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Motivation: VAX004 trial

e Phase Ill randomized, placebo-controlled HIV/AIDS vaccine trial
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Evaluate dependence of vaccine efficacy on genetic sequence of
Infecting virus - does the vaccine protect better against viruses that
are similar to the virus in the vaccine?
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Motivation: VAX004 trial

e Phase Ill randomized, placebo-controlled HIV/AIDS vaccine trial
e Goals:
Evaluate vaccine efficacy

Evaluate dependence of vaccine efficacy on genetic sequence of
Infecting virus - does the vaccine protect better against viruses that
are similar to the virus in the vaccine?

e Interested in the joint distribution of:
X: time to HIV infection

Y. genetic distance between the infecting virus and the virus
present in the vaccine. Natural to treat Y as continuous variable
(Gilbert et al, 2001).
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Motivation: VAX004 trial

e Phase Ill randomized, placebo-controlled HIV/AIDS vaccine trial
e Goals:
Evaluate vaccine efficacy

Evaluate dependence of vaccine efficacy on genetic sequence of
Infecting virus - does the vaccine protect better against viruses that
are similar to the virus in the vaccine?

e Interested in the joint distribution of:
X: time to HIV infection

Y. genetic distance between the infecting virus and the virus
present in the vaccine. Natural to treat Y as continuous variable
(Gilbert et al, 2001).

e X and Y cannot be observed directly:
X Is subject to interval censoring

Y Is only observed if a person is infected: mark variable
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If Y Is continuous, line segments do not overlap.
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Model

o (X,Y)~Fy, X~ Fyx,Y ~ Fyy.
e We want to estimate Fy.
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o (X,Y)~Fy, X~ Fyx,Y ~ Fyy.
e We want to estimate Fy.

e X isinterval censored. Instead of X, we observe (T, A), where

o T=(T1,...,1T;), 0 < T} < --- < T} vector of observation times.
The number k is fixed.

o A:(A17°"7Ak—|—1) and Aj :1{Tj_1 <X§Tj} for
j=1,....k+1 (1T =0, T 1 = 00)

o Tisindependentof (X,Y). T ~ G.
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o (X,Y)~Fy, X~ Fyx,Y ~ Fyy.
e We want to estimate Fy.

e X isinterval censored. Instead of X, we observe (T, A), where

T=(T1,...,T:),0 < Ty < --- < T} vector of observation times.
The number k is fixed.

A= (A,...,Apr)and A; = 1{T;_1 < X < T} for
j=1,....k+1 (1T =0, T 1 = 00)

T is independent of (X,Y). T ~ G.

e Y Is a continuous mark variable:
It can only be observed if X < T}, l.e., If Ay = Zle By = 1.
Instead of Y, we observe Z = A, Y.
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o (X,Y)~Fy, X~ Fyx,Y ~ Fyy.
e We want to estimate Fy.

e X isinterval censored. Instead of X, we observe (T, A), where

T=(T1,...,T:),0 < Ty < --- < T} vector of observation times.
The number k is fixed.

A= (A,...,Apr)and A; = 1{T;_1 < X < T} for
j=1,....k+1 (1T =0, T 1 = 00)

T is independent of (X,Y). T ~ G.

e Y Is a continuous mark variable:
It can only be observed if X < T}, l.e., If Ay = Zle By = 1.
Instead of Y, we observe Z = A, Y.

e Observeddata: W = (T, A, Z).
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o (X,Y)~Fy, X~ Fyx,Y ~ Fyy.
e We want to estimate Fy.

e X isinterval censored. Instead of X, we observe (T, A), where

T=(T1,...,T:),0 < Ty < --- < T} vector of observation times.
The number k is fixed.

A= (A,...,Apr)and A; = 1{T;_1 < X < T} for
j=1,....k+1 (1T =0, T 1 = 00)

T is independent of (X,Y). T ~ G.
e Y IS a continuous mark variable:
It can only be observed if X < T}, l.e., If Ay = Zle By = 1.
Instead of Y, we observe Z = A, Y.
e Observeddata: W = (T, A, Z).
e We study the nonparametric maximum likelihood estimator (MLE) for
Fy, based on n 1.1.d. observations W1, ..., W,,.
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Outline

e MLE is inconsistent in general
e Simple method to repair inconsistency
e Simulation results of the MLE and the repaired MLE
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Inconsistency

e We suspected inconsistency because:

o The observed sets in our model can take the form of line
segments.

o This was also the case Iin the models with inconsistent MLES
studied by Van der Laan (1996) and Maathuis (2003).
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Inconsistency

e We suspected inconsistency because:

The observed sets in our model can take the form of line
segments.

