
Transdu
tive versions of the LASSOand the Dantzig Sele
torPierre Alquier and Mohamed HebiriAbstra
tTransdu
tive methods are useful in predi
tion problems when the training dataset is
omposed of a large number of unlabeled observations and a smaller number of labeledobservations. In this paper, we propose an approa
h for developing transdu
tive predi
tionpro
edures that are able to take advantage of the sparsity in the high dimensional linearregression. More pre
isely, we de�ne transdu
tive versions of the LASSO [Tib96℄ and theDantzig Sele
tor [CT07℄. These pro
edures 
ombine labeled and unlabeled observationsof the training dataset to produ
e a predi
tion for the unlabeled observations. We proposean experimental study of the transdu
tive estimators, that shows that they improve theLASSO and Dantzig Sele
tor in many situations, and parti
ularly in high dimensionalproblems when the predi
tors are 
orrelated. We then provide non-asymptoti
 theoreti
alguarantees for these estimation methods. Interestingly, our theoreti
al results show thatthe Transdu
tive LASSO and Dantzig Sele
tor satisfy sparsity inequalities under weakerassumptions than those required for the "original" LASSO.1 Introdu
tionIn many modern appli
ations, a statisti
ian often have to deal with very large datasets. Theymay involve a large number p of 
ovariates, possibly larger than the sample size n. Let anobservation be a pair instan
e-label. In this paper, we ta
kle su
h high dimensional settingswhi
h moreover involve a large amount of unlabeled data (say m instan
es) in addition to the
n labeled observations.In 
ontrast to indu
tive or supervised methods, transdu
tive pro
edures exploit the knowl-edge of the unlabeled data to improve predi
tion. It is argued in the semi-supervised learningliterature (see for example [CSZ06℄ for a re
ent survey) that taking into a

ount the infor-mation on the design given by the new additional instan
es has a stabilizing e�e
t on theestimator. In transdu
tive methods, we furthermore take into a

ount the obje
tive of thestatisti
ian: estimation of the value of the regression fun
tion only on the set of unlabeled data;see Vapnik [Vap98a℄ for a pioneer work. To leverage unlabeled data, the transdu
tive or semi-supervised methods exploit the geometry of the marginal distribution. Initially introdu
edin the 
lassi�
ation framework, the good performan
e of these methods has been observedin several pra
ti
al �elds. From a theoreti
al point of view we refer to the transdu
tive ver-sion of SVM [Vap98b, Joa99, CZA05, WSP07℄, to the study of 
lassi�ers under the 
lusteringassumption [BM98, NMTM99, CS99, ZBL+03, XGL03, AZ05℄, and to transdu
tive versionsof the Gibbs estimators [Cat07℄ among many others. A

ording to the appli
ations arrays,see for instan
e the dete
tion of spam email [BM98, AG03, BBC+05℄, geneti
s appli
ations[XP05℄, but also the well-known Net�ix 
hallenge.1



In this paper we fo
us on the linear regression model in the 
ase p > n. In this settingdimension redu
tion is a major issue and 
an be performed through the sele
tion of a smallamount of relevant 
ovariates. Numerous indu
tive or supervised methods have been proposedin the literature, ranging from the 
lassi
al information 
riteria su
h as AIC [Aka73℄ and BIC[S
h78℄ to the more re
ent ℓ1-regularized methods, as the LASSO [Tib96℄, the Dantzig Sele
tor[CT07℄, the non-negative garrote [YL07℄. We also refer to [Kol09a, Kol09b, MVdGB09, vdG08,DT07, CH08℄ for related works. Su
h regularized regression methods have re
ently witnessedseveral developments due to the attra
tive feature of 
omputational feasibility, even for highdimensional data (i.e., when the number of 
ovariates p is large). Formally we assume
yi = xiβ

∗ + εi, i = 1, . . . , n, (1)where the design xi = (xi,1, . . . , xi,p) ∈ Rp is deterministi
, β∗ = (β∗
1 , . . . , β∗

p)′ ∈ Rp is theunknown parameter and ε1, . . . , εn are i.i.d. 
entered Gaussian random variables with knownvarian
e σ2. Let X denote the matrix with i-th line equal to xi, and let Xj denote its j-th
olumn, with i ∈ {1, . . . , n} and j ∈ {1, . . . , p}. In this way, we 
an write
X = (x′

1, . . . , x
′
n)′ = (X1, . . . ,Xp).For the sake of simpli
ity, we will assume that the observations are normalized in su
h a waythat X ′

jXj/n = 1. We denote by Y the ve
tor Y = (y1, . . . , yn)′.Let xn+1, . . . xm be observed unlabeled instan
es with xi ∈ Rp for n + 1 ≤ i ≤ m (with
m > n). Let moreover Z = (x′

1, . . . , x
′
m)′.For all α ≥ 1 and any ve
tor v ∈ R

d, we set ‖ · ‖α, the ℓα-norm: ‖v‖α = (|v1|α + . . . +
|vd|α)1/α. In parti
ular ‖ · ‖2 is the eu
lidean norm. Moreover for all d-dimensional ve
tor vwith d ∈ N, we use the notation ‖v‖0 =

∑d
i=1 1(vi 6= 0).From a theoreti
al point of view, Sparsity Inequalities (SI) have been proved for the regular-ized estimators mentioned above under di�erent assumptions, in the indu
tive setting only, i.e.,without the knowledge of the matrix Z. That is upper bounds of order ofO (

σ2‖β∗‖0 log(p)/n
)for the errors (1/n)‖Xβ̂−Xβ∗‖2

2 and ‖β̂−β∗‖2
2 have been derived, where β̂ is one of those esti-mators. Su
h bounds involve the number of non-zero 
oordinates in β∗ (multiplied by log(p)),instead of dimension p. Su
h bounds guarantee that under some assumptions, Xβ̂ and β̂ aregood estimators of Xβ∗ and β∗ respe
tively. For the LASSO, these SI are given for examplein [BTW07, BRT09℄, whereas [CT07, BRT09℄ provided SI for the Dantzig Sele
tor. On theother hand, Bunea [Bun08℄ established 
onditions whi
h ensure that the LASSO estimatorand β∗ have the same null 
oordinates. Analog results for the Dantzig Sele
tor 
an be foundin [Lou08℄. An important issue when we establish these theoreti
al results is the assumptionthat is needed on the Gram matrix n−1X ′X. We refer to [vdGB09℄ for a ni
e overview ofthese assumptions.In this paper we are interested in the estimation of Zβ∗: namely, we 
are about predi
tingwhat would be the labels atta
hed to the additional xi's. Hen
e we develop transdu
tiveversions of the LASSO or the Dantzig Sele
tor to ta
kle the problem of estimating the ve
tor

Zβ∗ in the high dimensional setting. A

ording to [Vap98a℄ this estimator should di�erfrom an estimator tailored for the estimation of β∗ or Xβ∗ like the LASSO. Indeed, a naiveplug-in method would be to build an estimator β̂(X,Y ) and then to 
ompute Zβ̂(X,Y ) toestimate Zβ∗. We rather 
onsider here an approa
h where the estimators β̂(X,Y,Z) exploitthe knowledge of Z, and �nally 
ompute Zβ̂(X,Y,Z). These transdu
tive pro
edures observeseveral interesting properties: 2



• they take advantage of the unlabeled points to satisfy SIs with weaker assumptions onthe Gram matrix than those required for the usual indu
tive methods (
f. the examplesof Se
tion 4.3);
• they perform well in pra
ti
e 
ompared to the indu
tive methods in most of the situa-tions. This is illustrated by a 
omparison between the performan
e of the Transdu
tiveLASSO and the LASSO.Let us mention that the study established in this paper 
onsists in a generalization ofthe LASSO and the Dantzig Sele
tor. They a
tually do not only 
onsider the transdu
tivesetting sin
e they 
an be adapted to other obje
tives desired by the statisti
ian. Indeed, theestimators depend on a q × p matrix A, with q ∈ N, whose 
hoi
e allows to 
onsider theproblem of the estimation of Aβ∗. In this way, the estimation of Zβ∗ appears as a parti
ular
ase.The rest of paper is organized as follows. In the next se
tion, we give the de�nition ofthe 
onsidered estimators. We then display, in Se
tion 3, a set of experiments that show howthe Transdu
tive estimators 
an improve on the LASSO and the Dantzig Sele
tor in manyappli
ations. A non-asymptoti
 study is provided in Se
tion 4 whereas all the proofs of thetheorems are postponed to Se
tion 6.2 De�nition of the estimatorsHere we de�ne the family of estimators we 
onsider in the sequel and more spe
i�
ally theTransdu
tive LASSO and the Transdu
tive Dantzig Sele
tor.2.1 De�nitionsLet us �rst remind that the LASSO estimate 
an be de�ned by

