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Motivating example: HIV/AIDS vaccine trials

• Two arm clinical trial to assess vaccine efficacy
◦ Do people in the vaccinated arm get infected less?
◦ Does vaccine efficacy depend on the subtype?
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Motivating example: HIV/AIDS vaccine trials

• Two arm clinical trial to assess vaccine efficacy
◦ Do people in the vaccinated arm get infected less?
◦ Does vaccine efficacy depend on the subtype?

• Variables of interest:
◦ X = time between HIV vaccination and HIV infection
◦ Y = subtype of the infecting virus

• People are tested for HIV at follow-up times ⇒ interval censoring:
◦ X is never observed exactly
◦ Y is sometimes observed

• As a first step, we consider only one observation time per person:
current status censoring
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Graphical representation
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General framework

• We study the failure time of a system that can fail from K different
causes (competing risks)
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• Variables of interest are (X, Y ), where
◦ X > 0 is the failure time
◦ Y ∈ {1, . . . , K} is the failure cause

• Current status censoring
• n i.i.d. observations of (T, ∆), where ∆ = (∆1, . . . , ∆K+1):
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General framework

• We study the failure time of a system that can fail from K different
causes (competing risks)

• Variables of interest are (X, Y ), where
◦ X > 0 is the failure time
◦ Y ∈ {1, . . . , K} is the failure cause

• Current status censoring
• n i.i.d. observations of (T, ∆), where ∆ = (∆1, . . . , ∆K+1):

◦ ∆j = 1{X ≤ T, Y = j}, j = 1, . . . , K

◦ ∆K+1 = 1{X > T}

• We assume that T is independent of (X, Y )
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Estimation

• Goal: estimation of the bivariate distribution function of (X, Y )
(nonparametrically).
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sub-distribution functions F0j : R
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Estimation

• Goal: estimation of the bivariate distribution function of (X, Y )
(nonparametrically).

• Since Y is discrete, this is equivalent to estimating the
sub-distribution functions F0j : R

+ → [0, 1], where:

F0j(t) = P (X ≤ t, Y = j), j = 1, . . . , K

• The sub-distribution functions are related to each other in the
sense that

∑K
j=1 F0j(t) = P (X ≤ t) ≤ 1.
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Overview of previous work in this area

• Key papers:
◦ Hudgens, Satten and Longini - Biometrics 2001
◦ Jewell, van der Laan and Henneman - Biometrika 2003
◦ Jewell and Kalbfleisch - Biostatistics 2004
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Overview of previous work in this area

• Key papers:
◦ Hudgens, Satten and Longini - Biometrics 2001
◦ Jewell, van der Laan and Henneman - Biometrika 2003
◦ Jewell and Kalbfleisch - Biostatistics 2004

• Main results in these papers:
◦ Development of different nonparametric estimators
◦ Algorithms to compute the estimators
◦ Simulation studies comparing the estimators

• In this talk I focus on the MLE and a ‘naive’ estimator:
◦ Consistency
◦ Rate of convergence
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MLE and naive estimator

• Notation:
◦ ∆+ =

∑K
j=1 ∆j , F+(t) =

∑K
j=1 Fj(t)

◦
∫

h(t, δ)dPn = 1
n

∑n
i=1 h(Ti, ∆i)
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MLE and naive estimator

• Notation:
◦ ∆+ =

∑K
j=1 ∆j , F+(t) =

∑K
j=1 Fj(t)

◦
∫

h(t, δ)dPn = 1
n

∑n
i=1 h(Ti, ∆i)

• The MLE F̂n = (F̂n1, . . . , F̂nK) maximizes
∫ 


K∑

j=1

δj log Fj(t) + (1 − δ+) log{1 − F+(t)}


 dPn

over all K-tuples F = (F1, . . . , FK) of sub-distribution functions
summing to at most one.

ENAR 2006: Current status data with competing risks – p. 10/20



MLE and naive estimator

• Notation:
◦ ∆+ =

∑K
j=1 ∆j , F+(t) =

∑K
j=1 Fj(t)

◦
∫

h(t, δ)dPn = 1
n

∑n
i=1 h(Ti, ∆i)

• The MLE F̂n = (F̂n1, . . . , F̂nK) maximizes
∫ 


K∑

j=1

δj log Fj(t) + (1 − δ+) log{1 − F+(t)}


 dPn

over all K-tuples F = (F1, . . . , FK) of sub-distribution functions
summing to at most one.

• The naive estimator F̃n = (F̃n1, . . . , F̃nK) maximizes
∫ K∑

j=1

[
δj log Fj(t) + (1 − δj) log{1 − Fj(t)}

]
dPn

over all K-tuples F = (F1, . . . , FK) of sub-distribution functions.
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Asymptotic properties of the estimators

• For all j = 1, . . . , K, F̃nj maximizes
∫ [

δj log Fj(t) + (1 − δj) log{1 − Fj(t)}
]
dPn

over all sub-distribution functions.
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Asymptotic properties of the estimators

• For all j = 1, . . . , K, F̃nj maximizes
∫ [

δj log Fj(t) + (1 − δj) log{1 − Fj(t)}
]
dPn

over all sub-distribution functions.

