ 〉

=
1σ

e
z
/
2−

e −
z
/
2

e
z
/
2
+
e −

z
/
2

s
σ 〈x

;
θ 〉

=
z
s
µ 〈x

;
θ〉

f
M
ore

general:

θ̂
=

argm
in

θ

∑
ni=

1
ρ〈X

i ,θ〉
or

θ̂
=

solution
of

∑
ni=

1
ψ 〈X

i ,θ〉
=

0

M
estim

ator.

U
se

scores
function

of
the

logistic
distribution

even
if

you
think

(or
hop

e)
that

the
observations

follow
the

norm
al
distribution.
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M
estim

ators
as

functionals.

T
ρ 〈F

〉
=

argm
in

θ

∫
ρ〈x

,θ〉
d
F
〈x〉

or

T
ψ 〈F

〉
=

solution
of

∫
ψ〈x

,θ〉
d
F
〈x〉

=
0
.

E
stim

ator:
S
olution

of
∫
ψ〈x

,θ〉
d
F̂
n 〈x〉

=
1n ∑

i ψ〈x
i ,θ〉

=
0

T〈F
n 〉→

T〈F
〉.

T
estim

ates
θ
if
T〈F

θ 〉
=
θ

=
⇒

∫
ψ〈x

,θ〉
d
F
θ 〈x〉

=
0
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E
xam

ple:
L
ocation

m
odel

and
H
ub
er

estim
ator

f〈x
,µ〉

=
f〈x

−
µ
,0〉

,
f〈z

,0〉
=

1
√
2
π
e −

z
2/
2
.

log-lik.: −
12
lo
g〈2

π〉−
(x

−
µ
)
2/

2
,

scores
s〈x

,µ〉
=
x
−
µ

−→
estim

ator
∑

i (x
i −

µ̂
)
=

0
−→

µ̂
=

1n ∑
i x

i

−→
M

estim
ator

w
ith

ψ〈x
,µ〉

=
x
−
µ

M
edian

is
an

M
estim

ator,
ψ〈x

,µ〉
=

{
−
1

x−
µ
<

0
1

x−
µ
>

0
.

H
ub
er

estim
ator:

M
estim

ator
w
ith

ψ〈x
,µ〉

=

{
x
−
µ

für|x
−
µ|≤

k
−
k

für
x
−
µ
<

−
k

k
für

x
−
µ
>
k

k
tuning

constant.
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−
5

−
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−
3

−
2

−
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3

4
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z

ψ(z, µ)
M

ittel
M

edian
H

uber
B

iw
eight
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M
axim

um
-L
ikelihood

estim
ator

∫
s〈x

,θ〉
f〈x

,θ〉
d
x
=

0

F
isher-consistent

estim
ators

for
the

param
eter(s)

of
the

fam
ily!

P
roof:

∂∂
θ
lo
g〈f〈x

,θ 〉〉
=

1
∂∂
θ f〈x

,θ〉
∂∂
θ
f〈x

,θ 〉
=

s〈x
,θ〉

=
⇒

∂∂
θ
f〈x

,θ 〉
=

s〈x
,θ〉

f〈x
,θ〉

∫
f〈x

,θ〉
d
x

=
1

=
⇒

∫
∂∂
θ
f〈x

,θ〉
d
x
=

0
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4
.3

In
fl
u
e
n
c
e
F
u
n
c
tio

n

b
E
m
prirical

Infl
uence

function.
E
xam

ple
of

w
eights

of
pigs

1
0
7

1
0
8

1
1
1

1
0
1

9
7

1
1
3

1
0
9

1
0
5

1
1
6

1
2
2
.

A
dditional

observation
x
0

−→

(1
0
7
+

1
0
8
+
...

+
1
2
2
+
x
0 )/

1
1

=
n
x
+
x
0

n
+

1
=

(n
+

1
)x

−
x

n
+

1
+

x
0

n
+

1
=
x
+

1
n
+
1
(x

0 −
x
)

=
1
0
8
.9

+
(x

0 −
1
0
8
.9
)/

1
1
.

M
edian

(1
0
8
+

1
0
9
)/

2
=

1
0
8
.5

−→
1
0
8
,
if
x
0 ≤

1
0
8

−→
1
0
9
,
if
x
0 ≥

1
0
9
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E
m
pirical

Infl
uence

F
unction

or
S
ensitivity

C
urve

S
C〈x

0 ;
T
,x

1 ,...,x
n 〉

=
n
(T〈x

1 ,...,x
n ,x

0 〉−
T〈x

1 ,...,x
n 〉 )

d
G
ross

E
rror

M
odel.