β̂L
λ = arg min

β∈Rp

{
‖Y − Xβ‖2

2 + 2λ‖β‖1

}
, (2)where λ is a positive tuning parameter. Let us make simple remarks to optimize 
omprehen-sibility of the paper and the notation inside. Sin
e Y = Xβ∗ + ε, the response ve
tor Y 
anbe seen as an estimator for Xβ∗. Then let us write Y = X̂β∗ to 
onvey this fa
t. A
tually,if σ ≃ 0, Y 
ould even be a good estimator. However, in the general 
ase, it is not expe
tedto be a parti
ularly interesting estimator and then Y = X̂β∗ is only used as a preliminaryestimator of the ve
tor Xβ∗. Based on this preliminary estimate, the LASSO de�ned by (2)ensures in the 
ase where β∗ is sparse, a good estimation of Xβ∗ by Xβ̂L

λ (
f. [BRT09℄ forinstan
e).Let us now generalize the previous 
omments. Let Aβ∗ be a quantity of interested for ageneral (and given) q × p matrix A with q ∈ N∗. Then an analog of the LASSO estimator (2)
an be given by the following de�nition.De�nition 2.1 (The Transdu
tive LASSO). Let Âβ∗ be a preliminary estimator (that 
an bea very poor estimator) of Aβ∗ and de�ne
β̂A,λ = arg min

β∈Rp

{∥∥∥Âβ∗ − Aβ
∥∥∥

2

2
+ 2λ‖β‖1

}
.In parti
ular, when A =

√
n/mZ, the estimator β̂A,λ is the Transdu
tive LASSO.3



The Dantzig Sele
tor is de�ned as:
β̃DS

λ =





arg minβ∈Rp ‖β‖1

s.t. ‖X ′(Y − Xβ)‖∞ ≤ λ,
(3)where λ is a positive tuning parameter. In the same way as for the LASSO estimator, weunderline the role of Y = X̂β∗ and propose the following de�nition.De�nition 2.2 (The Transdu
tive Dantzig Sele
tor). Let Âβ∗ be a preliminary estimator of

Aβ∗ and de�ne
β̃A,λ =





arg minβ∈Rp ‖β‖1

s.t.
∥∥∥A′(Âβ∗ − Aβ)

∥∥∥
∞

≤ λ.In parti
ular, when A =
√

n/mZ, the estimator β̃A,λ is the Transdu
tive Dantzig Sele
tor.In De�nitions 2.1 and 2.2, the matrix A is not spe
i�ed. Hen
e, we 
over here a generalobje
tive. However, we mainly fo
us in this paper on the transdu
tive setting. Then ourprin
ipal study deals with the estimation of Zβ∗. In other works, this means that we set inthe above de�nitions A =
√

n/mZ, the unlabeled data matrix (with a normalization term√
m/n that is here for the sake of 
onvenien
e, see Se
tion 4). An important issue in thispaper is also the preliminary estimator Âβ∗ that should be used. An expli
it 
ondition onthis estimator 
an be found in Se
tion 4. It ensures the good theoreti
al performan
e for β̂A,λand β̃A,λ. Let us now propose some examples of preliminary estimators.Examples 2.1. i) The most simple idea is to estimate β∗ by the least square estimator. Evenif p > n, that implies that (X ′X) is not invertible, we 
an 
hoose any pseudo-inverse (̃X ′X)

−1of (X ′X) and use in this way
Âβ∗ = A(̃X ′X)

−1
X ′Y,as preliminary estimator of Aβ∗. Remark that if Ker(A) ⊂ Ker(X), this quantity is uniquelyde�ned (it does not depend on the 
hoi
e of the parti
ular pseudo-inverse (̃X ′X)

−1). We willsee later that in this 
ase, we may have theoreti
al guarantees for the performan
e of β̂A,λ and
β̃A,λ.ii) One may think about more sophisti
ated regularization pro
edures, based for instan
e on

Âβ∗ = A(γA′A + X ′X)−1X ′Y,for (a small) γ > 0 when the matrix A′A is invertible (in the idea of ridge regression).iii) Finally, pra
titioners may prefer to use as a preliminary estimator something known towork well in pra
ti
e, like:
Âβ∗ = Aβ̂L

λ′ ,with λ′ ≥ 0. We pay a parti
ular attention to this initial estimator in the rest of the paper.
4



2.2 A dis
ussion on the matrix AThese novel estimators depend on two tuning parameters. First λ > 0 is a regularizationparameter, it plays the same role as the tuning parameter involved in the LASSO and will bedis
ussed in our simulations and our theoreti
al results. The se
ond one is the matrix A, thatallows to adapt the estimator to the obje
tive of the statisti
ian. In this paper, we are mainlyinterested in the following obje
tive:
• transdu
tive obje
tive: the estimation of Zβ∗, by Zβ̂A,λ or Zβ̃A,λ with A =

√
n/mZ.Note that in the 
ase n < p < m, it is possible that the matrix Z ′Z is invertible, while

X ′X may not.Other 
hoi
es of the matrix A are possible and help to deal with other obje
tives. We displayhere two additional feasible and well-known 
hoi
es:
• denoising obje
tive: the estimation of Xβ∗, that is a denoised version of Y . For thispurpose, we 
onsider the estimator β̂A,λ, with A = X. In this 
ase, if we keep Y as ourpreliminary estimator of Xβ∗, our estimators are exa
tly the LASSO and the DantzigSele
tor, so this 
ase is not of parti
ular interest in this paper;
• estimation obje
tive: the estimation of β∗ itself, by β̂A,λ, with A =

√
nIp where Ip isthe identity matrix of size p.Thanks to the unifying notation A, the theoreti
al performan
e of the estimators based onthe above 
hoi
es are 
onsidered in the same time in Se
tion 4. However, we mention that themain 
ontribution relates to the transdu
tive obje
tive.3 Experimental resultsIn this se
tion we 
ompare the empiri
al performan
e of the Transdu
tive LASSO and theLASSO estimators on simulated and real datasets a

ording to the transdu
tive task. We
onsider both low and high dimensional simulated data. The real dataset 
omes from a geneti
study, devoted to learn the 
omplex 
ombinatorial 
ode underlying gene expression. Morepre
isions are given in Se
tion 3.3. In this dataset, there are p = 666 predi
tor variables andthe total number of available labeled data is 2587. The 
on
lusions of our experiments is thatthe transdu
tive LASSO outperforms the LASSO estimator in most settings and spe
i�
allywhen the variables are 
orrelated.3.1 ImplementationSin
e the paper of Tibshirani [Tib96℄, several e�e
tive algorithms to 
ompute the LASSO havebeen proposed and studied (for instan
e Interior Points methods [KKL+07℄, LARS [EHJT04℄,Pathwise Coordinate Optimization [FHHT07℄, Relaxed Greedy Algorithms [HCB08℄). For theDantzig Sele
tor, a linear method was proposed in the �rst paper [CT07℄. The LARS algo-rithm was also su

essfully extended in [JRL09℄ to 
ompute the Dantzig Sele
tor.Note that these methods allow to 
ompute our estimators β̂A,λ and β̃A,λ as they just appearas the LASSO and the Dantzig Sele
tor 
omputed on modi�ed data. Namely, after the 
om-putation of the preliminary estimator Âβ∗ of Aβ∗, the transdu
tive estimator β̂A,λ is obtainedas a usual LASSO solution where the usual data (X,Y ) are repla
ed by (A, Âβ∗).5