This was also the case in the models with inconsistent MLEs
studied by Van der Laan (1996) and Maathuis (2003).

e How to prove inconsistency?
Derive explicit formula for MLE.
Express this formula in terms of empirical processes.
Then it is straightforward to derive the limit.

This leads to necessary and sufficient conditions for consistency.
e These conditions force a relation between G and Fy.

e Such a relation does typically not hold.
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The MLE maximizes [[;_; Pr(A;).
The MLE can only put mass in the maximal intersections.
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The MLE
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The MLE maximizes [[;_; Pr(A;).
The MLE can only put mass in the maximal intersections.
The MLE is non-unique.

[ = Pr(A;) = pipapspa(p2 + ps + pa + ps) (pa + ps5)ps.
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The MLE maximizes [[;_; Pr(A;).
The MLE can only put mass in the maximal intersections.
The MLE is non-unique.

[ = Pr(A;) = pip2pspa(p2 + ps + pa + ps) (pa + p5)ps.
Obtain F;, and Fx,, by summing up mass.
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The MLE
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The MLE maximizes [[;_; Pr(A;).
The MLE can only put mass in the maximal intersections.
The MLE is non-unique.

[1i-q Pr(A;) = pipap3pa(p2 + p3 + pa + ps5)(pa + ps)ps.
Obtain ﬁn and ﬁXn by summing up mass.

Upper bounds F, ]3)";:”.
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The MLE
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The MLE maximizes [[;_; Pr(A;).
The MLE can only put mass in the maximal intersections.
The MLE is non-unique.

[1i-q Pr(A;) = pipap3pa(p2 + p3 + pa + ps5)(pa + ps)ps.
Obtain ﬁn and ﬁXn by summing up mass.

Lower bounds F*, F% .
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The MLE can be viewed as a right endpoint imputation estimato
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The MLE maximizes [[;_; Pr(A;).
The MLE can only put mass in the maximal intersections.
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The MLE can be viewed as a right endpoint imputation estimato

Y 0.4+
0.3+
5/35
02+ °
0.1t 6/35

The MLE maximizes [[;_; Pr(A;).
The MLE can only put mass in the maximal intersections.
The MLE may be non-unique.

[I;—1 Pr(A;) = p1pap3pa(p2 + p3 + ps + ps5)(pa + ps)ps.
MLE for imputed data is the same as F.
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The MLE can be viewed as a right endpoint imputation estimato

Y 04+
0.3+
5/35
0.2+ °
0.14 6/35

The MLE maximizes [[;_; Pr(A;).
The MLE can only put mass in the maximal intersections.
The MLE may be non-unique.

[ = Pr(A;) = pip2pspa(p2 + ps + pa + ps) (pa + p5)ps.

MLE for imputed data is the same as FY.
This indicates that F* is biased.
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MLE in terms of empirical processes

e Our likelinood is very similar to the likelihnood for right censored data
with continuous marks.
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MLE in terms of empirical processes

e Our likelinood is very similar to the likelihnood for right censored data
with continuous marks.

e Hence, following Huang and Louis (1998), we can write:
1 — Ff(n(x) — Hsgx{l o AXn(dS)}
Ef(@,9) = ey [ucs {1 = Axn(duw) Y An(ds, y)
where

~ Vn d87
Ap(z,y) = f[O,w] 1—1H§n(sy—))
VXn(ds)