(1
−
ε
)
F
〈.〉

+
ε
∆

x
0 〈.〉

M
odel

for“w
rong”

observation
or“gross

error”

x
−

4
−

2
0

2
4

0.0 0.2 0.4 0.6 0.8 1.0

x
0

ε

G(x)

(i)

x
−

4
−

2
0

2
4

0.0 0.2 0.4 0.6 0.8 1.0

x
0 ε

G(x)

(ii)

G(x)
F(x)
∆(x)

M
ore

general:
G
〈x〉

=
(1

−
ε
)
F
〈x〉

+
εH

〈x〉
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.3e

Infl
uence

F
unction.

IF〈x
;
T
,F

〉
=

lim
ε→

0

T〈(1
−
ε
)
F

+
ε
∆

x 〉−
T〈F

〉
ε

.

f
IF

for
X
:

E〈(1
−
ε
)
F

+
ε
∆

x 〉
=

(1
−
ε
)E〈F

〉
+
εE〈∆

x 〉
=

(1
−
ε
)E〈F

〉
+
εx

IF 〈
x
;
X
,F

〉
=

x
−

E〈F
〉
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M
edian

m
e
d〈F

〉
=
F

−
1〈0

.5〉.
If
x
>
t
+ε
=
F

−
1〈0

.5
/
(1

−
ε
)〉

then
m
e
d〈(1

−
ε
)
F

+
ε
∆

x 〉
=
t
+ε

If
x
>
t −ε

=
F

−
1〈1

−
0
.5
/
(1

−
ε
)〉

then
...

=
t −ε

dd
ε
F

−
1〈0

.5
/
(1

−
ε
)〉

=
1

f〈F
−
1〈0

.5
/
(1

−
ε
)〉〉 ·

0
.5

·
(−

1
)

(1
−
ε
)
2

·(−
1
)

→
1
/
(2
f〈µ〉),

µ
=
F

−
1〈0

.5〉

IF 〈
x
;
X
,F

〉
=

{
−
1
/
(2
f〈µ〉)

für
x
<

m
e
d〈F

〉
1
/
(2
f〈µ〉)

für
x
>

m
e
d〈F

〉
is
not

continuous
at

the
m
edian,

but
jum

ps

from
−
1
/
(2
f〈µ〉)

to
1
/
(2
f〈µ〉).
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Infl
uence

F
unction

for
M

estim
ators.

IF〈x
;
F
〉
=

1c
ψ〈x

,θ〉
m
it

c
=

−
∫

∂∂
θ
ψ〈x

,θ〉
f〈x

,θ〉
d
x
.

Infl
uence

function
is
prop

ortional
to

ψ
.

If
T
estim

ates
θ,

that
is, ∫

s 〈x
,θ〉

f〈x
,θ〉

d
x
=

0

c
=

∫
ψ〈x

,θ〉
s〈x

,θ〉
f〈x

,θ〉
d
x
.

S
p
ecial

case:
M
axim

um
-L
ikelihood

estim
ator

c
=

−
∫

∂∂
θ
s〈X

,θ〉
f〈x

,θ〉
d
x
=

∫
s〈X

,θ〉
2
f〈x

,θ〉
d
x
.
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*
P
ro
o
f:
T〈G

〉
fo
r
th
e
d
istrib

u
tio

n
G

=
(1

−
ε
)F

+
ε
∆

x
:

∫
ψ〈x

,T〈G
〉〉
d
G
〈x〉

=
(1

−
ε
) ∫
ψ〈x

,T〈G
〉〉
d
F
〈x〉

+
εψ〈x

,T〈G
〉〉

ψ〈x
,T〈G

〉〉
≈

ψ〈x
,T〈F

〉〉
+

∂∂
θ ψ〈x

,T〈F
〉〉

(T〈G
〉−

T〈F
〉)

∫
...

≈
∫
ψ〈x

,T〈F
〉〉
d
F
〈x〉

+
(T〈G

〉−
T〈F

〉) ∫
∂∂
θ ψ〈x

,T〈F
〉〉
d
F
〈x〉

≈
(1

−
ε
)(T〈G

〉−
T〈F

〉) ∫
∂∂
θ ψ〈x

,T〈F
〉〉
d
F
〈x〉

+
ε (ψ〈x

,T〈F
〉〉

+
(T〈G

〉−
T〈F

〉)
∂∂
θ ψ〈x

,T〈F
〉〉 )

=
0

T〈G
〉−
T〈F

〉≈
−
ε (ψ〈x

,T〈F
〉〉

+
(T〈G

〉−
T〈F

〉)
∂∂
θ ψ〈x

,T〈F
〉〉 )

(1
−
ε
) ∫

∂∂
θ ψ〈x

,T〈F
〉〉
d
F
〈x〉
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L
inearization.