We use the version of the Transdu
tive LASSO proposed in Se
tion 2.1 based on the LASSOas preliminary estimator. That is, we set A = Z in De�nition 2.1 and refer to Example 2.1-iii)for the de�nition of the preliminary estimator Âβ∗. In other words, for a given λ1, we �rst
ompute the LASSO estimator β̂X,λ1
= β̂L

λ1
. In this way we have Ẑβ∗ = Zβ̂L

λ1
. However,re
alling that Z = (x′

1, . . . , x
′
n, . . . , x′

m)′, it is worth noting that we should keep the n �rst
omponents of Ẑβ∗ equal to Y . Indeed the n �rst 
omponents 
orrespond to the labeledsamples and then do not require to be repla
ed by an estimation. Given this adjustment, theTransdu
tive LASSO is given by
β̂TL(λ1, λ2) =





arg minβ∈Rp
n
m ‖Zβ‖2

2

s.t.
∥∥∥ n

mZ ′(Zβ̂L
λ1

− Zβ)
∥∥∥
∞

≤ λ2,for a given λ2 (
f. Se
tion 4 for a theoreti
al study of this estimator). Let us mention that thegood performan
e of this estimator are stated in Theorem 4.6 under some assumptions. We
ompare this two steps pro
edure with the pro
edure obtained using the usual only LASSO
β̂L

λ = β̂X,λ for a given λ that may di�er from λ1. In both 
ases, the solutions are 
omputedusing the glmnet1 pa
kage, introdu
ed by Friedman et al., to provide the LASSO solution,between others. We 
ompute β̂L
λ and β̂TL(λ1, λ2) for (λ, λ1, λ2) ∈ Λ3 where Λ is some gridde�ned in a data driven way by the glmnet algorithm. In all the experiments, we 
hoose thebest tuning parameters. That is, the 
hoi
e is based on the truth. In other words, we only
ompare the ora
le in our family of estimators. This way to sele
t the tuning parameter iseven suitable in our real data experiments. Indeed, the initial data we get 
onsist only inlabeled data. We then hide many responses values and 
onstru
t the estimators without theirknowledge. Finally the best estimators (tuning parameters) are 
hosen based on those hiddenresponses.3.2 Syntheti
 dataThe 
omparison between the LASSO and the Transdu
tive LASSO is made through the studyof the distribution of

PERF (Z) =
min(λ1,λ2)∈Λ2 ‖Z(β̂TL(λ1, λ2) − β∗)‖2

2

minλ∈Λ ‖Z(β̂L
λ − β∗)‖2

2

,over 100 repli
ations for ea
h experiment. Sin
e the LASSO is a spe
ial 
ase of the Trans-du
tive LASSO (with λ2 = 0), PERF (Z) belong to [0, 1]. This ratio measures the improve-ment made by the Transdu
tive LASSO a

ording to the transdu
tive obje
tive. The smaller
PERF (Z) is, the more attra
tive the use of the Transdu
tive LASSO is. Analog study 
an be
onsidered to 
ompare the performan
e of the Transdu
tive LASSO and the LASSO in termof the denoising and the estimation tasks respe
tively based on the ratio

PERF (X) =
min(λ1,λ2)∈Λ2 ‖X(β̂TL(λ1, λ2) − β∗)‖2

2

minλ∈Λ ‖X(β̂L
λ − β∗)‖2

2

,1The algorithm is implemented with R and 
an be found in the web page: http://
ran.r-proje
t.org/web/pa
kages/glmnet/index.html 6



Table 1: Evaluation of the mean (Mean), the median (Med) and the quantile Q3 of order 0.3of the quantities PERF (Z), PERF (X) and PERF (I), when the methods are used in thearti�
ial low dimensional 
ase p < n.
PERF (Z) PERF (X) PERF (I)

p s (n, m) ρ σ2 Mean Med Q3 Mean Med Q3 Mean Med Q3

8 1 (10, 30) 0.1 1 0.64 0.77 0.47 0.62 0.70 0.44 0.64 0.75 0.42

8 1 (10, 30) 0.9 25 0.57 0.54 0.11 0.63 0.47 0.11 0.66 0.61 0.10

50 1 (60, 80) 0.1 1 0.73 0.81 0.59 0.74 0.82 0.62 0.72 0.77 0.60

50 1 (60, 200) 0.9 1 0.70 0.86 0.63 0.69 0.83 0.60 0.68 0.80 0.56

8 3 (10, 30) 0.1 1 0.85 0.91 0.84 0.83 0.89 0.81 0.83 0.93 0.78

8 3 (10, 30) 0.9 100 0.74 0.84 0.70 0.71 0.80 0.59 0.75 0.79 0.61

8 3 (10, 100) 0.5 1 0.90 0.98 0.91 0.89 0.99 0.88 0.87 0.95 0.85

8 3 (10, 100) 0.9 25 0.75 0.88 0.64 0.72 0.80 0.60 0.74 0.82 0.68

50 20 (100, 120) 0.1 1 0.98 1 0.98 0.98 1 0.98 0.98 1 0.98

50 20 (100, 120) 0.9 1 0.76 0.75 0.68 0.58 0.56 0.51 0.96 1 1and
PERF (I) =

min(λ1,λ2)∈Λ2 ‖β̂TL(λ1, λ2) − β∗‖2
2

minλ∈Λ ‖β̂L
λ − β∗‖2

2

.Data des
ription. We 
onsider several simulations from the linear regression model
yi = xiβ

∗ + εi,for i ∈ {1, . . . , n}, β∗ ∈ R
p and the εi are i.i.d. N (0, σ2). The design matrix 
omes froma 
entered multivariate normal distribution with 
ovarian
e stru
ture Cov(Xj ;Xk) = ρ−|j−k|with ρ ∈]0, 1[. Dimension p, sample sizes (n,m), noise level σ and 
orrelation parameter ρ areleft free. They will be spe
i�ed during the experiments in order to 
he
k the robustness ofthe results. The regression ve
tor β∗ is s-sparse where s ≥ 1 is an integer and 
orresponds tothe sparsity index. That is, β∗ 
onsists in s non-zero 
omponents. Sin
e the LASSO and theTransdu
tive LASSO do not take 
are of the ordering of the variables let us de�ne β∗ su
h asits s �rst 
omponents are non-zero and equal 5.Our study 
overs several 
ombinations of the parameters p, s, (n,m), ρ and σ2. In the nextparagraph, we examine the performan
e of ea
h estimator a

ording to the value of the regu-larization parameters.Results. We 
onsider separately the low and the high dimensional 
ase.The low dimensional 
ase. Several examples have been studied and we illustrate the perfor-man
e of the methods in this 
ase through some spe
i�
 experiments. The main parameterseems to be the sparsity index s. More pre
isely, the behavior of the Transdu
tive LASSO
ompared to the LASSO is related to how large the sparsity index is in 
omparison to thedimension p. This is illustrated in Table 1, where the two 
ases are separated by two horizontallines. Hen
e, when s is small, we noti
e a good improvement while using the Transdu
tiveLASSO instead of the LASSO estimator. This is displayed in lines 1 to 3 of Table 1, where allof the ratios PERF (Z), PERF (X) and PERF (I) are most of the time between 0.5 and 0.8.7



Table 2: Evaluation of the mean (Mean), the median (Med) and the quantile Q3 of order 0.3of the quantities PERF (Z), PERF (X) and PERF (I), when the methods are used in thearti�
ial high dimensional 
ase p ≥ n.
PERF (Z) PERF (X) PERF (I)

p s (n, m) ρ σ2 Mean Q3 Med Mean Med Q3 Mean Med Q3

10 8 (5, 15) 0.1 1 0.73 0.77 0.64 0.33 0.23 0.14 0.73 0.74 0.65
10 8 (5, 15) 0.9 1 0.78 0.84 0.71 0.45 0.42 0.29 0.78 0.80 0.73
10 8 (5, 15) 0.9 100 0.79 0.82 0.71 0.70 0.77 0.55 0.79 0.81 0.72
1000 50 (20, 60) 0.1 1 0.94 1 1 0.95 1 1 0.97 1 1
1000 50 (20, 60) 0.9 1 0.60 0.53 0.36 0.44 0.48 0.33 0.78 0.82 0.65