Axn(2) = An(z, 00) = Jo.0] THLG5)
and

H,(z) = P,1{U < z}

Vol(z,y) =P, AL H{U < 2,7 <y}

Vxn(z) =V,(x,0) =P, AL 1{U < z}
andU = A, R+ Ag 1 L.
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Limit of the MLE

e Uniform limits of H,,, V,, and V x,, (Glivenko-Cantelli):
o H(zx)=PU<x)
o V(z,y)=P(ALH{U < 2,2 < y})
o Vx(z) = P(A41{U < 2})
o All three limits can be expressed in terms of F; and G.
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Limit of the MLE

e Uniform limits of H,,, V,, and V x,, (Glivenko-Cantelli):
o H(zx)=PU<x)
o V(z,y)=P(ALH{U < 2,2 < y})
o Vx(z) = P(A41{U < 2})
o All three limits can be expressed in terms of F; and G.

e Uniform limits of Ax,, and A, (continuous mapping):
Vx (ds
¢ Axeo = f[O,a:] 1—)1{1((82)

V (ds,
¢ Aw= f[O,x] 1—31(3—))

Inconsistency of the MLE for interval censored continuous mark data - WNAR 2007 10/ 22



Limit of the MLE

e Uniform limits of H,,, V,, and V x,, (Glivenko-Cantelli):
H(x) =P(U < x)
V(z,y) = P(AL1{U < ,Z < y})
Vx(z) = P(AL1{U < )
All three limits can be expressed in terms of F;; and G.

e Uniform limits of Ax,, and A, (continuous mapping):
Vx (ds
Axoo = f[O,a:] 1—)1{1((82)

V (ds,
Ao = |, [0,] 1—31(3—))

e Uniform limits of F£ and F* (continuous mapping):
1 — F.g(oo(aj) — Hsgx{l o AXOO(dS)}
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Limit of the MLE

e Uniform limits of H,,, V,, and V x,, (Glivenko-Cantelli):

H(x) = P(U < x)

V(z,y) = P(AL1{U < ,Z < y})

Vx(z) = P(AL{U < z})

All three limits can be expressed in terms of F;; and G.
e Uniform limits of Ax,, and A, (continuous mapping):

Vx (ds
Axoo = f[O,a:] 1—)1{1((82)

V (ds,
Ao = |, [0,] 1—31(3—))

e Uniform limits of F£ and F* (continuous mapping):
1= FSoo(@) = [T il — Axoo(ds)}
Foo(@,9) = [ocp [Tucsll = Axoo(du) } Ao (ds, y)
e Explicit formula for the limit of the MLE.
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Necessary and sufficient conditions for consistency of ﬁfm

e Marginal distribution of X:

» Instantaneous hazard: A\gx(s) = Agx(ds) = 15%‘(’;%?_)

o Cumulative hazard: Agx(z) = f[o 7] 1_1?%()56(12)_)

o Then there is a one-to-one correspondence between Fyx and Agx:
1 — FOX(x) — Hsgx{l - AOX(dS)}'
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e Marginal distribution of X:

» Instantaneous hazard: A\gx(s) = Agx(ds) = 15%‘(’;%?_)

o Cumulative hazard: Agx(z) = f[o 7] 1_1?%;()56(12)_)

o Then there is a one-to-one correspondence between Fyx and Agx:
1 — FOX(x) — Hsgx{l - AOX(dS)}'

e Recallthatl — F§ _(2) = [[,<,{1 — Axoo(ds)}.
Hence, A x. is the cumulative hazard of F%__.
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Necessary and sufficient conditions for consistency of ﬁfm

e Marginal distribution of X:

Instantaneous hazard: A\gx(s) = Agx(ds) = 15%*;‘7;‘5?_)

Cumulative hazard: Aox (z) = [ ,, 1_1?%;()%2)_)

Then there is a one-to-one correspondence between Fyx and Agx:
1 — FOX(x) — Hsgx{l - AOX(dS)}'

e Recallthatl — F§ _(2) = [[,<,{1 — Axoo(ds)}.
Hence, A x. is the cumulative hazard of F%__.

e The MLE F%_is consistent for Fyx on [0, 7] if and only if for all
x € |0, 7]:

B Vx(ds) Fox(ds) _ .
AXOO(:E) - [O,a:] 1 - H(S_) a [O,a:] 1 - FOX(S_) B AOX( )
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Necessary and sufficient conditions for consistency of ﬁfi

e Bivariate distribution of (X, Y") (Huang and Louis, 1998):