T
〈
F̂
n 〉

≈
T〈F

〉
+

1n ∑
ni=

1
IF〈X

i ;
T
,F

〉

T〈G
〉

≈
T〈F

〉
+

∫
IF〈x

;
T
,F

〉
d
(G

−
F
)
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4
.4

A
sy
m
p
to
tic

D
istrib

u
tio

n

a
C
entral

lim
it
theorem

.
T
he

distribution
of

the
standardized

average

Z
n
=
X
n −

µ

σ
/ √

n

approaches
the

standard
norm

al
distribution

as
n
grow

s.

P
〈Z

n ≤
z〉

n→
∞

−→
Φ
〈z〉

(
Φ
:
cum

.
distribution

function
of

the
standard

norm
al)

...
if
X
i
are

indep
endent

and
equally

distributed
and

the
variance

is
fi
nite.

b
E
xpressed

diff
erently:

X
n
≈
∼

N
〈µ
,σ

2/
n〉



85

0
1

2
0

1
2

0
1

2
0

1
2

0
1

2

0.0 0.5 1.0 1.5 2.0

−
2

0
2

−
2

0
2

−
2

0
2

−
2

0
2

−
2

0
2

0.0 0.5 1.0



86
4
.4c

C
entral

L
im
it
T
heorem

for
functionals.

T〈X
1 ,
X
i ,...,X

n 〉
≈

T〈F
〉
+

1n ∑
ni=

1
IF〈X

i ;
T
,F

〉
≈

∼
N

〈T〈F
〉,v

/
n〉

v
=

v
a
r〈IF〈X

;
F
〉〉

W
e
alw

ays
have

E
〈
IF〈X

;
T
,F

〉 〉
=

0
.

−→
v
=

E
〈
IF〈X

;
T
,F

〉
2 〉
.

d
A
sym

ptotic
variance

for
M

estim
ators.

v
=

1c
2 ∫

ψ〈x
,θ〉

2
d
F
〈x〉

.

M
axim

um
-L
ikelihood

estim
ator:

Integral
=
c

−→
v
=

1
/
c
,

c
=

∫
s〈x

,θ〉
2
d
F
θ 〈x〉

.

F
isher-Inform

ation.
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E
xam

ple
H
ub
er

estim
ator

for
standard

norm
al
distribution

v
=

∫
ψ〈x〉

2d
Φ
〈x〉

(∫
ψ

′〈x〉
d
Φ
〈x〉 )

2

k

as. Varianz

0.0
0.2

0.4
0.6

0.8
1.0

1.2
1.4

1.6
1.8

2.0

0.0 1.0 1.2 1.4 1.6



88
4
.4f

E
xam

ple
L
ogistic

distribution

M
axim

um
-L
ikelihood

estim
ator

for
L〈µ

=
0
,σ

=
1〉

∫
(e
z
/
2−

e −
z
/
2)

2

(e
z
/
2
+
e −

z
/
2)

4
d
z
=

0
.3
3
3

=
1
for

σ
=

1
.7
3
2
.

g
M
axim

um
likelihood

estim
ator

is
the

b
est

est.
asym

ptotically.

v
T
≥

1
/
c
for

all
F
isher

consistent
estim

ators.
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T
ests

and
confi

dence
intervals.

•
S
tandarized

test
statistic

T
=

(θ̂−
θ
0 ) / √

v
/
n
≈
∼

Φ

•
C
onfi

dence
interval

for
θ:
θ̂±

1
.9
6
∗ √

v
/
n
.

i
S
um

s
of

squares
−→

chisquared
distribution!.

T
=

∑
k (N

k −
µ
k )

2/
µ
k
,

µ
k
=

E〈N
k 〉

T
≈

∼
χ
2ν

C
ontradiction

to
the

C
entral

L
im
it
T
heorem

?
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4
.5

L
ik
e
lih

o
o
d
R
a
tio

T
e
sts

a
B
asic

Idea.

T
he

plausibility
of

a
m
odel

in
the

light
of

data

is
m
easured

by
the

likelihood.

A
nullhyp

othesis
usually

restricts
a
param

eter
to

a
sp
ecifi

c
value

(or
one

side
of

a
given

value,
for

one-sided
case).

T
he

restriction
deteriorates

the
“fi
t”
of

the
data

to
the

m
odel.

T
he

likelihood
decreases.

If
it
decreases

too
m
uch,

the
null

hyp
othesis

m
ust

b
e
rejected.
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−→
T
est

statstic:

•
likelihood

ratio,
or

•
log

likelihood
diff

erence,
or

•
deviance

–
diff

erence
of

deviance
values

b
etw

een
“full

m
odel”

(free
param

eter)
and

“reduced
m
odel”

(param
eter

fi
xed

at“null
value”)
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E
xam

ple:
sim

ple
regression,

scale
know

n.
L
og

likelihood:

c−
1

2
σ

2 ∑
i (y

i −
β
1 x

i −
β
0 )

2

M
axim

um
likelihood

=
L
east

S
quares.