1000 50 (100, 200) 0.1 1 0.98 1 1 0.87 0.89 0.79 0.99 1 1
1000 50 (100, 200) 0.9 1 0.49 0.45 0.38 0.35 0.32 0.25 0.90 0.97 0.86
1000 50 (100, 200) 0.9 25 0.50 0.46 0.39 0.43 0.40 0.30 0.86 0.91 0.80We remark also that the performan
e of the Transdu
tive LASSO are even better when theparameters ρ and σ in
rease (line 2). On the other hand, when the sparsity index s is large(with respe
t to the dimension p), it turns out that the Transdu
tive LASSO does not improveenough the LASSO estimator (lines 7 and 9) when p is large, whereas it is still satisfying forsmall values of p. By poor improvement, we mean that min(λ1,λ2)∈Λ2 ‖Z(β̂TL(λ1, λ2) − β∗)‖2

2is not far from min(λ1,0)∈Λ2 ‖Z(β̂TL(λ1, 0) − β∗)‖2
2 whi
h 
oin
ides with the LASSO error

minλ∈Λ ‖Z(β̂L
λ −β∗)‖2

2. An important observation is that even when s is large and in the 
asewhere the variables are highly 
orrelated, that is when ρ is large, the Transdu
tive LASSO
an be a good alternative to the LASSO estimator (lines 6, 8 and 10). This observation is truefor both of the transdu
tive error ratio PERF (Z) and the denoising error ratio PERF (X).On the other hand, even with high 
orrelations between variables, the Transdu
tive LASSOdoes not make the estimation error ratio PERF (I) better in this last situation.In the low dimensional 
ase, it seems that in
reasing the number m of unlabeled data does notlead to an improvement of the performan
e of the Transdu
tive LASSO. This is for instan
edisplayed in line 4 of Table 1 where m = 200 or in lines 7 and 8 of the same table, where
m = 100. Finally, note that when n is large, the LASSO estimator behaves in a good wayand it be
omes di�
ult to improve it thanks to the Transdu
tive LASSO.The high dimensional 
ase. Table 2, Figure 1 and Figure 2 summarize the results in this
ase. The main observation is that the behavior of the quantities PERF (Z), PERF (X) and
PERF (I) highly depends on whether the sparsity index s is larger than the sample size n ornot. Let us distinguish these two 
ases.
− When s > n: in this di�
ult 
ase, the performan
e of the Transdu
tive LASSO varieswith the dimension p. Indeed, for moderates p (a dimension smaller than about 100), theTransdu
tive LASSO has good performan
e 
ompared to the LASSO, as observed in the �rstthree lines of Table 2, where n = 5 < 8 = s. Note that in this 
ase, the improvements usingthe Transdu
tive LASSO are parti
ularly observed for the denoising error PERF (X), with amedian value equal to 0.23 and 0.42 respe
tively when ρ = 0.1 and ρ = 0.9 (and with σ2 = 1).Nevertheless, we noti
e that the transdu
tive error ratio PERF (Z) is altered when the noiselevel in
reases. In this 
ase the denoising error ratio PERF (X) is even more a�e
ted (seeline 3 in Table 2). Despite this alteration, the Transdu
tive LASSO has still a ni
e behavior inthis setting. The same 
on
lusions 
an be made in the experiments related to Figure 1, where8
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Figure 1: Study of the distribution of PERF when p = 50, s = 20 and (n, m) = (10, 20). Top:study of PERF (Z); Bottom: study of PERF (X). From left to right: ρ = 0.1 and σ2 = 1; ρ = 0.1and σ2 = 100; ρ = 0.9 and σ2 = 1.
p = 50, s = 20 and n = 10. Note that in this example, and when the parameters ρ = 0.1 and
σ2 = 1, the median values of the PERF (Z) and PERF (X) are respe
tively 0.82 and 0.14.On the other hand for large p (and when s > n), it turns out that the Transdu
tive LASSOdoes improve the LASSO estimator only when the variables are 
orrelated. This is illustratedin Table 2 (line 4 and 5) when p = 1000, s = 50 and n = 20.
− When s ≤ n: we 
an 
onsider two sub-
ases, making a di�eren
e between problems with alarge sparsity index s (in 
omparison to p) and the others with a small one. The last three
olumns of Table 2 summarize the performan
e of the methods when s is large. First, notethat the Transdu
tive LASSO improves poorly the LASSO in terms of the transdu
tive er-ror PERF (Z) when ρ = 0.1 and σ2 = 1. Nevertheless, it remains satisfying when we dealwith the predi
tion error PERF (X). On top of that, the Transdu
tive LASSO, seems tobe parti
ularly interesting when the predi
tors are highly 
orrelated (line 7 in Table 2 with
ρ = 0.9), even in presen
e of noise (last line in Table 2 where ρ = 0.9 and σ2 = 25). In this
ase, in
reasing the 
orrelations between variables ρ and the noise level σ2 seems to implybetter performan
e of the Transdu
tive LASSO 
ompared to the LASSO. On the other hand,Figure 2 illustrates the 
ase where the sparsity index s is small 
ompared to p. Here, p = 1000and s = 1. It turns out that the Transdu
tive LASSO is either very useful, or useless. Indeed,as observed in the displayed histograms, the distribution of the quantities PERF (Z) (top)and PERF (X) (bottom) are mainly 
on
entrated around 0 (meaning very big improvementusing the Transdu
tive LASSO) and around 1 (meaning almost no improvement using theTransdu
tive LASSO). The Transdu
tive LASSO signi�
antly improves the LASSO in gen-eral. Nevertheless the degradation of the behavior of the Transdu
tive LASSO is here sensitiveto the in
rease of σ2. One 
an 
ompare for this purpose the third 
olumn in Figure 2 and thelast line of Table 2.In the high dimensional setting, in
reasing the size m of the unlabeled dataset is not advanta-geous to the performan
e of the Transdu
tive LASSO in terms of the transdu
tive error. This
an be observed in the last 
olumn of Figure 2.9
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Figure 2: Study of the distribution of PERF when p = 1000 and s = 1. Top: study of PERF (Z);Bottom: study of PERF (X). From left to right: (n, m) = (5, 20), ρ = 0.1 and σ2 = 1; (n, m) =
(5, 20), ρ = 0.9 and σ2 = 1; (n, m) = (5, 20), ρ = 0.9 and σ2 = 25; (n, m) = (5, 500), ρ = 0.9 and
σ2 = 1.Con
lusion of the simulation study: the Transdu
tive LASSO seems to be a good alter-native to the LASSO in most of the 
ases. It responds a good way not only to the Transdu
tiveobje
tive (through PERF (Z)), but also to the denoising and the estimation ones (through

PERF (X) and PERF (I) respe
tively). The Transdu
tive LASSO is parti
ularly useful inthe di�
ult situation, that is when the variables are highly 
orrelated. It is also often robustwhile varying the noise level. Moreover, it appears that in general, a large amount of un-labeled dataset m does not help to make the Transdu
tive LASSO better than the LASSO.The methods works better with small values of m. Hen
e it turns out that more 
lever waysto exploit the unlabeled points 
an be imagined. For instan
e, one may add weights to theobservations. More pre
isely, one 
an asso
iate to ea
h labeled point a weight, bigger than theweight set for the unlabeled points. This would be the topi
 of a future work. Furthermore,the simulation study reveals how bene�
ial 
an be the use of the unlabeled points even toin
rease the performan
e in the denoising task.Finally a surprising observation in most of our experiments is that as often as not, the mini-mum in
min

(λ1,λ2)∈Λ2

‖Z(β̂TL(λ1, λ2) − β∗)‖2
2 < min

(λ1,0)∈Λ2

‖Z(β̂TL(λ1, 0) − β∗)‖2
2,does not signi�
antly depend on λ1 for a very large range of values λ1. This is quite interestingfor a pra
titioner as it means that in the use of the Transdu
tive LASSO, we 
an redu
esigni�
antly the 
omputation 
ost and deal (almost) with only a singular unknown tuningparameter (that is λ2) rather than with two.Dis
ussion on the regularization parameter. We would like to point out the importan
eof the tuning parameter λ in a general term. Figure 3 illustrates a graph of a typi
al experi-ment in the low dimensional setting. There are two 
urves on this graph, that represent thequantities (1/n)‖X(β̂L