• F̃nj is simply the MLE for the reduced current status data (T, ∆j).
Hence, computation and asymptotic properties of the naive
estimator follow easily from known results for current status data.
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Asymptotic properties of the estimators

• For all j = 1, . . . , K, F̃nj maximizes
∫ [

δj log Fj(t) + (1 − δj) log{1 − Fj(t)}
]
dPn

over all sub-distribution functions.

• F̃nj is simply the MLE for the reduced current status data (T, ∆j).
Hence, computation and asymptotic properties of the naive
estimator follow easily from known results for current status data.

• For the MLE, we derive:
◦ Consistency
◦ Rate of convergence
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Results: consistency

• Notation:
◦ Fnj = F̃nj = F̂nj

◦ G is the distribution of the observation time T
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◦ G is the distribution of the observation time T

• Global consistency:

∫ ∣∣Fnj(t) − F0j(t)
∣∣ dG(t) →a.s. 0, ∀j

Proof: Derive Hellinger consistency via empirical process theory
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Results: consistency

• Notation:
◦ Fnj = F̃nj = F̂nj

◦ G is the distribution of the observation time T

• Global consistency:

∫ ∣∣Fnj(t) − F0j(t)
∣∣ dG(t) →a.s. 0, ∀j

Proof: Derive Hellinger consistency via empirical process theory
• Under some regularity conditions, there exists an ǫ > 0 such that

sup
t∈[t0−ǫ,t0+ǫ]

∣∣Fnj(t) − F0j(t)
∣∣ →a.s. 0, ∀j

Proof: Follows from global consistency

ENAR 2006: Current status data with competing risks – p. 12/20



Results: rate of convergence

• Global rate of convergence:

∫ ∣∣Fnj(t) − F0j(t)
∣∣dG(t) = Op(n

−1/3), ∀j

Proof: Derive Hellinger rate of convergence via empirical process
theory
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• Global rate of convergence:

∫ ∣∣Fnj(t) − F0j(t)
∣∣dG(t) = Op(n

−1/3), ∀j

Proof: Derive Hellinger rate of convergence via empirical process
theory

• Under some regularity conditions:

sup
t∈[−M,M ]

∣∣∣Fnj(t0 + n−1/3t) − F0j(t0)
∣∣∣ = Op(n

−1/3), ∀j

Proof: Non-standard
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Results: rate of convergence

• Global rate of convergence:

∫ ∣∣Fnj(t) − F0j(t)
∣∣dG(t) = Op(n

−1/3), ∀j

Proof: Derive Hellinger rate of convergence via empirical process
theory

• Under some regularity conditions:

sup
t∈[−M,M ]

∣∣∣Fnj(t0 + n−1/3t) − F0j(t0)
∣∣∣ = Op(n

−1/3), ∀j

Proof: Non-standard
• Local minimax lower bound: n−1/3

• Both the MLE and the naive estimator converge locally at the
optimal rate
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Proof of local rate of convergence of the MLE

• Result is intuitively clear
◦ The local rate for the naive estimator is n−1/3

◦ The MLE should be at least as good as the naive estimator
◦ No estimator can have a better rate of convergence than n−1/3
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• Result is intuitively clear
◦ The local rate for the naive estimator is n−1/3

◦ The MLE should be at least as good as the naive estimator
◦ No estimator can have a better rate of convergence than n−1/3

• Difficulties:
◦ No explicit form for the MLE
◦ No standard methods
◦ System of sub-distribution functions
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Proof of local rate of convergence of the MLE

• Result is intuitively clear
◦ The local rate for the naive estimator is n−1/3

◦ The MLE should be at least as good as the naive estimator
◦ No estimator can have a better rate of convergence than n−1/3

• Difficulties:
◦ No explicit form for the MLE
◦ No standard methods
◦ System of sub-distribution functions

• Approach:
◦ Characterize the MLE in terms of necessary and sufficient

conditions
◦ Assume that the distance between the estimator and the truth

is larger than Mn−1/3. Then derive that the characterization is
violated with high probability.
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Characterization of the estimators

• Notation: τnj is a jump point of F̃nj or F̂nj
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Characterization of the estimators

• Notation: τnj is a jump point of F̃nj or F̂nj

• Naive estimator: for all t > τnj

0 ≤

∫

[τnj ,t)

{δj − F̃nj(u)}dPn

and equality holds if t is a jump point of F̃nj
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• Notation: τnj is a jump point of F̃nj or F̂nj

• Naive estimator: for all t > τnj

0 ≤

∫

[τnj ,t)

{δj − F̃nj(u)}dPn

and equality holds if t is a jump point of F̃nj

• MLE: for all t > τnj

0 ≤

∫

[τnj ,t)

{
δj − F̂nj(u) + {δ+ − F̂n+(u)}

F̂nj(u)

1 − F̂n+(u)

}
dPn

=

∫

[τnj ,t)

{
δj − F̂nj(u) + {δ+ − F̂n+(u)}

F0j(t)

1 − F0+(t)
+ R

}
dPn

and equality holds if t is a jump point of F̂nj
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Local rate for the sum of the MLE

• Under some regularity conditions, we proved

sup
t∈[−M,M ]

∣∣∣F̂n+(t0 + n−1/3t) − F0+(t0)
∣∣∣ = Op(n

−1/3)
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Local rate for the sum of the MLE

• Under some regularity conditions, we proved

sup
t∈[−M,M ]

∣∣∣F̂n+(t0 + n−1/3t) − F0+(t0)
∣∣∣ = Op(n

−1/3)

• However, this is not enough to control

∫

[τnj ,t)

{δ+ − F̂n+(u)}dPn.