» Mark-specific instantaneous hazard: Ag(ds,y) = 1 f%gis(z)_)

» Mark-specific cumulative hazard: Ao(z,y) = [ 15}2?(?_)

o Then there is a one-to-one correspondence between F and Ag:
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Necessary and sufficient conditions for consistency of ﬁfi

e Bivariate distribution of (X, Y") (Huang and Louis, 1998):
Mark-specific instantaneous hazard: Ag(ds,y) = 1 Rl %gis(z)_)

Mark-specific cumulative hazard: Ao(z,y) = [ . 15%265(?_)

Then there is a one-to-one correspondence between Fj, and Ay:
FO(QZ‘, y) — fsgq; Hu<s{1 o A()X(d’d)}Ao(dS, y)
e Recallthat F (z,y) = [

s<z Hu<s{1 R AXOO(du)}AOO(dS7 y)
Hence, A, is the mark-specific cumulative hazard of F’_.
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Necessary and sufficient conditions for consistency of ﬁfi

e Bivariate distribution of (X, Y") (Huang and Louis, 1998):

Mark-specific instantaneous hazard: Ag(ds,y) = 1 L %gis(z)_)

Mark-specific cumulative hazard: Ao(z,y) = [ . 15%265(?)_)

Then there is a one-to-one correspondence between Fj, and Ay:
FO(QZ‘, y) — fsgq; Hu<s{1 o A()X(d’d)}Ao(dS, y)
e Recallthat F (z,y) = [

s<z Hu<s{1 R AXOO(du)}AOO(dS7 y)
Hence, A, is the mark-specific cumulative hazard of F’_.

e The MLE F! is consistent for £}, on [0, 7] x R if and only if for all
z € [0,7]and y € R:

__ V(dS,y) . FO(dsay) — 7
Roclrs0) = /[o,x] 1 —H(s—) B /[o,x] 1 — Fox(s—) Aol ).
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Corollaries

e MLE is consistent if and only if a certain relation between Fj and G
holds. This will typically not be the case.
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Corollaries

e MLE is consistent if and only if a certain relation between Fj and G
holds. This will typically not be the case.

e Corollary 1: Let X be subject to current status censoring (k = 1). Then
the MLE F%, is inconsistent for any choice of continuous distributions

Fyx and G.
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Corollaries

e MLE is consistent if and only if a certain relation between Fj and G
holds. This will typically not be the case.

e Corollary 1: Let X be subject to current status censoring (k = 1). Then
the MLE F%, is inconsistent for any choice of continuous distributions
Fyx and G.

e Corollary 2: Let X be subject to interval censoring case k, and let the
elements 17, ..., T of T be the order statistics of k£ independent
uniform random variables on |0, #]. Then MLE becomes consistent as
k — oo.
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Corollaries

e MLE is consistent if and only if a certain relation between Fj and G
holds. This will typically not be the case.

e Corollary 1: Let X be subject to current status censoring (k = 1). Then
the MLE F%, is inconsistent for any choice of continuous distributions
Fyx and G.

e Corollary 2: Let X be subject to interval censoring case k, and let the
elements 17, ..., T of T be the order statistics of k£ independent
uniform random variables on |0, #]. Then MLE becomes consistent as
k — oo.

e Corollary 2 can also be understood by viewing the MLE as a right
endpoint imputation estimator.
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Repairing inconsistency by discretizing the marks

e Discretize marks:
o LetK >0anddefinegrid —co=yg<y1 < - <yxg < Ygi1 = 00
o Define competingrisk C € {1,..., K + 1}:

yi-1 <Y <y; = C(C=y, 7=1,..., K+ 1.

o We can observe C for all observations with an observed mark.

» So we can transform the observations W = (T, A, Z) into
W*=(T,A,Z*), where Z* = A, C.
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Repairing inconsistency by discretizing the marks

e Repaired MLE:

» Consider MLE F,, for distribution of (X, ) based on i.i.d.
observations W, ... W>.

~

o F, Is MLE for interval censored data with competing risks.
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Repairing inconsistency by discretizing the marks

e Repaired MLE:

Consider MLE F,, for distribution of (X, C') based on i.i.d.
observations W, ... W>.