λ − β∗)‖2
2 and (1/m)‖Z(β̂L

λ − β∗)‖2
2 with respe
t to λ. We observe that10



both fun
tions do not rea
h their minimum value for the same value of λ (the minimum arehighlighted on the graph by a 
ir
le and a 
ross), even if these minimum are quite 
lose. Sin
e
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Figure 3: Evolution of the denoising error (the red solide line) and the transdu
tion error (theblue dashed line) of the LASSO w.r.t. λ. The minimum of the denoising and the transdu
tionerrors are marked respe
tively by a red 
ir
le and a blue 
ross. The best tuning parameter forthe variable sele
tion purpose is pointed by a verti
al line.we 
onsider variable sele
tion methods, the identi�
ation of the true support {j : β∗
j 6= 0}of the ve
tor β∗ is also in 
on
ern. One expe
ts that the estimator β̂ and the true ve
tor

β∗ share the same support at least when n is large enough. This is known as the variablesele
tion 
onsisten
y problem and it has been 
onsidered for the LASSO estimator in severalworks [Bun08, MB06, MY09, Wai06, ZY06℄. Re
ently, [Lou08℄ provided the variable sele
tion
onsisten
y of the Dantzig Sele
tor. Other popular sele
tion pro
edures, based on the LASSOestimator, su
h as the Adaptive LASSO [Zou06℄, the SCAD [FL01℄, the S-LASSO [Heb08℄ andthe Group-LASSO [Ba
08℄, have also been studied under a variable sele
tion point of view.Following our previous work [AH08℄, it is possible to provide su
h results for the Transdu
tiveLASSO. The variable sele
tion task has also been illustrated in Figure 3 by the verti
al line.We reported the minimal value of λ for whi
h the LASSO estimator identi�es 
orre
tly thenon zero 
omponents of β∗. This value of λ is quite di�erent from the values that minimizesthe predi
tion loss. This observation is re
urrent in almost all the experiments: the estima-tion Xβ∗, Zβ∗ and the support of β∗ are three di�erent obje
tives and have to be treatedseparately. We 
annot expe
t in general to �nd a 
hoi
e for λ whi
h makes the LASSO, forinstan
e, has good performan
e for all the mentioned obje
tive simultaneously.3.3 Real dataWe apply the Transdu
tive LASSO and the LASSO estimators to a geneti
 dataset, wherethe goal is to learn the 
omplex 
ombinatorial 
ode underlying gene expression. These datahave already been analyzed in [MB07℄ and the original sour
e is [BT04℄. The problem we
onsider here is known as motif regression [CLLL03℄. By motif, we think of a sequen
e ofletters 
onsisting of A, C, G and T. The instan
es in this dataset are genes 
oming from yeast.More pre
isely, L = 2587 genes are available. Also we have p = 666 variables. Ea
h of them(with length 2587) 
onsists of s
ores asso
iated to a given 
andidate motif and are 
omputed.These s
ores measure how well the motifs are represented in the upstream regions of the genes.To summary, ea
h row of this L × p design matrix 
orresponds to a gene and ea
h 
olumn to11



Table 3: Evaluation of the the median and the quantile of order 0.3 (Med[Q3]) of the quantities
PERF (Z) in the high dimensional real dataset. Here n is the labeled sample size and t = m−nis the unlabeled sample size.

H
H

H
H

HH
n

t
10 20 50 100 500 1000

10 0.85 [0.67] 0.88 [0.77] 0.90 [0.84] 0.97 [0.94] 0.98 [0.97] 0.99 [0.98]

20 0.74 [0.52] 0.85 [0.70] 0.86 [0.76] 0.91 [0.86] 0.96 [0.95] 0.98 [0.97]

50 0.78 [0.49] 0.68 [0.53] 0.81 [0.67] 0.84 [0.72] 0.94 [0.91] 0.97 [0.96]

100 0.72 [0.47] 0.68 [0.47] 0.75 [0.58] 0.75 [0.63] 0.87 [0, 84] 0.95 [0.93]

500 0.43 [0.29] 0.51 [0.34] 0.49 [0.30] 0.49 [0.39] 0.81 [0.73] 0.88 [0.83]

1000 0.96 [0.93] 0.97 [0.92] 0.91 [0.85] 0.89 [0.81] 0.88 [0.83] 0.86 [0.80]Table 4: Evaluation of the the median and the quantile of order 0.3 (Med [Q3]) of the quantities
PERF (X) in the high dimensional real dataset. Here n is the labeled sample size and t = m−nis the unlabeled sample size.
H

H
H

H
H

n
t

10 20 50 100 500 1000

10 0.04 [0.01] 0.010 [0.003] 0.04 [0.02] 0.005 [0.001] 0.0011 [0.0003] 0.12 [0.10]
20 0.030 [0.004] 0.006 [0.002] 0.004 [0.001] 0.005 [0.002] 0.003 [0.001] 0.13 [0.11]
50 0.07 [0.01] 0.028 [0.008] 0.012 [0.002] 0.011 [0.003] 0.014 [0.005] 0.15 [0.13]
100 0.32 [0.41] 0.07 [0.01] 0.024 [0.005] 0.029 [0.009] 0.02 [0.01] 0.22 [0.18]
500 0.40 [0.22] 0.44 [0.25] 0.33 [0.11] 0.24 [0.08] 0.38 [0.30] 0.51 [0.46]

1000 0.97 [0.93] 0.97 [0.94] 0.92 [0.86] 0.90 [0.80] 0.87 [0.77] 0.78 [0.67]a motif s
ore. In other words, ea
h 
omponent (i, j) ∈ {1, . . . , L} × {1, . . . , p} of this matrixmeasures how well the j-th motif s
ore is represented in the upstream region of the i-th gene.The response ve
tor is a ve
tor of size L. Its i-th 
omponent is the expression value of the
i-th gene. A
tually, 255 response ve
tors are available. These several measurements havebeen 
olle
ted based on a time-
ourse experiment. Then, ea
h response ve
tor 
orrespondsto a measurement of the gene expressions at a time-point. In our study, we use only oneresponse ve
tor by experiment. Then we �rst pi
k one of the 255 time-points. A

ording tothe 
onstru
tion of the labeled and the unlabeled datasets, we 
hoose to pi
k ea
h of themrandomly among the 2587 available instan
es.In the �rst experiment, we only 
onsider the ve
tor 
orresponding to the �rst time-point.Then, we 
onstru
t X, Y and Z. We �rst pi
k n observations with the 
orresponding labelsto 
onstru
t X and Y respe
tively. In order to build Z, we add t = m− n other observations(for whi
h we do not 
are about the 
orresponding labels) to X. The values of n and t arespe
i�ed in Tables 3 (for transdu
tive the error) and 4 (for the denoising error), where theresults for this setting are summarized.Most of these results 
on�rm what has been observed in the simulation study. Indeed, weremark a di�eren
e in the performan
e of the methods in the high dimensional 
ase and when
p < n (we re
all that p = 666). The di�eren
e between the last line, where n = 1000, and12



Table 5: Evaluation of the mean (Mean), the median (Med) and the quantile Q3 of order 0.3of the quantities PERF (Z), PERF (X), when the methods are used in the high dimensionalreal dataset.
PERF (Z) PERF (X)Gene Moy Med Q3 Moy Med Q3