We cannot assume that the length of the interval is Op(n
−1/3).
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Local rate for the sum of the MLE

• Under some regularity conditions, we proved

sup
t∈[−M,M ]

∣∣∣F̂n+(t0 + n−1/3t) − F0+(t0)
∣∣∣ = Op(n

−1/3)

• However, this is not enough to control

∫

[τnj ,t)

{δ+ − F̂n+(u)}dPn.

We cannot assume that the length of the interval is Op(n
−1/3).

• Solution: rate result on a fixed neighborhood of t0.
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Rate for the sum of the MLE on a fixed neighborhood

• Define

vn(t) =

{
n−1/3 for t ≤ n−1/3,

n−1/6 |t|1/2 for t > n−1/3.
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Rate for the sum of the MLE on a fixed neighborhood

• Define

vn(t) =

{
n−1/3 for t ≤ n−1/3,

n−1/6 |t|1/2 for t > n−1/3.

n−1/3

n−1/3

vn(t)

t
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Rate for the sum of the MLE on a fixed neighborhood

• Define

vn(t) =

{
n−1/3 for t ≤ n−1/3,

n−1/6 |t|1/2 for t > n−1/3.

• Then under some regularity conditions, there exists an ǫ > 0 such
that ∣∣∣F̂n+(t) − F0+(t)

∣∣∣ = Op(vn(t − t0))

uniformly in t ∈ [t0 − ǫ, t0 + ǫ].
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Rate for the sum of the MLE on a fixed neighborhood

• Define

vn(t) =

{
n−1/3 for t ≤ n−1/3,

n−1/6 |t|1/2 for t > n−1/3.

• Then under some regularity conditions, there exists an ǫ > 0 such
that ∣∣∣F̂n+(t) − F0+(t)

∣∣∣ = Op(vn(t − t0))

uniformly in t ∈ [t0 − ǫ, t0 + ǫ].

• This result also holds for current status data without competing
risks (take K = 1)

ENAR 2006: Current status data with competing risks – p. 17/20



Rate for the sum of the MLE on a fixed neighborhood

• Define

vn(t) =

{
n−1/3 for t ≤ n−1/3,

n−1/6 |t|1/2 for t > n−1/3.

• Then under some regularity conditions, there exists an ǫ > 0 such
that ∣∣∣F̂n+(t) − F0+(t)

∣∣∣ = Op(vn(t − t0))

uniformly in t ∈ [t0 − ǫ, t0 + ǫ].

• This result also holds for current status data without competing
risks (take K = 1)

• It implies the usual result on a shrinking neighborhood
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Proof of local rate of the MLE

• Characterization: for all t ≥ τnj

∫

[τnj ,t)

{
δj − F̂nj(u) + {δ+ − F̂n+(u)}

F0j(t)

1 − F0+(t)
+ R

}
dPn ≥ 0

and equality holds if t is a jump point of F̂nj
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Proof of local rate of the MLE

• Characterization: for all t ≥ τnj

∫

[τnj ,t)

{
δj − F̂nj(u) + {δ+ − F̂n+(u)}

F0j(t)

1 − F0+(t)
+ R

}
dPn ≥ 0

and equality holds if t is a jump point of F̂nj

• We can now control all the highlighted terms
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Proof of local rate of the MLE

• Characterization: for all t ≥ τnj

∫

[τnj ,t)

{
δj − F̂nj(u) + {δ+ − F̂n+(u)}

F0j(t)

1 − F0+(t)
+ R

}
dPn ≥ 0

and equality holds if t is a jump point of F̂nj

• We can now control all the highlighted terms
• The local rate then follows as for the naive estimator
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Summary

• Current status data with competing risks
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Summary

• Current status data with competing risks
• Two estimators: MLE and naive estimator
• Results:

◦ Global and local consistency
◦ Global and local rate of convergence: n−1/3

◦ New rate of convergence result for F̂n+ on a fixed
neighborhood

◦ Both the MLE and the naive estimator converge locally at the
optimal rate
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Current and future work

• Current work: limiting distribution:

n1/3(F̂nk(t0) − F0k(t0)) →d ?
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◦ Inference via subsampling (Politis et al. 1999)
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Current and future work

• Current work: limiting distribution:

n1/3(F̂nk(t0) − F0k(t0)) →d ?

• Future work:
◦ Inference via subsampling (Politis et al. 1999)
◦ Applications to vaccine clinical trials

marloes@stat.washington.edu

http://www.washington.edu/marloes
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