N
ull

hyp
othesis

β
1
=

0
,
β
0
unsp

ecifi
ed.

−→
L
og

likelihood
diff

erence

c−
1

2
σ

2 ∑
i (y

i −
β
1 x

i −
β
0 )

2−
(
c−

1
2
σ

2 ∑
i (y

i −
β
1 x

i −
β
0 )

2 )

=
1

2
σ

2 (∑
i (y

i −
β
1 x

i −
β
0 )

2−
∑

i (y
i −

β
0 )

2 )

=
diff

erence
of

S
um

s
of

S
quares

(total
m
inus

residual)

=
S
um

s
of

S
quares

of
M
odel

...
divided

by
2
σ
2.
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σ
2
unknow

n
−→

estim
ate

from
residuals!

m
ultiply

by
2

−→
D
iff
erence

of
deviances

−→
F
-T
est.

(T
o
b
e
precise,

σ
is
estim

ated
under

the
alternative,

not
under

the
null

hyp
othesis...)

A
lso

applicable
for

m
ultiple

regression,

m
ore

than
one

coeffi
cient

to
b
e
tested.
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4
.5c

S
am

e
prop

erties
for

deviance
diff

erences
–
asym

ptotically
–

in
general

(under
conditions):

U
nder

the
null

hyp
othesis,

the
deviance

diff
erence

(=
tw
ice

the
log

likelihood
ratio)

is
distributed

asym
ptotically

∼
χ
2df .

D
egrees

of
freedom

df
=

num
b
er

of
param

eters
that

are

fi
xed

by
null

hyp
othesis.

O
nly

applies
to
“nested”

m
odels:

T
he

reduced
m
odel

is
obtained

by
restricting

the
full

m
odel.
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4
.6

R
o
b
u
st

E
stim

a
to
rs

a
Infl

uence
F
unction

should
b
e
b
ounded!

b
G
ross

error
sensitivity.

γ
∗〈T

,F
〉
=

su
px

〈|IF〈x
;
T
,F

〉| 〉
.

c
E
xam

ples:

•
M
edian:|IF〈x

;
T
,F

〉|
=

1 /
(2
f〈m

e
d〈F

〉〉)
=
γ
∗

•
γ
∗ 〈
X
,F

〉
=

∞
.
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.6d

M
axim

al
B
ias.

G
ross

E
rror

distribution
(1

−
ε̃
)
F
〈.〉

+
ε̃H

〈.〉
−→

G
ross

E
rror“neighb

orhood””
U
〈F
,ε〉

b〈ε
;
T
,F

〉
=

su
p

G
∈
U〈F

,ε〉 〈G
〈T

〉〉
.

e
B
reakdow

n
p
oint

ε ∗〈T
,F

〉:
m
inim

al“radius”
ε
of

a
neighb

orhood
around

F
,

for
w
hich

T
breaks

dow
n,

ε ∗〈T
,F

〉
=

in
fε 〈b〈ε

;
T
,F

〉
=

∞
〉
,
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4
.6f

E
m
pirical

breakdow
n
p
oint.

S
am

ple
x
1 ,x

2 ,..,x
n .

P
lus

q
arbitrary

x
∗1 ,x

∗2 ,...,x
∗q .

T
〈
x
1 ,x

2 ,...,x
n ,x

∗1 ,x
∗2 ,...,x

∗q 〉
−
T〈x

1 ,x
2 ,...,x

n 〉
infi

nite?

−→
P
rop

ortion
q
/
(n

+
q
)
such

that
...

rem
ains

b
ounded.

U
sually

indep
endent

of
x
1 ,x

2 ,..,x
n .

10%
trim

m
ed

m
ean

−→
10%

g
Im

p
ortance.

h
C
om

pare
to

a
bridge:

can
vibrate

under
low

w
ind

–
m
ore

or
less

strongly
–

and
break

dow
n
under

a
storm

–
m
ore

or
less

violent
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4
.6i

If
w
e
w
ant

m
inim

al
G
ross

E
rror

S
ensitivity

−→
M
edian

−→
asym

ptotic
variance

1.571,
γ
∗
=

1
.2
5
3
.

C
om

pare
to

insurance:
P
rem

ium
for

covering
risk.

j
O
ptim

al
com

prom
ise:

H
am

p
el

F
or

norm
al
distribution

w
ith

fi
xed

variance:
H
ub
er

estim
ators.

“P
rem

ium
”
of

5%
m
ore

variance
for

k
=

1
.3
4
5
.

γ
∗
=

1
.6
3
7
.
T
he

com
prom

ise
pays

off
!
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4
.7

O
u
tlo

o
k

a
B
lock

on
robust

regression

b
M
ultidim

ensional
estim

ators.
−→

M
ultivariate

statistics

c
S
m
all

S
am

ple
A
sym

ptotics.