1 0.91 0.94 0.88 0.44 0.39 0.25

2 0.90 0.92 0.87 0.41 0.42 0.21Random 0.88 0.92 0.83 0.34 0.27 0.09the other lines of both Tables 3 and 4 illustrates this point. Indeed, when n is large, theimprovement using the Transdu
tive LASSO is not that signi�
ant for both the transdu
tiveand the denoising errors (about 0.90). We observe a big di�eren
e with the high dimensional
ase (the lines above), where the improvement using the Transdu
tive LASSO is to be noti
edmost of the time. Conforming to the simulation study, the performan
e of the Transdu
tiveLASSO are parti
ularly marked for the denoising error. Indeed, PERF (X) is very low, witha median value between 0.001 and 0.50, as displayed in Table 4. Moreover, the performan
eof the Transdu
tive LASSO 
ompared to the LASSO are getting better and better when n issmall. A

ording to the transdu
tive error (Tables 3), we also observe that the Transdu
tiveLASSO improves the LASSO estimator. Also 
onforming to the simulation study, it turns outthat the improvement using the Transdu
tive LASSO is not that signi�
ant when t (and then
m) is large. A
tually, the best 
ase in this real dataset 
orresponds to the situation where nis large (n = 500) and t is small (t = 10), with a median value of PERF (Z) equal to 0.43.Another observation 
an be made. A

ording to the results displayed in Tables 3, we remarkthe diagonal (with n = t) plays an important role. Indeed, the value of PERF (Z) when n = tis around 0.8. Moreover, when n > t the improvement is always better than 0.8 in these highdimensional experiments. This let us believe that the best situations for the Transdu
tiveLASSO here, but also in general, is when n > t.In all these results, we expe
t that the sparsity index s played a role. Indeed, we alreadyhave seen in the simulation experiments that the 
ases where n > s and those where n < sare di�erent. Nevertheless, our above study does not able us to make a 
on
lusion on anapproa
hed value of s.Let us now 
onsider the se
ond study. Here the way to 
onstru
t X, Y and Z is the sameas previously, ex
epted for the the values of n and m. Here both of them are random in
1, . . . , L (re
all that L = 2587 is the total number of the available instan
es) and su
h that
L ≥ m > 2n. Then it is the less advantageous situation for the Transdu
tive LASSO. Theseresults 
an be then asso
iated to the upper diagonal results of Tables 3 and 4. The mainaspe
t of this study is that the time-point di�ers. Indeed, we 
hoose the �rst time-point in the�rst experiment, the se
ond in the se
ond study, whereas we pi
k randomly one time-pointfor ea
h repli
ation in the third experiment (
f. Table 5).The results are summarized in Table 5. This study reveals that the behavior of the Transdu
-tive LASSO 
ompared to the LASSO remains the same for all the time-points. We observethat even in this real dataset, the Transdu
tive LASSO is useful. Moreover, as expe
ted inthis 
ase, the Transdu
tive LASSO outperforms the LASSO estimator parti
ularly in termsof the predi
tion error. 13



4 Theoreti
al resultsIn this se
tion, we 
onsider the theoreti
al properties of the Transdu
tive LASSO and Trans-du
tive Dantzig Sele
tor, and more generally of the estimator β̂A,λ and β̃A,λ given respe
tivelyby (2.1) and (2.2) for any given matrix A (A =
√

n/mZ is then a spe
ial 
ase).4.1 AssumptionsHere, we give our two assumptions. The �rst one is about the matrix A, the se
ond one isabout the preliminary estimator Âβ∗.Assumption H(A, τ): there exists a 
onstant c(A, τ) > 0 su
h that, for any α ∈ R
p su
hthat ∑

j:β∗

j =0 |αj| ≤ τ
∑

j:β∗

j 6=0 |αj| , we have
α′(A′A)α ≥ c(A, τ)n

∑

j:β∗

j 6=0

α2
j . (4)First, let us explain brie�y the meaning of this hypothesis. In the 
ase where A has full rank,the 
ondition

α′A′Aα ≥ c(A, τ)n
∑

j:β∗

j 6=0

α2
j ,is always satis�ed for any α ∈ R

p with c(A, τ) larger than the smallest eigenvalue of A′A/n.However, for the LASSO, we have (A′A) = (X ′X) and A′A 
annot be invertible if p > n.Even in this high dimensional setting, Assumption H(A, τ) may still be satis�ed. Indeed,the assumption requires that Inequality (4) holds only for a small for a small subset of Rpdetermined by the 
ondition ∑
j:β∗

j =0 |αj | ≤ τ
∑

j:β∗

j 6=0 |αj | . For A = X, this assumptionbe
omes exa
tly the one taken in [BRT09℄. In that paper, the ne
essity of su
h an hypothesisis also dis
ussed.Assumption conf(Âβ∗, κ, η): The estimator Âβ∗ is su
h that, with probability at least 1−η,
∥∥∥A′(Âβ∗ − Aβ)

∥∥∥
∞

≤ κσ

√
2n log

p

η
.This assumption will be dis
ussed for di�erent types of preliminary estimators in Se
tion 4.3.However note that it always holds when A = X and Âβ∗ = Y (that is, in the "usual"LASSO 
ase). The idea of su
h an assumption results from the geometri
al 
onsiderations inour previous work on 
on�den
e regions [Alq08, AH08℄. It just means that the preliminaryestimator Âβ∗ may be used to build a suitable 
on�den
e region for Aβ∗.4.2 Main resultsFirst, Theorem 4.1 below states that the estimator β̃A,λ satis�es a Sparsity Inequality withhigh probability. A parti
ular 
onsequen
e of this result is the fa
t that the Transdu
tiveDantzig Sele
tor β̃√ n

m
Z,λ satis�es a similar SI and responds to the transdu
tive obje
tive.

14



Theorem 4.1. Let us assume that Assumption H(A, 1) and Assumption conf(Âβ∗, κ, η) aresatis�ed. Let us 
hoose
λ = κσ

√
2n log

p

η
,for some η ∈]0, 1[. Then, with probability at least 1 − η, we have simultaneously

∥∥∥A
(
β̃A,λ − β∗

)∥∥∥
2

2
≤ 8κ2σ2‖β∗‖0

c(A, 1)
log

(
p

η

)and ∥∥∥β̃A,λ − β∗
∥∥∥

1
≤ 2

√
2κσ‖β∗‖0

c(A, 1)

√
log (p/η)

n
.We remind that all the proofs are postponed to Se
tion 6 page 17. One 
an use this resultto ta
kle the parti
ular transdu
tive task. This is the aim of Corollary 4.2.Corollary 4.2. Let λ be de�ned as in Theorem 4.1. Under Assumption H(

√
n
mZ, 1) andAssumption conf(

√̂
n
mZβ∗, κ, η), we have with probability 1 − η

1

m

∥∥∥Z
(
β̃√

n/mZ,λ
− β∗

)∥∥∥
2

2
≤ 8κ2σ2‖β∗‖0

c(
√

n/mZ, 1)

log (p/η)

n
.Based on Theorem 4.1, a proper 
hoi
e of the matrix A 
an also make us respond to theother obje
tives (denoising and estimation) we 
onsidered in Se
tion 2.2. Indeed, in those
ases we obtain:

• Under Assumption H(X, 1) and Assumption conf(X̂β∗, κ, η) and with probability atleast 1 − η ∥∥∥X
(
β̃X,λ − β∗

)∥∥∥
2

2
≤ 8κ2σ2‖β∗‖0

c(X, 1)
log

(
p

η

)
;

• Under Assumption conf(
√̂

nIβ∗, κ, η) and with probability at least 1 − η

∥∥∥β̃√
nI λ − β∗

∥∥∥
2

2
≤ 8κ2σ2‖β∗‖0√

n
log

(
p

η

)
.Corollary 4.2 and the above statements 
laim that ea
h estimator perform well for the task it isdesigned to ful�ll. In a similar way, we �nally 
an establish analog results for the Transdu
tiveLASSO and more generally for the estimator β̂A,λ given by De�nition 2.1.Theorem 4.3. Let us assume that assumption H(A, 3) and Assumption conf(Âβ∗, κ, η) aresatis�ed. Let us 
hoose

λ = 2κσ

√
2n log

(
p

η

)
,for some η ∈]0, 1[. Then, with probability at least 1 − η, we have simultaneously

‖A(β̂A,λ − β∗)‖2
2 ≤ 72σ2κ2‖β∗‖0

c(A, 3)
log

(
p

η

)and ∥∥∥β∗ − β̂A,λ

∥∥∥
1
≤ 24

√
2‖β∗‖0

c(A, 3)

√
log (p/η)

n
.15



4.3 Examples of preliminary estimatorsIn this se
tion, we examine some preliminary estimators Âβ∗ and 
he
k if they may satisfyAssumption conf(Âβ∗, κ). This is an important issue of the paper sin
e it helps to understandhow restri
tive are the assumptions in the results of Se
tion 4.2. The �rst example deals withthe (generalized) least square estimator.Theorem 4.4. Let us 
hoose (̃X ′X)
−1 any pseudo-inverse of (X ′X) and let us set