~

F,, is MLE for interval censored data with competing risks.

e Consistency of the repaired MLE:

Consistency of E}, follows from empirical process theory (see, e.qg.,
Maathuis (2006)).

We can consistently estimate
P(X<z,OC<j)=PX <2zY <y;) =Fy(z,y;) forj=1,... K.

We can consistently estimate F{, for y on the grid.
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Simulation to illustrate behavior of MLE and repaired MLE

e Example 1:
o X ~ Unif(0,1), Y ~ Exp(1), X and Y independent
o T ~ Unif(0,0.5)
e Example 2:
o X ~ Unif(0,1), Y|X ~ Exp(X + 0.5)
o T ~ Unif(0,1)
e Example 3:
o X ~Unif(0,2),Y =X
o 17 ~ Unif(0,1), T5 ~ Unif(0, 2)
e Example 4:
o (X,Y) uniformover {(z,y):0<x <y <1}

o (11,1T») discrete with G(0.25,0.5) = 0.3, G(0.25,0.75) = 0.3 and
G(0.5,0.75) = 0.4
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Simulation to illustrate behavior of MLE and repaired MLE

e Example 1:
X ~ Unif(0,1), Y ~ Exp(1), X and Y independent
T ~ Unif(0,0.5)
e Example 2:
X ~ Unif(0,1), Y|X ~ Exp(X + 0.5)
T ~ Unif (0, 1)
e Example 3:
X ~ Unif(0,2),Y = X
T ~ Unif(0,1), T5 ~ Unif(0, 2)
e Example 4:
(X,Y) uniform over {(z,y) : 0 <x <y <1}

(T1,T5) discrete with G(0.25,0.5) = 0.3, G(0.25,0.75) = 0.3 and
G(0.5,0.75) = 0.4

e One simulation with n = 10,000. Use K = 20 for F,,.
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Estimating joint distribution  Fy(x, y)
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Estimating marginal distribution of X

Example 1 Example 2
3 A 3
N I T T T T I = I T T T T I
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X
Example 3 Example 4
& lI T T T I e I. T T T T I

0.0 0.5 1.0 15 2.0 0.0 0.2 0.4 0.6 0.8 1.0

x

X

Legend: dotted=Fjx (-), redzﬁXn(-), dashed=Fx (), bluezﬁXn(-)
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Estimating Fy(xo,y) for fixed xg

F(0.49,y), Example 1 F(0.5,y), Example 2
R < ooo.cx-o-°°°‘°‘°
o o .O-,o°°'0.o
o ~ _D"Q.
o | S 7 RicH
.'0
o o | M
& T T T T T © T T T T T
0 1 2 3 4 0 1 2 3 4
y y
F(0.75,y), Example 3 F(0.25,y), Example 4
3 - DTG0 O OO0 3
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iy % =
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0.0 0.5 1.0 15 2.0 0.0 0.2 0.4 0.6 0.8 1.0
y y

Legend: dotted="Fy(xo, -), red=E,,(zo, -), dashed=Fx (zo, -), blue=E}, (zo, )
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e \We studied the MLE for the distribution of an interval censored survival
time and a continuous mark.

e We derived an explicit formula for the limit of the MLE.
e We showed that the MLE is inconsistent in general.
e Inconsistency can be repaired by discretizing the marks.

e Simulation results indicate that:
The MLE can be off by a lot

The repaired MLE performs well
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Discussion

e Relation to previous work:

Our results confirm that line segments are a warning sign for
consistency problems.

In Maathuis (2003), inconsistency of the MLE was caused by
non-uniqueness of the MLE. That is not the case in the current
model. The MLE is typically inconsistent even if the limit is unique.
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Discussion

e Relation to previous work:

Our results confirm that line segments are a warning sign for
consistency problems.

In Maathuis (2003), inconsistency of the MLE was caused by
non-uniqueness of the MLE. That is not the case in the current
model. The MLE is typically inconsistent even if the limit is unique.

e Extension to more complicated models:
Extension to mixed case interval censoring is straightforward.

If marks are missing for some observations with A, = 1, then there
IS no closed form available. Hence, Iin this case consistency is still
open problem, but simulation results point to inconsistency.
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