Âβ∗ = A(̃X ′X)
−1

X ′Y,as preliminary estimator. Then, under the assumption Ker(A) = Ker(X) and for any η ∈]0, 1[,Assumption conf(Âβ∗, κ, η) holds with κ =
√

pPp
j=1

eΩ−1

j,j

where Ω̃ = ((A′A)(̃X ′X)
−1

(A′A))/n.A

ording to Theorem 4.4, the standard 
ase of interest is when A = X. The preliminaryestimator be
omes X̂β∗ = Y and we obtain that conf(Y, 1, η) holds. Plugging this into The-orems 4.1 and 4.3 implies the theorems about the LASSO and the Dantzig Sele
tor providedin [BRT09℄. Moreover, other 
hoi
es for A and X̂β∗ are possible whi
h able us to deal forinstan
e with the transdu
tive setting. Hen
e, one 
an interpret Theorem 4.4 together withTheorems 4.1 and 4.3 as a generalization of the result in [BRT09℄.To introdu
e the se
ond preliminary estimator, let us 
onsider the 
ase when A 6= X. Thenthe assumption Ker(A) = Ker(X) is restri
tive when p > n (in the somehow appre
iable
ase p < n, the assumption holds sin
e both X and Z may have full rank). If the relation
Ker(A) = Ker(X) is not satis�ed, as the 
onstru
tion of Z leads to Ker(Z) ⊂ Ker(X), wemay suggest the following alternative. Consider the restri
tion of the estimation pro
edureto the span of X. That is, let repla
e Z by ZX = (̃X ′X)

−1
(X ′X)Z. Then the assumption

Ker(ZX) = Ker(X) is satis�ed. As a 
onsequen
e, with probability at least 1−η, the followinginequality ∥∥∥ZX

(
β̃√

n/mZX ,λ
− β∗

)∥∥∥
2

2
≤ 8κ2σ2‖β∗‖0

c(
√

n/mZX , 1)
log

(
p

η

)
,is obtained for instan
e for the Transdu
tive Dantzig Sele
tor (an analog inequality 
anbe written for the Transdu
tive LASSO), under Assumption H(

√
n/mZX , 1) and with thesame 
hoi
e of the tuning parameter λ as in Theorem 4.1. Finally, let us remark that

(Z − ZX)β̃√
n/mZX ,λ

= 0 and 
on
lude the following result.Corollary 4.5. Under Assumption H(
√

n/mZX , 1) and with the same 
hoi
e of λ as inTheorem 4.1, we have with probability at least 1 − η,
∥∥∥Z

(
β̃√

n/mZX ,λ
− β∗

)∥∥∥
2

2
≤ 8κ2σ2‖β∗‖0

c(
√

n/mZX , 1)
log

(
p

η

)
+ ‖(Z − ZX)β∗‖2

2.The 
on
lusion �gured out this result is quite intuitive: when ‖(Z − ZX)β∗‖2
2 is large,the information in X is not su�
ient to estimate Zβ∗. But, if ‖(Z − ZX)β∗‖2

2 is small, theTransdu
tive Dantzig Sele
tor based on ZX has good performan
es. This assumption has thesame status as a regularity assumption in a non-parametri
 setting. Obviously, we 
annotknow whether ‖(Z − ZX)β∗‖2
2 is small or not. However when it is not, it seems impossible to16



guaranty a good estimation.The �nal preliminary estimator we examine here has also been studied in the experimentspart (
f. Se
tion 3). Let us 
onsider the Dantzig Sele
tor as preliminary estimator. Here, aquite natural assumption 
an be made. It somehow says that X ′X and A′A are not too farfrom ea
h other.Theorem 4.6. Let us assume that, there is a 
onstant k > 0 su
h that for any u ∈ R
p with

‖u‖1 ≤ 2‖β∗‖1, ∥∥[
(X ′X) − (A′A)

]
u
∥∥
∞ ≤ kσ

√
2n log(p).Let moreover η ∈]0, 1[ and set the preliminary estimator

Âβ∗ = Aβ̂DS

2σ

r
2n log

“
p

η

”.Then Assumption conf
(
Âβ∗, κ, η

) is true with κ = 4 + k.The same result would hold as well for the LASSO as a preliminary estimator. Moreover,in this last result, one 
an also 
onsider the transdu
tive obje
tive and 
onsider the matrix
A =

√
n/mZX as introdu
ed above. Su
h a 
hoi
e helps us to provide good theoreti
alguaranties with very mild assumptions on the Gram matrix X ′X.5 Con
lusionIn this paper, we studied transdu
tive versions of the LASSO and the Dantzig Sele
tor. Thesenew methods appeared to enjoy both theoreti
al and pra
ti
al advantages. Indeed, in onehand, we showed that the Transdu
tive LASSO and Dantzig Sele
tor satisfy sparsity inequal-ities with weaker assumption on the Gram matrix than the original method. On the otherhand we displayed some experimental results illustrating the superiority of the Transdu
tiveLASSO on the LASSO. On top of that, these transdu
tive methods are easy to 
ompute.The experimental study reveals that the Transdu
tive LASSO is often mu
h better than theoriginal LASSO. Nevertheless, when the number of unlabeled observations is mu
h larger thanthe sample size, it turns out the the gain using the Transdu
tive LASSO is redu
ed. We willfo
us on this point in a future work.6 ProofsIn this se
tion, we give the proofs of our main results.6.1 Proofs of Theorems 4.1 and 4.3Proof of Theorem 4.1. First, we have obviously

∥∥∥A
(
β̃A,λ − β∗

)∥∥∥
2

2
=

(
β̃A,λ − β∗

)′
A′A

(
β̃A,λ − β∗

)
≤

∥∥∥β̃A,λ − β∗
∥∥∥

1

∥∥∥A′A
(
β̃A,λ − β∗

)∥∥∥
∞

≤
∥∥∥β̃A,λ − β∗

∥∥∥
1

{∥∥∥A′
(
Aβ̃A,λ − Âβ∗

)∥∥∥
∞

+
∥∥∥A′

(
Âβ∗ − Aβ∗

)∥∥∥
∞

}
. (5)17



Then, just remark that by Assumption conf(Âβ∗, κ), we have, with probability at least 1− η,
∥∥∥A′(Âβ∗ − Aβ∗)

∥∥∥
∞

≤ κσ

√
2n log

p

η
. (6)Moreover, by the de�nition of β̃A,λ (De�nition 2.2 page 4) we have

∥∥∥A′
(
Aβ̃A,λ − Âβ∗

)∥∥∥
∞

≤ λ.Then, 
ombining the fa
t that β̃A,λ minimizes ‖ · ‖1 among all the ve
tors β satisfying
∥∥∥A′

(
Aβ − Âβ∗

)∥∥∥
∞

≤ λ,and the fa
t that thanks to (6) and as soon as λ = κσ
√

2n log p
η , the ve
tor β∗ satis�es thesame inequality, we have

0 ≤ ‖β∗‖1 − ‖β̃A,λ‖1 ≤
∑

β∗

j 6=0

|β∗
j | −

∑

β∗

j 6=0

|(β̃A,λ)j | −
∑

β∗

j =0

|(β̃A,λ)j|

≤
∑

β∗

j 6=0

|β∗
j − (β̃A,λ)j | −

∑

β∗

j =0

|β∗
j − (β̃A,λ)j|.As a 
onsequen
e, we have

∑

β∗

j =0

|β∗
j − (β̃A,λ)j | ≤

∑

β∗

j 6=0

|β∗
j − (β̃A,λ)j |,whi
h implies that the ve
tor β∗ − β̃A,λ is an admissible α for the relation in Assump-tion H(A, 1). Hen
e, using this assumption in the last above inequality, we have the followingupper bound

∥∥∥β̃A,λ − β∗
∥∥∥

1
=

∑

β∗

j
=0

|β∗
j − (β̃A,λ)j | +

∑

β∗

j
6=0

|β∗
j − (β̃A,λ)j | ≤ 2

∑

β∗

j
6=0

|β∗
j − (β̃A,λ)j|

≤
√

card{j : β∗
j 6= 0}

∑

β∗

j 6=0

(β∗
j − (β̃A,λ)j)2 ≤

√
‖β∗‖0

nc(A, 1)
‖A(β̃A,λ − β∗)‖2

2. (7)We plug this result into Inequality (5) to obtain, with probability at least 1 − η,
‖A(β̃A,λ − β∗)‖2

2 ≤ 2κσ

√
2 log

(
p

η

) ‖β∗‖0

c(A, 1)
‖A(β̃A,λ − β∗)‖2

2,that leads to
‖A(β̃A,λ − β∗)‖2

2 ≤ 8κ2σ2

c(A, 1)
‖β∗‖0 log

(
p

η

)
.Plugging this last inequality into Inequality (7) gives

∥∥∥β̃A,λ − β∗
∥∥∥

1
≤ 2

√
2‖β∗‖0

c(A, 1)

√√√√ log
(

p
η

)

n
,and this ends the proof. 18



Proof of Theorem 4.3. By the de�nition of the transdu
tive LASSO (De�nition 2.1 page 3)we have
−2Âβ∗′Aβ̂A,λ + β̂′

A,λA′Aβ̂A,λ + 2λ‖β̂A,λ‖1 ≤ −2Âβ∗′Aβ∗ + (β∗)′A′Aβ∗ + 2λ‖β∗‖1.We 
an rewrite that as
− 2(β∗)′A′Aβ̂A,λ + 2

[
Aβ∗ − Âβ∗

]′
Aβ̂A,λ + β̂′

A,λA′Aβ̂A,λ + 2λ‖β̂A,λ‖1

≤ −(β∗)′A′Aβ∗ + 2
[
Aβ∗ − Âβ∗

]′
Aβ∗ + 2λ‖β∗‖1,or, rearranging the terms,

‖A(β̂A,λ − β∗)‖2
2 = (β̂A,λ − β∗)A′A(β̂A,λ − β∗)

≤ 2
[
Aβ∗ − Âβ∗

]′
A

(
β∗ − β̂A,λ

)
+ 2λ

[
‖β∗‖1 − ‖β̂A,λ‖1

]
. (8)Now, let us remark that

[
Aβ∗ − Âβ∗

]′
A

(
β∗ − β̂A,λ

)
=

[
A′

(
Aβ∗ − Âβ∗

)]′ (
β∗ − β̂A,λ

)

≤
∥∥∥A′

(
Aβ∗ − Âβ∗

)∥∥∥
∞

∥∥∥β∗ − β̂A,λ

∥∥∥
1
≤ λ

2

∥∥∥β∗ − β̂A,λ

∥∥∥
1
,with probability 1−η, provided that λ = 2κσ

√
2n log p

η together with Assumption conf(Âβ∗, κ).We plug that into Inequality (8) to obtain, with probability 1 − η,
‖A(β̂A,λ − β∗)‖2

2 ≤ λ
[∥∥∥β∗ − β̂A,λ

∥∥∥
1
+ 2

(
‖β∗‖1 − ‖β̂A,λ‖1

)]
.This leads to

‖A(β̂A,λ − β∗)‖2
2 + λ

∥∥∥β∗ − β̂A,λ

∥∥∥
1
≤ 2λ

(∥∥∥β∗ − β̂A,λ

∥∥∥
1
+ ‖β∗‖1 − ‖β̂A,λ‖1

)

= 2λ

p∑

j=1

(∣∣∣β∗
j − (β̂A,λ)j

∣∣∣ +
∣∣β∗

j

∣∣ −
∣∣∣(β̂A,λ)j

∣∣∣
)

= 2λ
∑

β∗

j 6=0

(∣∣∣β∗
j − (β̂A,λ)j

∣∣∣ +
∣∣β∗

j

∣∣ −
∣∣∣(β̂A,λ)j

∣∣∣
)

≤ 4λ
∑

β∗

j 6=0

(∣∣∣β∗
j − (β̂A,λ)j

∣∣∣
)

, (9)and, from this Inequality (9), we dedu
e that β̂A,λ − β∗ is an admissible α ve
tor in Assump-tion H(A, 3). Then we obtain, still from (9) and Assumption H(A, 3),
‖A(β̂A,λ−β∗)‖2

2 ≤ 3λ
∑

β∗

j 6=0

(∣∣∣β∗
j − (β̂A,λ)j

∣∣∣
)
≤ 6κσ

√√√√2n log

(
p

η

)
‖β∗‖0

∑

β∗

j 6=0

(
β∗

j − (β̂A,λ)j

)2

≤ 6κσ

√√√√2 log
(

p
η

)
‖β∗‖0

c(A, 3)
‖A(β̂A,λ − β∗)‖2
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This last display implies
‖A(β̂A,λ − β∗)‖2

2 ≤
72σ2κ2‖β∗‖0 log

(
p
η

)

c(A, 3)
.We plug this last result into Inequality (9) to obtain

∥∥∥β∗ − β̂A,λ

∥∥∥
1
≤ 24

√
2‖β∗‖0

c(A, 3)

√√√√ log
(

p
η

)

n
.6.2 Proofs of Theorems 4.4 and 4.6Proof of Theorem 4.4. The proof is quite simple. As Y ∼ N (Xβ∗, σ2In), we have

(̃X ′X)
−1

X ′Y − β∗ ∼ N
(

0, σ2(̃X ′X)
−1

)
,and so

A′A

(
(̃X ′X)

−1
X ′Y − β∗

)
∼ N

(
0, σ2Ω

)
,where Ω denotes the matrix Ω = Ω(A,X) = A′A(̃X ′X)

−1
A′A. Let us also de�ne

V = A′A

(
(̃X ′X)

−1
X ′Y − β∗

)
.Then, for any j ∈ {1, . . . , p},

Vj ∼ N
(
0, σ2Ωj,j

)
.Using a standard inequality on the tail of Gaussian variables yields

P
(
|Vj| > κσ

√
2n log(p/η)

)
≤ exp


−

(
κσ

√
2n log(p/η)

)2

2σ2Ωj,j


 = exp

(
−κ2n log(p/η)

Ωj,j

)
.Then, using a union bound and the 
on
avity of the fun
tion x 7→ exp(−x), we easily obtain

P
(
‖V ‖∞ > κσ

√
2n log(p/η)

)
≤

p∑

j=1

exp

(
−κ2n log(p/η)

Ωj,j

)

≤ p exp


−1

p

p∑

j=1

κ2n log(p/η)

Ωj,j


 .The above quantity P

(
‖V ‖∞ > κσ

√
2n log(p/η)

) is smaller than η, if the parameter κ is su
hthat
p exp


−1

p

p∑

j=1

κ2n log(p/η)

Ωj,j


 = η,or equivalently κ =

√
1
n

pPp
j=1

Ω−1

j,j

. This is the announ
ed result.20



Proof of Theorem 4.6. We have, for any µ > 0,
∥∥∥A′A

(
β̂DS

µ − β∗
)∥∥∥

∞
≤

∥∥∥
(
A′A − X ′X

) (
β̂DS

µ − β∗
)∥∥∥

∞
+

∥∥∥X ′X
(
β̂LASSO

µ − β∗
)∥∥∥

∞
.Now, for the Dantzig Sele
tor,

∥∥∥X ′X
(
β̂DS

µ − β∗
)∥∥∥

∞
≤ 2µ,with probability at least 1 − η, provided that µ = 2σ

√
2n log(p/η). Moreover,

‖β̂DS
µ − β∗‖1 ≤ ‖β̂DS

µ ‖1 + ‖β∗‖1 ≤ 2‖β∗‖1,implies that ∥∥∥
(
A′A − X ′X

) (
β̂DS

µ − β∗
)∥∥∥

∞
≤ kσ

√
2n log(p).As a 
on
lusion, with probability 1 − η,

∥∥∥A′A
(
β̂DS

µ − β∗
)∥∥∥

∞
≤ 4σ

√
2n log(p/η) + kσ

√
2n log(p) ≤ (4 + k)σ

√
2n log(p/η).
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